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PREFACE 


T EIE present work is a companion book to my Dynamics of a 
Particle and of Rigid Bodies. It is meant to cover the 
usual course of Statics for Students who are reading for 
a Degree in Science or Engineering, and for Junior Students 

for Mathematical Honours. 

The book starts with the elementary Principles of the 
subject, but a Student would profit more by its use if he had 
previously read some elementary work, such as my Elements 
of Statics. A knowledge of the ordinary processes of the 
Differential and Integral Calculus is assumed, and also, in 
some articles, of the notions of Solid Geometry. 

It will be evident that, in a book of this size, many parts 
of the subject must be quite untouched, but I have some hopes 
that, within the limits I have set to myself, the book is fairly 

complete. 

The number of examples is large, and is intended to be 
useful for Students of very varying capacity. I have verified 
most of the questions, and hope that the number of important 

errors will be found to be small. 

For any corrections, or suggestions for improvement, I shall 

be grateful. 

S. L. LONEY. 


Royal Holloway College, 

Englefield Green, Surrey. 
January 25 , 1912 . 




CONTENTS 


CHAPTER PAGE 

I. Introduction. Composition and Resolution of Forces acting 

at one point. 1 

Equilibrium of a Particle on a smooth curve . . 16 

II. Parallel Forces. Moments. Couples .... 20 

III. Equilibrium of a rigid Body acted on by forces in one plane 38 

Astatic equilibrium ........ 50 

IV. Friction .......... 64 

Equilibrium of a Particle on a rough curve . 60 

V. Work. Virtual Work.76 

Proof of the Principle of Virtual Work for a coplanar 

system.87 

VI. Graphic Solutions.96 

VII. Shearing Stresses. Bending Momenta . . . . 119 

Graphic Construction for Bending Moments . . . 130 


VIII. Centro of gravity.134 

Centro of gravity of an Arc.144 

Centre of gravity of a Plano Area.146 

Centro of gravity of a Solid and Surface of Revolution . 153 

Centro of gravity of any Volume.157 

Centre of gravity of a Spherical Triangle . . 161 

Theorems of Pappus . . .1G2 


IX. Stable and unstable equilibrium. 

X. Forces in three Dimensions. 

General Conditions of equilibrium. 

Proof of the Principle of Virtual Work for any system of 

forces .......... 

The Work Function. 

Stablo and unstable equilibrium . 


165 

182 

184 

196 

200 

203 


XI. Forces in three Dimensions (continued) . 
Poinsot’s Central A*is .... 
Resultant Wrench of two given Wrenches 

The Cylindroid. 

Reciprocal Screws . . . . 

Nul lines and Planes . . . . 


206 

206 

216 

220 

225 

226 









Till 


Contents 


CFIAPTEB 

XII. Machines. • 

The Levers . 

Pulleys. 

The Wheel and Axle 
The Common Balance 

Steelyards. 

The Screw. 

The Wedge ...••••• 

Efficiency of a Machine ...... 

Law of a Machine • ••••»• 

XIII. Equilibrium of Strings and Chains .... 

The Common Catenary ...... 

The Parabola of Suspension Bridges . . 

General Conditions of equilibrium of a string 
Catenary of Uniform Strength .... 

Strings on smooth Surfaces and Curves . . . 

Striugs on rough Curves ...•■• 
Strings under Central Forces ..... 

Extensible Strings ......* 

XIV. Attractions and Potential ...... 

Attraction of a thin Rod .....* 

Circular Plate ......•• 

Change in the Attraction on crossing a thin attracting 

surface ........ 

Thin Spherical Shells and Solid Sphere . 

Value of gravity on a tablelaud .... 

Value of tho Constant of Gravitation 
The Potential 

Potential of a thin Rod ...... 

Thin Spherical Shells and Solid Sphere . . . 

XV. Attractions and Potential (continued) 

Surface lutegral of Normal Attraction 
Equations of Laplace and Poisson .... 

Equipotcntial Surfaces ...... 

Lines and Tubes of Force ..... 

Work done by a Self-attracting System . 

Distributions for a given Potential .... 

Equivalent Layers ....... 

XVI. Equilibrium of slightly elastic Beams 
Cla^yron’s Equation of tho three moments . 

General equations of equilibrium of a bent Rod 

Work doue in bending a Rod. 

Bending of Long Columns ..... 
Centrifugal Whirling of Shafts .... 

Column bending under its own weight . . 


pa os 
231 
233 
235 
239 
244 

247 

248 
252 
254 
256 

260 

260 

270 

273 

274 
276 
282 
287 
291 

304 

304 

308 

309 
315 
319 
319 
324 
328 
332 

346 

346 

349 

353 

355 

358 

363 

365 

369 

375 

380 

384 

386 

388 

390 












STATICS 


CHAPTER I 

INTRODUCTION. COMPOSITION AND RESOLUTION 
OF FORCES ACTING AT ONE POINT 

1. A Body is a portion of matter limited in every direction. 
Force is anything which changes, or tends to change, the 

state of rest, or uniform motion, of a body. 

A body is said to be at rest when it does not change its 

position with respect to surrounding objects. 

Statics is the science which treats of the action of forces 
on bodies, the forces being so arranged that the bodies are 

at rest. 

The science which treats of the action of force on bodies in 
motion is called Dynamics. 

2. A Particle is a portion of matter which is indefinitely 
small in size, or which, for the purpose of our investigations, is 
so small that the distances between its different parts may be 

neglected. 

A body may be regarded as an indefinitely large number 
of indefinitely small portions, or as a conglomeration of particles. 

A Rigid Body is a body whose parts always preserve an 
invariable position with respect to one another. 

This conception, like that of a particle, is idealistic. In 
nature no body is perfectly rigid. Every body yields, perhaps 
only very slightly, if force be applied to it. If a rod, made of 
wood, have one end firmly fixed and the other end be pulled, 
the wood stretches slightly; if the rod be made of iron the 

deformation is very much less. 

To simplify our enquiry we shall assume, unless it be 

otherwise stated, that all the bodies with which we have to 
deal are perfectly rigid. 

X 

LS 
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3. Equal Forces. Two forces are said to be equal when, 
if they act on a particle in opposite directions, the particle 
remains at rest. 

4. Mass. The mass of a body is the quantity of matter 
in the body. The unit of mass used in England is a pound 
and is defined to be the mass of a certain piece of platinum 
kept in the Exchequer Office. 

In France, and other foreign countries, the theoretical unit 
of mass used is a gramme, which is equal to about 15-432 
grains. The practical unit is a kilogramme (1000 grammes), 
which is equal to about 2 2046 lbs. 

Weight. The idea of weight is one with which everyone 
is familiar. We all know that a certain amount of exertion is 
required to prevent any body from falling to the ground. The 
earth attracts every body to itself with a force which is called 
the weight of the body. 

6. Measurement of force. We shall choose, as our unit of 
force in Statics, the weight of one pound. The unit of force is 
therefore equal to the force which would just support a mass of 
one pound when hanging freely. 

It is found in Dynamics that the weight of one pound is 
not quite the same at different points of the earth’s surface. 
In Statics, however, we shall not have to compare forces at 
different points of the earth’s surface, so that this variation in 
the weight of a pound is of no practical importance; we shall 
therefore neglect this variation and assume the weight of 
a pound to be constant. 

In practice the expression “weight of one pound” is, in 
Statics, often shortened into "one pound.” The student will 
therefore understand that “a force of 10 lbs.” means “a force 
equal to the weight of 10 lbs.” 

6. Forces represented by straight Lines. A force will be 
completely known when we know (i) its magnitude, (ii) its 
direction, and (iii) its point of application, i.e. the point of the 
body at which the force acts. 

Hence we can conveniently represent a force by .a straight 
line drawn through its point of application; for a straight line 
has both magnitude and direction. 
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7. Subdivisions of Force. There are three different forms 
under which a force may appear when applied to a mass, viz. 
as (i) an attraction, (ii) a tension, and (iii) a reaction. 


B 


8. Attraction. An attraction is a force exerted by one 
body on another without the intervention of any visible in¬ 
strument and without the bodies being necessarily in contact. 
The most common example is the attraction which the earth 
has for every body; this attraction is (Art. 4) called its weight. 

9. Tension. If we tie one end of a string to any point of 
a body and pull at the other end of the string, we exert a force 
on the body; such a force, exerted by means of a string or rod, 
is called a tension. 

If the string be light [i.e. one whose weight is so small that 
it may be neglected] the force exerted by the string is the same 
throughout its length. 

For example, if a weight W be supported by means 
of a light string passing over the smooth 
edge of a table, it is found that the same / 
force must be applied to the string 
whatever be the point. A, B, or C, of 
the string at which the force is applied. *w 

Now the force at A required to 
support the weight is the same in each case; hence it is clear 
that the effect at A is the same whatever be the point of the 
string to which the tension is applied, and that the tension of 
the string is therefore the same throughout its length. 

Again, if the weight W be supported by a light string 
passing round a smooth peg A, it is found 
that the same force must be exerted at the 
other end of the string whatever be the 
direction ( AB , AG, or AD) in which the 
string is pulled and that this force is equal 
to the weight W. 

[These forces may be measured by 
attaching the free end of the string to 

a spring balance.] 

Hence the tension of a light string passing round a smooth 

peg is the same throughout its length. 
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If two or more strings be knotted together the tensions are 
not necessarily the same in each string. 

10. Reaction. If one body lean, or be pressed, against 
another body, each body experiences a force at the point of 
contact; such a force is called a reaction. 

The force, or action, that one body exerts on a second body 
is equal and opposite to the force, or reaction, that the second 
body exerts on the first. 

This statement will be found to be included in Newton’s 
Third Law of Motion. 

11. Tensions of Elastic Strings. All strings are ex¬ 
tensible, although the extensibility is in many cases extremely 
small, and practically negligible. When the extensibility of the 
string cannot be neglected, there is a simple experimental law 
connecting the tension of the string with the amount of exten¬ 
sion of the string. It may be expressed in the form 

The tension of an elastic string varies as the extension of the 
string beyond its natural length. 

Suppose a string to be naturally of length one foot; its tension, when 
the length is 13 inches, will be to its tension, when of length 16 inches, as 

13-12 : 16-12, i.e. as 1 : 3. 

This law may be verified experimentally thus ; take a spiral spring, or 
an india-rubber band. Attach one end A to a fixed point and at the other 
end D attach weights, and observe the amount of the extensions produced 
by the weights. These extensions will be found to be approximately 
proportional to the weights. The amount of the weights used must 
depend on the strength of the spring or of the rubber band ; the heaviest 
must not be large enough to iujure or permanently deform the spring or 
band. 

The above law was published in the year 1676 by Hooke 
(a.d. 1635—1703), and enunciated by him in the form Uttensio, 
sic vis. From it we easily obtain a formula giving us the 
tension in any case. Let a be the unstretched length of a string, 
and T its tension when it is stretched to be of length x. The 
extension is now a — a, and the law states that T oc x — a. 

This is generally expressed in the form T =\.———. 

a 

The quantity X depends only on the thickness of the string 
and on the material of which it is made, and is called the 



Elastic Strings 6 

Modulus of Elasticity of the String. It is equal to the force 
which would stretch the string, if placed on a smooth horizontal 
table, to twice its natural length ; for, when x = 2 a, we have the 
tension = X. No elastic string will however bear an unlimited 
stretching; when the string, through being stretched, is on the 
point of breaking, its tension then is called the breaking tension. 

Hooke’s Law holds also for steel and other bars, but the 
extensions for which it is true in these cases are extremely 
small. We cannot stretch a bar to twice its natural length; 
but X will be 100 times the force which will extend the bar 

by T ^jth of its natural length. For if x — a = » then 



The value of T will depend also on the thickness of the bar, 
and the bar is usually taken as one square inch section. Thus 
the modulus of elasticity of a 6teel bar is about 13500 tons per 
square inch. 

12. Equilibrium. When two or more forces act upon a 
body and are so arranged that the body remains at rest, the 
forces are said to be in equilibrium. 

We shall assume that if at any point of a rigid body we 
apply two equal and opposite forces, they will have no effect on 
the equilibrium of the body; similarly, that if at any point of a 
body two equal and opposite forces are acting they may be 

removed. 

13. Principle of the Transmissibility of Force. If a force 
act at any. point of a rigid body, it may be considered to act at 
any other point in its line of action provided that this latter point 
be rigidly connected with the body. 
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Let a fore© F act at a point i of a body in a direction 
AX. Take any point B in AX and at B introduce two equal 
and opposite forces, each equal to F , acting in the directions BA 
and BX ; these will have no effect on the equilibrium of the 

body. . 

The forces F acting at A in the direction AB, and V at B m 

the direction BA, are equal and opposite; we shall assume that 
they neutralise one another and hence that they may be removed. 
We have thus left the force F at B acting in the direction 
BX and its effect is the same as that of the original force F at 
A. The internal forces in the above body would be different 
according as the force F is supposed applied at A or B. 

14. Smooth bodies. If we place a piece of smooth polished 
wood, having a plane face, upon a table whose top is made as 
smooth as possible we shall find that, if we attempt to move 
the block along the surface of the table, some resistance is 
experienced. There is always some force, however small, be¬ 
tween the wood and the surface of the table. If the bodies 
were perfectly smooth there would be no force, parallel to the 
surface of the table, between the block and the table ; the only 
force between them would be perpendicular to the table. 

When two bodies, which are in contact, are perfectly smooth 
the force, or reaction, between them is perpendicular to their 
common tangent plane at the point of contact. 

In the case of an ordinary curved surface this direction is 
therefore along the normal to the surface at the point of contact, 
whose direction is definite. 

If one of the bodies be in the shape of a thin wire, or edge, 
then at any point P there are an infinite number of lines per¬ 
pendicular to its surface; for any line through P in a plane 
perpendicular to the tangent line at P satisfies this condition; 
but, if we have two edges in contact, the common perpendicular 
is a definite direction. For it must be perpendicular to each 
of the two edges and therefore to the plane passing through 
them, i.e. its direction is that normal to the plane through the 
two edges which passes through their point of contact 
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Composition and Resolution of Forces 

15. Suppose a flat piece of wood is resting on a smooth 
table and that it is pulled by means of three strings attached 
to three of its corners, the forces exerted by the strings being 
horizontal; if the tensions of the strings be so adjusted that the 
wood remains at rest it follows that the three forces are in equi¬ 
librium. 

Hence two of the forces must together exert a force equal 
and opposite to the third. This force, equal and opposite to the 
third, is called the resultant of the first two. 

Resultant. Def. If two or more forces P,Q, S ... act upon 
a rigid body and if a single force, R, can be found whose effect 
upon the body is the same as that of the forces P, Q, S ... this 
single force R is called the resultant of the other forces and the 
forces P, Q, S ... are called the components of R. 

It follows from the definition that if a force be applied to the 
body equal and opposite to the force R, then the forces acting 
on the body will balance and it be in equilibrium; conversely, 
if the forces acting on a body balance then either of them is 
equal and opposite to the resultant of the others. 

16. If two forces act on a body in the same direction their 
resultant is clearly equal to their sum; and if they act on the 
body in opposite directions their resultant is equal to their 
difference and acts in the direction of the greater. 

When two forces act at a point of a rigid body in different 
directions their resultant may be obtained by means of the 
following 

Theorem. Parallelogram of Forces. If two forces, acting 
at a point, be represented in magnitude and direction by the 
two sides of a parallelogram drawn from one of its angular 
points, their resultant is represented both in magnitude and 
direction by the diagonal of the parallelogram passing through 
that angular point. 

This fundamental theorem of Statics, or rather another form 
of it, viz. the Triangle of Forces (Art. 21), was first enunciated 
by Stevinus of Bruges in the year 1586. Before his time the 
science of Statics rested on the Principle of the Lever as its 

basis. 
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17. Experimental Proof. Take three light strings and 
knot an end of each together at a point 0. Let two of the 
strings pass over light pulleys free to turn in any manner which 
are attached to fixed supports, and at the other ends of these 
strings let there be attached weights equal to P and Q lbs. 
respectively. To the end of the third string let there be 
attached a weight R lbs. and let this string hang vertically 
and freely. Then provided that neither of these three weights 
is greater than the sum of the other two, the system will take 
up some position of equilibrium. In this position of equili¬ 
brium mark off lengths OA, OB, OC along the three strings 
proportional to P, Q, and R respectively and complete the 
parallelogram 0ADB\ then it will be found that 00 will be 
equal and opposite to OD. But since P, Q, and R balance, 
therefore R must be equal and opposite to the resultant of P 
and Q, i.e. OD must represent the resultant of forces which are 
represented by OA and OB. 

The pulleys and weights of the foregoing experiment may 
be replaced by three Salter’s Spring Balances. Each of these 
balances shews, by a pointer which travels up and down a 
graduated face, what force is applied to the hook at its end. 

Three light strings are knotted at 0 and attached to the 
ends of the spring balances. The three balances are then drawn 
out to shew any convenient tensions, and are laid on a hori¬ 
zontal table and fixed to it by any convenient hooks or nails. 
The readings of the balances then give the tensions P, Q, R of 
the three strings. Just as in the preceding experiment we 
then verify the truth of the parallelogram of forces. 

Dynamical Proof. A proof may also be deduced from 
the Parallelogram of Accelerations and Newton’s Laws of 
Motion. 

If a particle, of mass m, have accelerations /, and f 2 repre¬ 
sented both in magnitude and direction by the straight lines 
OA and OB, its resultant acceleration, f s , is represented by the 
diagonal OC of the parallelogram OACB. 

Since the particle has an acceleration f x in the direction OA 
there must be a force P (= mf x ) in that direction and similarly 
a force Q(= m/ 2 ) in the direction OB. Let 0A lt 0B X represent 
these forces in magnitude and direction. 
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Then 


OA,_P_f 1 _OA 
OB x ~ Q /, OB' 


Complete the parallelogram OA x C x B x \ then, by simple 
geometry, we see that O, C, C, are in a straight line, and 


OC\ OA x 
OG OA ‘ 


Hence 0C X represents the force which produces the accelera¬ 
tion represented by OC, and hence it is the force which is 
equivalent to the forces represented by OA x and 0B X . 


18. The magnitude and direction of the resultant, R, of 
two forces P and°Q acting at an angle a may be easily obtained. 
For let OA and OB represent the forces P and Q acting at an 
angle a. Complete the parallelogram OACB and draw CD 
perpendicular to OA, produced if necessary. 

Then 0D = OA +AC cos DA C = P + Q cos BOD =P + Q cos a. 

[If D fall between 0 and A, as in the second figure, we have 
OD = OA - A C cos DA <7= P - Q cos (180° - a) = P+ Q cos a.] 



Also 


DO = A C sin DA C = Q sin a. 


and 


R* = OC * = OD* + CD* = P* + Q 5 + 2 PQ cos a 

Q sin a 


•(Of 


DC 

tan COD = 0 D == p + Q c03a 


(ii). 


These two equations give the required magnitude and 
direction of the resultant. y 

Cor. If fc he forces be at right angles, we have a«=»90°, so that 
— + and tan C0A*=p. 
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19. A force may be resolved into two components in an 
infinite number of ways; for an infinite number of parallelograms 
can be constructed having OC as a diagonal and each of these 
parallelograms would give a pair of such components. 

The most important case occurs when we resolve a force into 
two components at right angles to one another. 

Suppose we wish to resolve a force F , represented by OC, 
into two components, one of which is in the direction OA and 
the other is perpendicular to OA. 

Draw CM perpendicular to OA and complete the parallelo¬ 
gram OMCN. The forces represented by 0M and ON are the 
required components. 

Let the angle AOC be cl 



Then 0M = OC cos a = F cos a, and ON = OC sin a = F sin a. 

[If the point if lie in OA produced backwards, aa in the second figure, 
the component of F in the direction OA 

= — OM= — OC cos COM= OC cos a^F cos a. 

Also the component perpendicular to OA =■ 0N= MC<= OCs in C0M =* /’sin a.] 

Hence, in each case, the required components are 

F cos a and F sin a. 

The Resolved Part of a given force in a given direction is 
the component in the given direction which, with a component 
in a direction perpendicular to the given direction, is equivalent 
to the given force. 

Thus the resolved part of the force F in the direction OA is 
F cos a. Hence the Resolved Part of a given force in a given 
direction is obtained by multiplying the given force by the cosine 
of the angle between the given force and the given direction. 
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20. A force may be resolved into two components in any two assigned 
directions. 

Let the components of a force F, represented by OC, in the directions 
OA and OB be required and let the 
angles A OC and COB be a and $ re¬ 
spectively. 

Draw CM parallel to OB to meet 
OA in M and complete the parallelo¬ 
gram OAfCN. Then OM and ON are- A 

the required components. ° . 

Since the sides of the triangle OMC are proportional to the sines of the 

opposite angles, we have 

OAf MC F 



sin/3 sin a sin (a 4- 0) 

sin d 


sin a 


_ sin p , p DIL1U 

Hence the required components are * (q + -£j ana r sin ( a + py 

The student must carefully notice that the components of a force in 
two assigned directions are not the same as the resolved parts of the forces 
in these directions. For example, the resolved part of F in the direction 

OA is, by Art. 19, Fcosa. 

21. Triangle of Forces. If three forces , acting at a point, be 

represented in magnitude and direction by the sides of a triangle, 

taken in order, they will be in equilibrium. 

Let the force? P Q and R acting at the point 0 be 

represented in magnitude and direction by the sides AB, 
BC, and CA of the triangle ABC. Complete the parallelogram 

A BCD 




The forcee represented by BC and AD are the same, since 

BC and AD are equal and parallel. 

Now the resultant of the forces AB and AD is, by the 

parallelogram of forces, represented by AC. Hence the resultant 
of AB. BC, and CA is equal to the resultant of forces AC and 

CA, and is therefore zero. . .... . 

Hence the three forces P, Q, and R are in equilibrium* 

Cor. Since forces, acting at a point and represented by 
AB BC, and CA. are in equilibrium, and since, when three 
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forces are in equilibrium, each is equal and opposite to the 
resultant of the other two, it follows that the resultant of AB 
and BC is equal and opposite to CA, i.e. their resultant is 
represented by A C. 

Hence the resultant of two forces, acting at a point and 
represented by the sides AB and BG of a triangle, is represented 
by the third side AC. 

22. The converse of the Triangle of Forces is also true, 
viz. that If three forces P, Q, and R acting at a point 0 he in 
equilibrium they can he represented in magnitude and direction 
hy the sides of any triangle which is drawn so as to have its 
sides respectively parallel to the directions of the forces. 

Measure off lengths OL and OM along the directions of 
P and Q to represent these forces 
respectively. Complete the paral¬ 
lelogram OLNM and join ON. 

Since the three forces P, Q, 
and R are in equilibrium, R must 
be equal and opposite to the 
resultant of P and Q, and must 
therefore be represented by NO. 

Hence the three forces P, Q, and R are parallel and proportional 
to the sides OL, LN, and NO of the triangle OLN. 

Any other triangle, whose sides are parallel to those of the 
triangle OLN, will have its sides proportional to those of OLN 
and therefore proportional to the forces. 

Again, any triangle, whose sides are respectively perpen¬ 
dicular to those of the triangle OLN , will have its sides 
proportional to the sides of OLN and therefore proportional 
to the forces. 

Hence we have an easy graphic method of determining 
the relative directions of three forces which are in equilibrium 
and whose magnitudes are known. We have to construct 
a triangle whose sides are proportional to the forces, and this 
can always be done unless two of the forces added together are 
less than the third. 

23. Lami’s Theorem. If three forces acting on a particle 
keep it in equilibrium, each is proportional to the sine of the 
angle between the other two. 
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For, in the previous article, since the sides of the triangle 
OLN are proportional to the sines of the opposite angles, 
we have 

OL _ LN _ NO 

sin LNO ~ sin LON sin OLN 
P Q _ R 

*•* sin QOR~s\nROP si nPOQ' 


24. Polygon of Forces. If any number of forces, acting 
on a particle, be represented, in magnitude and direction, by 
the sides of a polygon, taken in order, the forces shall be in 



Let the sides AB, BC, CD, DE, EF, and FA of the polygon 
ABCDEF represent the forces acting on a particle 0. Join 

AC, AD, and AE. 

By the corollary to Art. 21, the resultant of forces AB and 
BC is represented by AC. Similarly the resultant of forces 
AC and CD is represented by AD; the resultant of forces AD 
and DE by AE; and the resultant of forces AE and EF 

^ Hence the resultant of all the forces is equal to the resultant 
of AF and FA, i.e. the resultant vanishes, and the forces are in 


equilibrium. , 

A similar method of proof will apply whatever be the 

number of forces. It is also clear from the proof that the 

sides of the polygon need not be in the same plane. 


The converse of the Polygon of Forces is not true; for the ratios of the 
sides of a polygon are not known when the directions of the sides are 
known. For example, in the above figure, we might take any point A on 
AB and draw A'F’ parallel to AF to meet EF in F '; the new polygon 
A'BCDEF' has its sides respectively parallel to those of the polygon 
ABCDEF but the corresponding sides are clearly not proportional. 
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25. The resultant of two forces , acting at a point O in direc¬ 
tions OA and OB and represented in magnitude by X . OA and 
p . OB, is represented by (X + p). OC, where G is a paint in AB 
such that X. CA = p . CB. 

For by the corollary to Art. 21, the force X. OA is equivalent 
to forces represented by X . OC and X . CA, and the force p . OB 
to forces p. OC and p . CB. 

Hence the given forces are together equivalent to forces 
(\-\-p).OC together with forces \.CA and p.CB. Also the 
two latter balance. 

Cor. The resultant of forces represented by OA and OB is 
20C, where C is the midtile point of AB. This is also clear 
from the fact that OC is half the diagonal OD of the parallelo¬ 
gram of which OA and OB are adjacent sides. 

EXAMPLES 

1. Shew that the system of forces represented by the lines joining 
any point to the angular points of a triangle is equivalent to the system 
represented by straight lines drawn from the same point to the middle 
points of the sides of the triangle. 

2. Find a point within a quadrilateral such that, if it be acted on by 
forces represented by straight lines joining it to the angular points of the 
quadrilateral, it will be in equilibrium. 

3. Four forces act along and are proportional to the sides of the 
quadrilateral A BCD ; three act in the directions AB, BC, and CD and the 
fourth acts from A to D ; find the magnitude and direction of their 
resultant, and determine the point in which it meets CD. 

4. The sides BC and DA of a quadrilateral A BCD are bisected in F 
and H respectively ; shew that if two forces parallel and equal to A B and 
DC act on a particle, then the resultant is parallel to HF and equal to 
2 .HF. 

6. The sides AB, BC, CD, and DA of a quadrilateral A BCD are 
bisected at E, F, Q, and H respectively. Shew that the resultant of the 
forces acting at a point, which are represented in magnitude and direction 
by EO and HF, is represented in magnitude and direction by AC. 

6. From a point P, within a circle whose centre is fixed, straight 
lines PA X , PA % , /M s , and PA a are drawn to meet the circumference, all 
being equally inclined to the radius through P ; shew that, if these lines 
represent forces radiating from P, their resultant is independent of the 
magnitude of the radius of the circle. 
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7. Two constant equal forces act at the centre C of an ellipse parallel 
to SP and PU, where P is any point on the ellipse and 5 and 11 are the 
foci ; shew that the end of the straight line which represents their 
resultant lies on a circle which passes through C. 

8. Explain how a vessel is enabled to sail in a direction nearly 
opposite to that of the wind. If its sail be considered as a rigid plane, 
shew that it should be set so as to bisect the angle between the keel and 
the apparent direction of the wind in order that the force to urge the 
vessel on may bo as great as possible. 

26. Parallelopiped of Forces. Three forces acting at 
a point 0 and represented by straight lines OA, OB, 00 are 
equivalent to a force represented by OD, the diagonal of the 
parallelopiped whose edges are OA, OB, and OC. 

For the two forces OA, OB are equivalent to a force OE, 
where OA EB is a parallelogram. 

Also forces OE, 00 are equiva¬ 
lent to a force OD, since OEDG 
is a parallelogram. 

If the parallelopiped is 
rectangular, so that OA, OB, 

OC may be taken to be along 
rectangular axes of coordinates, 
and if the forces OA, OB, OC 
be X, Y, and Z, their resultant 
R — f X* + Y a 4- Z % , and acts along a line whose direction 
cosines are cos AOD, cos BOD, and cos CUD, 

. OA OB 00 . X Y Z 

te - OD' OD' OD' %e ' R' R' R 

Conversely, a force R acting at the origin 0 along a line 
whose direction cosines are (l, m, n) has as components along 
the axes of coordinates X (= IR), Y (= mR ), and Z (= nR ). 

27. The sum of the resolved parts of two forces in a given 
direction is equal to the resolved part of their resultant in the 
same direction. 

For it is easily seen that if OA, OB represent the two forces, 
and if OACB be a parallelogram, then the sum of the projec¬ 
tions of OA and OB on any line OX is equal to the sum of the 
projections of OA, AO on the same line and is therefore equal 
to the projection of OC on the same line. Hence the result. 
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28. To find the resultant of any number of forces acting at a 
given point O, and the conditions that they may be in equilibrium. 

Take any three mutually perpendicular axes Ox, Oy, Oz 
through 0. Let the given forces be acting along a line 
whose direction cosines are (l lt ra,, n,), R? acting along a line 
( l 2 , m,, 7? 2 ), etc. 

By Art. 26, R x is equal to the components l^R*, m,#,, n 1 R i 
along the three axes, and similarly for the other forces. 

If the total components along these axes be X, Y, Z, then 

X — liRi "1" l^R? 4~ I 3 R 3 4" •••* 

Y = mxRx + 70^1^ + m^R, 4 - ...» 

Z= n i R 1 + n?R,+ n 3 R, + .... 

Hence, by Art. 26, the resultant force R = fX 2 + Y' l + Z % , 

and acts along a line whose direction cosines are 

If the forces are in equilibrium their resultant R must be 
zero, and thus 

X'+ F 3 + Z 3 = 0. 

X = 0, Y = 0, and Z = 0. 

Hence, if the forces acting at a given point are in equilibrium, 
the algebraic sum of their components in three directions 
mutually at right angles must separately vanish. 

Conversely, if the sum of the components along three such 
directions separately vanish, the forces are in equilibrium. 

If the forces of the previous article are coplanar, we need 
only resolve along two straight lines in their plane. 

When there are only three coplanar forces acting at a point 
the conditions of equilibrium are often most easily found by 
Lami’s Theorem (Art. 23). 

29. Equilibrium of a particle at rest in contact with a smooth 
material curve or surface. 

Let the particle be at rest at a point P of the curve whose 
coordinates are ( x , y, z) and let s be the length of the arc OP 
measured from a fixed point 0. 

The direction cosines of the tangent to the curve are 

dx dy dz 
ds ' ds * ds 

and are known if the form of the curve is known. 


V R' R ’ R)' 
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17 


Since the curve is smooth, the only action it can exert on 
the particle is in a direction normal to the curve; hence the 
resultant force tangential to the curve must vanish. If therefore 
X, Y, Z be the components parallel to the axes of the forces 
acting on the particle, we have 

+ Y d / + Z^ = 0 . 

as as as 

If the curve be in one plane this condition becomes 


X p+Y d /~ 0 , 

as as 


i.e. X + F^ = 0. 

ax 


If the particle be in contact with a smooth surface f(x, y,z) = 0 
at a point P, the resultant force along any tangent line at P 
must clearly vanish. Hence the resultant force of the com¬ 
ponents X, Y, Z (which acts along a line whose direction cosines 
are proportional to X, Y, Z) must coincide with the normal at 

/ df df df\ 

P (whose direction cosines are proportional to ^~ . 

df df df 

dx dy dz 
Hence we must have ~x = ~y = ' 

Also the normal reaction of the surface must be equal to 
the resultant force VA* -f Y 2 + Z\ 


30. Ex. 1. A bead rests on a smooth vnre in the form of the ellipse 

^ 4 -^ = 1, being acted on by forces \x n , ny n parallel to the axes. Find its 

position of equilibrium and consider the case when n is unity. 

dx dy 

The position is given by \x* fo + M* ^ = 0 » 


as 

from the equation to the ellipse. 

* y _ 


dy - 
——ny* —. 

* ya* 


(i), 


_1_ ±- X i JL 

(/ii*)"" 1 (Xa«)»-1 X (pb 3 ) n “ 1 + (Xa , ) n ~ 1 

giving the position of equilibrium. 

If n be unity then (1) gives a*X = 6V as the only condition of equili¬ 
brium, and hence, if this condition holds, the particle will rest at any 

point of the curve. Under forces proportional to ^^ parallel to the axes 

the bead will therefore rest anywhero. 
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Ex. 2. A particle P is acted upon towards two centres at A and B by 
forces -Jfjyt an d respectively. Shew that it will rest on any smooth 

curve whose equation is of the form 

(r - ^c ) (r, - p x c) = ppiC*, 

where AP=*r, BP*=r x and c is any constant. 

If s be the length of the arc OP measured from any fixed point 0 on the 
arc of the required smooth curve, aud PT bo the taugcnt at P , we have by 
resolving the forces along PT y 


cos A PT+ —1 cos BPT—O, 
r 2 r x 2 




Hence, by integration, 


r + — 1 = const. — -. 

r i 


r r, o 

. •. (r—pc) (r x — me) = up ic*. 


EXAMPLES 

I 

1. A small bead P can slide on a smooth elliptic wire ; it is attracted 
towards the foci & and H by forces proportional to SP m and 11 P n re¬ 
spectively ; find the position of equilibrium. 



A particle P is acted upon by forces - and — respectively towards 

r i r t 


two fixed points 0 X and 0 t ‘, shew that it will rest at any point of a 
smooth groove whose equation is r x r a => constant, where 


O x P=*r x and O t P=r a . 

If it be acted on by constant forces P x and P a towards the same points, 
the equation to the corresponding groove would be Pir x + P a r a = constant. 


3. A particle P is acted upon by an attractive force, towards 

a fixed point 0 and a repulsive force, » from a fixed point O'. Shew 

that the equation of the curve on which P lies, if the attraction on it is 
always along the tangent at P , is given by cos 6 — cos ff = constant, where 
6 and ff are the angles that OP and O’P make with O’O produced. 

If the forces be ■— and jjrp, shew that the curve is given by 

6 — ff —const., so that it is an arc of a circlet 



Examples 



4. A tube in the form of a parabola is placed with its axis vertical 
and vertex downwards, and a heavy particle is plaoed within it ; shew that 
the particle can be kept at rest by a force along an ordinate, and outwards, 
which vanes as the ordinate, and that the corresponding reaction of the 
tube varies as the square root of its distance from the focus of the 
p&rabobk 


5. Shew that the point on the smooth surface ^ = 1, where a 

a 3 b 3 c 3 

Particle would rest if acted on by any force towards the origin, is given by 


£ = y_ = * _ * 

a* b 3 c 3 “ Va« + b a + d° ' 


6. A framework consisting of eight equal light rods, jointed so as to 
have the appearance of half a regular octahedron, is placed with its square 

' base on a horizontal plane. When a weight IF is suspended from the 
vertex, shew that the stress in the slant rods is £ IF J2, and that in the 
horizontal rods is £ W J 2. 

7. Twelve equal light rods are smoothly hinged together so as to form 
a regular octahedron. One corner is fixed and the framework hangs 
freely with equal weights attached to each of the remaining corners. 
Shew that tho tensions in the lower rods, the horizontal rods, and the 
upper rods are in the ratios 1:3:5. 

8. Three poles, each 9 feet long, form a tripod from the vertex of 
which a weight IF is hung ; the feet of the poles rest on a hcrizontal plane, 
rough enough to prevent any sliding, and form a triangle the lengths of 
whose sides are 5, 5, and 6 feet; if T u T lf and T % be the thrusts of the 
poles, shew that 

9 IF 

25 14 8 ^4559 * 



CHAPTER II 


PARALLEL FORCEa MOMENTS. COUPLES 

31. To find the resultant of two parallel forces acting upon 
a rigid body. 

Case I. Let the forces be like, i.e. let them act in the same 
direction. 

Let P and Q be the forces acting at points A and B of the 
body, and represented by the lines AL and BM. 

At A and B apply two equal and opposite forces, each equal 
to S, and acting in the directions BA and A B respectively and 
represented by AD and BE. These two forces balance one 
another and have no effect upon the equilibrium of the body. 

Complete the parallelograms ALFD and BMGE ; let the 
diagonals FA and GB be produced to meet in 0. Draw OG 
parallel to A A to meet AB in G. 

The forces P and S at A have a resultant P,, represented 

by AF. Let its point 
of application be re¬ 
moved to O. So the 
forces Q and S at B 
have a resultant Q, 
represented by BG. 

Let its poin* of appli¬ 
cation be transferred 
to 0. 

The force P t at 0 
may be resolved into 
two forces, S parallel 
to AD, and P in the 
direction 0(7. So the 
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force Q, at 0 may be resolved into two forces, £ parallel to 
BE, and Q in the direction OC. Hence the original forces P 
and Q are equivalent to a force (P + Q) acting along OC, i.e. 
acting at C parallel to the original directions of P and Q. 

By construction, OCA and ALF are similar triangles; 

■'•§3 = I7 = S- 80that P - GA = S - 0C .(!)■ 

So, since the triangles OCB and BMG are similar, we have 

Q.CB = S. OC .(2). 

CA 0 

Hence P.CA=Q.CB, so that ^ = 

i.e. C divides the line AB internally in the inverse ratio of the 
forces. 


Case II. Let the forces he unlike, i.e. let them act in 
opposite directions. 

Let P be the greater of the two forces. Making the same 
construction as before, the diagonals AF and BG always meet 
in a point 0, unless they are parallel in which case the forces P 

and Q are equal. v 

As before, the original forces P and Q are now equivalent to 

a force P - Q acting in the ^p 


direction CO produced, i.e. K . f / 0 .^ 

«* . • c • V 


\ \ 


/ \ p 

/ El 


D S A 






acting at C in a direction s f\\* 

parallel to that of P. of \ \ 

As in Case I we have / \ \ 

m-T- “ 0 ‘ h * / 

line AB externally in the in- / / \T \ B 8 

verse ratio of the forces. q b s a q j 

To sum up ; If two paral- M . q 

lei forces, P and Q.act at points 

A and B of a rigid body, . 

(i) their resultant is a force whose lme of action is parallel 

to the lines of action of the component forces; also, when the 

component forces are like, its direction is the same as that of 

the two forces, and, when the forces are unlike, its direction is 

the same as that of the greater component. 
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(ii) the point of application is a point C in AB t such that 

P.AC=Q.BC. 

(iii) the magnitude of the resultant is the sum of the two 
component forces when the forces are like, and the difference of 
the two component forces when they are unlike. 

32. Case of failure of the preceding consti'uction. 

In the second figure of the last article, if the forces P and Q 
be equal, the triangles FDA and GEB are equal in all respects, 
and hence the angles DAF and EBG will be equal. In this 
case the lines AF and GB will be parallel and will not meet in 
any such point as 0 ; hence the construction fails. 

Hence there is no single force which is equivalent to two 
equal unlike parallel forces. 

33. If we have a number of like parallel forces acting on a 
rigid body we can find their resultant by successive applications 
of Art. 31. We must find the resultant of the first and second, 
and then the resultant of this resultant and the third, and so 
on. The magnitude of the final resultant is the sum of the 
forces. 

If the parallel forces be not all like, the magnitude of the 
resultant will be found to be the algebraic sum of the forces 
each with its proper sign prefixed. 


34. Parallel forces P,, P 9 ... act at points A x , A a ... whose 
coordinates referred to rectangular axes are 

(®i» yi> ^i)» (*^1 y*t )> •••» 

to find the point at which their resultant acts whatever he the 
directions in which the forces act. 

By Art. 31, the resultant of the forces at A lt A % cuts A X A % 
at G x such that 

P, (?, A t _ — G X N X 

P a “ G x A x ~ G x N x -z,' 


where G X N X is perpendicular to the plane xOy . 

Pi*i + P \Z% 


G X N X = 


P, + P, 
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The resultant of the force P, + P 4 at G x and P, at A , cuts 
G x A t at G it such that 

P x + P % _G x A t _ z t — G x A r a 
P. ~G,G X "G'N'-GiNS 

so that 

n Ar (Pi + Pa) G t N t 4- P B Zf _ P 1^1 + P+ P»^» 

W * ia “ Pj + P. + P, “ P, + P, + P. * 

and so on, whatever be the number of the forces. 



Hence, finally, the ^-coordinate of the point of action of the 
parallel forces is given by 

P x z x + P i z 9 + ..._Z(Pz) 

P l + P, + -T" 2(P)‘ 

So the other coordinates of the point of action are 

t(Pa) , - 2(Py) 

X — ^ , nr an( ^ y — 2 (P) * 


2(P) 


This point is called the centre of the System of Parallel 
Forces. 


EXAMPLES 


1 At the angular points of a square, taken In order, 
forces in the ratio 1 : 3 : 6 : 7 ; find the distance from 
square of the point at which their resultant acts. 


there act parallel 
the centre of the 
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2. A, B, C, and D are the angles of a parallelogram taken In order, 
like parallel forces proportional to 6, 10, 14, and 10 respectively act at 
J, B, C, and D ; shew that the centre and resultant of these parallel 
forces remain the same, if, instead of these forces, parallel forces, pro¬ 
portional to 8, 12, 16, and 4, act at the points of bisection of the sides AB, 
BC t CD, and DA respectively. 

3. Find the centre of parallel forces equal respectively to P, 2 P, 
HP, 4 P, bP, and GP, the points of application of the forces being at 
distances 1, 2, 3, 4, 5, and 6 inches respectively from a given point A 
measured along a given line AB. 

4. Three parallel forces, P, Q, and R, act at the vertices A, B, and C 
of a triangle and are proportional respectively to a, b, o. Shew that their 
resultant passes through the in-centre of the triangle 


Moments 

35. Def. The moment of a folce about a given point is the 
product of the force and the perpendicular drawn from the given 
point upon the line of action of the force. 

Thus the moment of a force F about a given point 0 is 
F x ON, where ON is the perpendicular drawn from 0 upon 
the line of action of F. It will be noted that the moment of a 
force F about a given point 0 never vanishes, unless either the 
force vanishes or the force passes through the point about which 
the moment is taken. 

Suppose the force F to be represented in magnitude, 
direction, and line of action by the line AB. 



Join 0A and OB. 

The moment of F about 0 is F x ON, i.e. AB x ON. But 
AB x. ON is equal to twice the area of the triangle OAB. 

Hence the moment of the force F about the point 0 is 
represented by twice the area of the triangle whose base is the 
line representing the force and whose vertex is the point about 
which the moment is taken. 
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36. Physical meaning of the moment of a force about a 
point. 

Suppose the body is a plane lamina resting on a smooth 
table and that the point 0 of the body is fixed. The effect 
of a force F acting on the body would be to cause it to 
turn about the point 0 os a centre, and this effect would not be 
zero unless (1) the force F were zero, or (2) the force F passed 
through 0, in which case the distance ON would vanish. 
Hence the product F x ON would seem to be a fitting measure 
of the tendency of F to turn the body about 0. This may be 
experimentally verified as follows: 

Let the lamina be at rest under the action of two strings 
whose tensions are F and F lt which are tied to fixed points 
of the lamina and whose lines of action lie in the plane of 
the lamina. Let ON and 0N X be the perpendiculars drawn 
from the fixed point 0 upon the lines of action of F and F x . 

If we measure the lengths ON and 0N X and also the 
forces F and F x , it will be 
found that the product F. ON 
is always equal to the pro¬ 
duct F x .0N x . Hence the 
two forces, F and F lt will 
have equal but opposite ten¬ 
dencies to turn the body 
about 0 if their moments 
about 0 have the same mag¬ 
nitude. 

These forces F and F x may be measured by carrying the 
strings over light smooth pulleys and hanging weights at their 
ends sufficient to give equilibrium; or by tying the strings to 
the hooks of two spring balances and noting the readings of the 
balances, as in the cases of Art. 17. 

37. Positive and negative moments. In Art. 36 the force 
F would, if it were the only force acting on the lamina, make 
it turn in a direction opposite to that in which the hands of 
a watch move, when the watch is laid on the table with its face 
upwards. The force F x would, if it were the only force acting 
on the lamina, make it turn in the same direction as that m 
which the hands of the watch move. 
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The moment of F about 0, i.e. in a direction is said to 
be positive, and the moment of F about 0, i.e. in a direction f . 
is said to be negative. 

The algebraic sum of the moments of a set of forces about 
a given point is the sum of the moments of the forces, each 
moment having its proper sign prefixed to it. 

38. The algebraic sum of the moments of any two forces 
about any point 0 in their plane is equal to the moment of their 
resultant about the same point. 

Case I. Let the forces P and Q meet in a point A . 

From 0 draw OC parallel to the direction of P to meet the 
line of action of Q in the point C. 

Let AC represent Q in magnitude and on the same scale 
let AD represent P ; complete the parallelogram ABDC, and 
join OA and OB. Then AD represents the resultant, R, of 
P and Q. 

(a) If 0 be without the angle DAC, as in the first figure, 
we have to shew that 2 A OA B + 2 AO AC = 2 AO AD. 

[For the moments of P and Q about 0 are in the same direction.] 




Since AB and OD are parallel, A OAB = A DAB= AACD. 

2 A OA B 2 A OA C = 2 A A CD + 2A OA C =2 A OA D. 

(/9) If 0 be within the angle CAD, as in the second figure, 
we have to shew that 2 A A OB — 2 A AOC = 2A A OD. 

i 

[For the moments of P and Q about 0 are in opposite directions.] 

As in (o), we have A AOB= A DAB = AACD. 
hence 2A AOB - 2AA OC = 2 A A CD - 2A0AC= 2 AO AD. 

Case II. Let the forces P and Q be parallel. 

From 0 draw OACB perpendicular to the forces and their 
resultant R ( = P + Q) to meet them in A, B, and C respec- 
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By Art. 31 we have P. AC = Q.'CB .(1). 

Hence the sum of the moments of P and Q about 0 

= Q.OB + P.OA=Q(OC + CB) + P (OC —AC) 

= (P + Q). OC, by equation (1), 

«= moment of the resultant about 0. 

The case when the point has any other position, as also the 
case when the forces have opposite parallel directions, are left 
for the student to prove for himselfl 

39. If the point 0 about which the moments are taken 
lie on the resultant, the moment of the resultant about the 
point vanishes. In this case the algebraic sum of the moments 
of the component forces about the given point vanishes, i.e. 
The moments of two forces about any point on the line of action 
of their resultant are equal and of opposite sign. 

40. Generalised theorem of moments. If any number 
offerees P, Q, R, S ... in one plane acting on a rigid body have 
a resultant, the algebraic sum of their moments about any point 
0 in their plane is equal to the moment of their resultant. 

Let P, be the resultant of P and Q, 

P, the resultant of Pi and R, 

P, the resultant of P 9 and S, 

and so on till the final resultant is obtained. 

Then the moment of Pi about 0 = sum of the moments of 

P and Q (Art. 38); 

Also the moment of P 9 about 0 = sum of the moments of 
p x and R = sum of the moments of P, Q, and R. 

So the moment of P, about 0 

sum of the moments of P t and S 
sum of the moments of P, Q, R, and S, 

and so on until all the forces have been taken. 

Hence the moment of the final resultant 
= algebraic sum of the moments of the component forces. 

41. It follows, similarly as in Art. 39, that the algebraic 
sum of the moments of any number of forces about a point on 
the line of action of their resultant is zero; so, conversely, if 
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the algebraic sum of the moments of any number of forces 
about any point in their plane vanishes, then, either their 
resultant is zero (in which case the forces are in equilibrium), 
or the resultant passes through the point about which the 
moments are taken. 

We can thus find points on the line of action of the 
resultant of a system of forces. For we have only to find 
a point about which the algebraic sum of the moments of 
the system of forces vanishes, and then the resultant must 
pass through that point. 

If we have a system of parallel forces the resultant is known 
both in magnitude and direction when one such point is known. 


_ Forcet equal to 3P, 7 P, and bP act along the sides AB, BC, and 

CA of an equilateral triangle ABC; find the magnitude, direction, and 
line of action of the resultant. 

Let the side of the triangle be a, and let the resultant force meet 
the side BC in Q. Then the sum of 
the moments of the forces about Q vanish. 

3Px(QC + a) sin 60° = bPx QCbxu 60*. 

«*-T- 

The sum of the components of the forces 
perpendicular to BC 

- B P sin 60* - 3 P sin 60° = P J3. 



Also the sum of the components in the direction BC 

-7P- bP cos 60°-3Pcos 60° = 3P. 

J3 

Hence the resultant is P J\2 inclined at an angle tan -1 ^- , i.e. 30*, 
to BC and passing through Q where CQ — ^BC. 


EXAMPLES 

L Forces proportional to AB, BC, and 2CA act along the aides of 
a triangle ABC taken in order ; shew that the resultant is represented 
in magnitude and direction by CA and that its line of action meets BC at 
a point X where CX is equal to BC. 

2. A BC is a triangle and D, E, and F are the middle points of the 
sides ; forces represented by AD, \BE, and \ CF act on a particle at the 
point where AD and BE meet; shew that the resultant is represented in 
magnitude and direction by ±AC and that its line of action divides BC 
in the ratio 2 : L 
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3. Three forces act along the sides of a triangle ; shew that, if the 
sum of two of the forces be equal in magnitude but opposite in sense to 
the third force, then the resultant of the three forces passes through the 
centre of the inscribed circle of the triangle. 

4. The wire passing round a telegraph polo is horizontal and the two 
portions attached to the pole are inclined at an angle of 60° to one another. 
The pole is supported by a wire attached to the middle point of the pole 
and inclined at 60° to the horizon ; shew that the tension of this wire is 
4 s/3 times that of the telegraph wire. 

5. At what height from the base of a pillar must the end of a rope 
of given length be fixed so that a man standing on the ground and pulling 
at its other end with a given force may have the greatest tendency to make 
the pillar overturn ? 

6. The magnitude of a force is known and also its moments about 
two given points A and D. Find, by a geometrical construction, its line 

of action. 

7. Find the locus of all points in a plane such that two forces given 
in magnitude and position shall have equal moments, in the same sense, 
round any one of these points. 

8. AD is a diameter of a circle and DP and DQ are chords at right 
angles to one another; shew that the moments of forces represented by 
DP and DQ about A are equal. 

9. A man carries a bundle at tho end of a stick which is placed over 
his shoulder ; if the distance between his hand and his shoulder be changed 
how does the pressure on his shoulder change 1 

10. A cyclist, whose weight is 150 lbs., puts all his weight upon one 
pedal of his bicycle when the crank is horizontal and the bicycle is 
prevented from moving forwards. If the length of the crank is 6 inches 
and the radius of the chain-wheel is 4 inches, find the tension of the 

chain. 

11. A letter-weigher consists of a uniform plate in the form of a 
right-angled isosceles triangle ADC, of mass 3 ozs., which is suspended 
by its right angle C from a fixed point to which a plumb-line is also 
attached. 0 The letters are suspended from the angle A, and their weight 
read off by observing where the plumb-line intersects a scale engraved 
along AD, the divisions of which are marked 1 oz., 2 oz., 3 oz., etc. Shew 
that the distances from A of the divisions of the scale form a harmonic 

progression. 

12. A pack of cards is laid on a table, and each card projects in the 
direction of the length of the pack beyond the one below it; if each 
project as far as possible, shew that the distances between the extremities 
of successive cards will form a harmonical progression. 
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13. A cylinder, whose length is b and the diameter of whose base 
is c, is open at the top and rests on a horizontal plane ; a uniform rod 
rests partly within the cylinder and in contact with it at its upper and 
lower edges ; supposing the weight of the cylinder to be n times that of 
the rod, find the length of the rod when the cylinder is on the point 
of falling over. 

Couples 

42. Def. Two equal unlike parallel forces, whose lines of 

action are not the same, form a Couple. 

A couple is by some writers called a Torque; by others the 

word Torque is used to denote the Moment of the Couple. 

Examples of a couple are the forces applied to the handle 
of a screw-press, or to the key of a clock in winding it up, or by 
the hands to the handle of a door in opening it. 

The Arm of a couple is the perpendicular distance between 
the lines of action of the two forces which form the couple. 

The Moment of a couple is the product of one of the forces 
forming the couple and the arm of the couple. 

Thus the arm of the couple (P, P) is AB and its moment 

is P x AB. 

From any point 0 in the plane of the couple draw OAB 
perpendicular to the lines of 
action of the forces to meet 
them in A and B respectively. 

The algebraic sum of the 
moments of the forces about 0 

= P .OB-P.OA =P. AB 

= the moment of the couple, 

and is therefore the same 
whatever be the point 0 about which the moments are taken. 

43. Two couples, acting in one plane upon a rigid body , 
whose moments are equal and opposite , balance one another. 

Let one couple consist of two forces (P, P), acting at the 
ends of an arm p, and let the other couple consist of two forces 
(Q, Q)» acting at the ends of an arm q. 

Case I. Let one of the forces P meet one of the forces 
Q in a point 0, and let the other two forces meet in O'. 
From O' draw perpendiculars, O'M and O'N, upon the forces 
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which do not pass through O', so that the lengths of these 
perpendiculars are p and q respectively. 

Since the moments of the couples are equal in magnitude, 

we have P .p = Q.q. 

Hence, (Art. 41), O' is on the line of 
action of the resultant of P and Q acting 
at 0, so that 00’ is the direction of this 
resultant. 

Similarly, the resultant of P and Q 
at O' is in the direction O'O. 

Also these resultants are equal in 
magnitude; for the forces at 0 are respec¬ 
tively equal to, and act at the same angle as, the forces aft O'. 

Hence these two resultants destroy one another, and therefore 
the four forces composing the two couples are in equilibrium. 

Case II. Let the forces composing the couples be all 
parallel, and let any straight line perpendicular to their 
directions meet them in the points A, B, C, and D, as in 
the figure, so that, since the moments are equal, we have 

P . AB = Q . CD .(i). 



Q 


Q 


4 ) 


Let L be the point of application of the resultant of Q 
at C and P at B, so that 
P.BL = Q.CL...( ii) 

(Art. 31). 

By subtracting (ii) from 
(i), we have P . AL = Q . LD, 
that L is the point of 


so 


B 


application of the resultant 
of P at A, and Q at D. 

But the magnitude of each of these resultants is (P + Q), 
and they have opposite directions; hence they are in equili¬ 
brium and therefore the four forces composing the two couples 

balance. 


44. Since two couples in the same plane, of equal but 
opposite moment, balance, it follows, by reversing the directions 
of the forces composing one of the couples, that 

Any two couples of equal moment in the same plane are 


equivalent. 
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45. Any number of couples in the same plane acting on 
a rigid, body are equivalent to a single couple , whose moment is 
equal to the algebraic sum of the moments of the couples. 

For let the couples consist of forces (P, P) whose arm is p, 
(Q, Q ) whose arm is q, (R , R) whose arm is r, etc. Replace the 
couple (Q, Q) by a couple whose components have the same 
lines of action as the forces (P, P). The magnitude of each of 
the forces of this latter couple will be X , where X .p = Q.q, 
(Art. 44), so that 


X = Ql. 

p 

So let the couple (R. R) be replaced by a couple ^, J2 , 

whose forces act in the same lines as the forces ( P , P); similarly 
for the other couples. 

Hence all the couples are equivalent to a couple, each of 


O 7 * 

whose forces isP + Q- -fP- + ... acting at an arm p. 

P P 

The moment of this couple is P. p + Q .q + R .r + .... 
Hence the original couples are equivalent to a single couple, 
whose moment is equal to the sum of their moments. 

If all the component couples have not the same sign we 
must give to each moment its proper sign, and the same proof 
will apply. 


46. The effect of a couple upon a rigid body is unaltered 
if it be transferred to any plane parallel to its own, the arm 
remaining parallel to its original position. 

Let the couple consist of two forces (P, P), whose arm is 


AB, and let their lines of action be 
AC and BD. 

Let A X B X be any line equal and 
parallel to AB. Draw A,C, and 
B X D X parallel to AC and BD respec¬ 
tively. 

At A, introduce two equal and 
opposite forces, each equal to P, 
acting in the direction A,C, and 
the opposite direction A X E. At P, 
introduce, similarly, two equal and 
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opposite forces, each equal to P, acting in the direction 7?,/), 
and the opposite direction B X F. These forces will have no 

effect on the equilibrium of the body. 

Join AD , and A X B, and let them meet in 0; then 0 is the 

middle point of both AB X and A X B. 

The forces P at B and P acting along A X E have a resultant 

2 P acting at 0 parallel to BD. 

The forces P at A and P acting along B X F have a resultant 

2 P acting at 0 parallel to AC. 

These two resultants are equal and opposite, and therefore 

balance. Hence we have left the two forces ( P , P) at A x and 
Bi acting in the directions A X C X and B X D X , i.e. parallel to the 

directions of the forces of the original couple. 

Also the plane through A X C X and B X D X is parallel to the 

plane through AC and BD. 

Hence the theorem is proved. 

Cor. From this proposition and Art. 44 we conclude that 
A couple may be replaced by any other couple acting in a parallel 
plane, provided that the moments of the two couples are the same. 

47. The Axis of a couple is a straight line OP drawn from 
a point 0 in the plane of a couple perpendicular to the plane 
of the couple and proportional to the moment of the couple. 
The direction in which this axis is to be drawn, i.e. its sense, 
is determined by the following convention: Suppose a watch 
to be placed in the plane of a couple ; if the couple would produce 
rotation in the direction of the motion of the hands of the watch , 
the axis is drawn upwards through the face of the watch; whilst 
if the couple would produce rotation in the opposite direction the 

axis is drawn through the back of the watch. 

In the case of the figure of Art. 34 an axis drawn along the 

positive direction of Ox would represent a couple in the plane 
of uz which would turn the body from Oy to Oz ; whilst an axis 
drawn in the direction xO produced would represent a couple 
in the plane yz tending to turn the body from Oz towards Oy. 
The directions of rotation of positive couples about the axes 

Ox, Oy, Oz thus follow the cyclical order ' * 

From Art. 44 it follows that the effect of a couple is known 
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when its moment and its plane are known, x.e. when its moment 
and the direction of the normal to its plane are known, i.e. when 
its axis is given in magnitude and direction* 

48. Resultant couple of two couples whose planes are not 
parallel. 

Let the planes of the two couples meet in a line AB. If 
the arm of each couple is not AB, replace each by a couple in 
its own plane of suitable moment whose arm is AB, as in 
Art. 45. 


r 



With this arm let the forces of the first couple be AK and 
BK X , each equal to P, and those of the second couple AL 
and BL lt each equal to Q. Complete the parallelograms 
AKML, BK l M l L l . Then clearly the forces P, Q at A com¬ 
pound into a force represented by AM; and the forces P and Q 
at B into a force BM X which is equal, parallel, and in an 
opposite direction to AM. 

Hence the two couples compound into a couple. 

Draw Ap, Aq perpendicular to the planes KABK lt LABLx 
to represent the axes of the couples, so that 

Ap _ moment of the cou ple (P, P) _P. AB AK 
Aq moment of the couple (Q, Q) ~ Q AB ~ AL * 

Hence Ap, Aq are perpendicular and proportional to AK 
and AL. Hence if we complete the parallelogram Aqrp , Ar 
is perpendicular and proportional to AM, so that 
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_ Ap _ = _ Aq _ 

moment of the couple {P, P) moment of the couple ( Q, Q) 

Ar 

moment of the couple {AM, BM X ) 

Hence Ar is the axis of the resultant couple. 

Therefore two given couples compound into a couple whose 
axis is obtained by compounding the axes of the given couples 
according to the parallelogram law. 


49. The rule for the composition of couples is thus similar 
to that for the composition of forces, so that all theorems 
relating to the composition or resolution of forces apply to the 
composition or resolution of couples. 

Thus (Fig., Art. 26) if we have three component couples 
about the axes of x, y and z whose moments L, M, N are 
represented by OA, OB, OC, they compound into a couple 
whose moment is 0 (= VZ* + AP + N*) about a line whose 


direction cosines are 


(L M N\ 

Ur o' or 


Conversely, a couple 0 about a line OD whose direction 
cosines are {l, m, n) is equivalent to three couples about the 
axes whose moments are 10, mO, and nO. 


60. We can now compound into one couple any system of 
couples acting in any planes whatever on a rigid body. For 
take any point 0 as origin and any three rectangular axes Ox, 
Oy, Oz. Any one of the given couples, if its plane does not 
pass through 0, can, by Art. 46, be replaced by an equivalent 
couple in a parallel plane through 0, and its axis may be taken 
to be a straight line through 0 perpendicular to this plane. 
Resolve this axis, by the parallelogram law, into axes along 
the axes of coordinates, and let the component couples be 
(Z,, M x , N x ). Similarly for all the other of the given couples. 
We thus have a component couple 

Z = Z, + L t + ... = 2 (Z,) about Ox, 

M = M x + + ... = 2 (iV,) about Oy, 

A * N x + N t + ... = 2 {N x ) about On. 


and 
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These compound into a couple of moment 

Q ( = + M* + iV a ) 

. L M N 

about an axis whose direction cosines are ^, -q , 

51. A single force and a couple acting in the same plane 
upon a rigid body cannot produce equilibrium , but are equivalent 
to the single force acting in a direction parallel to its original 
direction. 

Let the couple consist of two forces, each equal to P, their 
lines of action being OB and 0,C respectively. 

Let the single force be Q. 

If Q be not parallel to the forces of the couple, let it be 
produced to meet one of them in 0. Then P and Q, acting 
at 0, are equivalent to some force R, acting in some direction 
OL which lies between OA and OB. 

Let OL be produced (backwards if necessary) to meet the 
other force of the couple in 0,, and let the point of application 
of R be transferred to 0,. Draw 0,A, parallel to OA. 

Then the force R may be resolved into two forces Q and P , 
the former acting in the direction 0 l A l , and the latter in the 
direction opposite to 0,G. 

This latter force P is balanced by the second force P of 
the couple acting in the direction 
0 , 0 . 

Hence we have left as the re¬ 
sultant of the system a force Q 
acting in the direction 0,A, parallel 
to its original direction OA. 

When Q is parallel to each of 
the forces P, it is clear by Art. 31 
that their resultant is parallel to P 
and equal to Q, 



62. If three forces, acting upon a rigid body, be represented 
in magnitude, direction , and line of action by the sides of a 
triangle taken in order, they are equivalent to a couple whose 
moment is represented by twice the area of the triangle. 

Let ABG be the triangle and P, Q, and R the forces, so 
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that P, Q, and R are represented by the sides BG, CA, and 
AB of the triangle. 

Through B draw LBM parallel to the side AC, and in¬ 
troduce two equal and opposite forces, 
equal to Q, at B, acting in the direc¬ 
tions BL and BM respectively. By 
the triangle of forces (Art. 21) the 
forces P, R, and Q acting in the 
straight line BL are in equilibrium. 

Hence we are left with the two 
forces, each equal to Q, acting in the 
directions CA and BM respectively. 

These form a couple whose moment is Q x BN, where BN 
is drawn perpendicular to CA. Also Q x BN = CA x BN = 
twice the area of the triangle A BC. 

Cor. In a similar manner it may be shewn that if a 
system of forces acting on one plane on a rigid body be 
represented in magnitude, direction, and line of action by the 
sides of the polygon, they are equivalent to a couple whose 
moment is represented by twice the area of the polygon. 

63. A couple and a force which does not lie in its plane 
cannot be in equilibrium. 

For let the force R meet the plane of the couple in 0 and 
replace the couple if necessary, by Art. 44, by a couple, one of 
whose forces P passes through 0. Then R and this force P 
compound into a force acting through 0 which does not meet 
the other force P of the couple. Hence they cannot be in 
equilibrium. 




CHAPTER III 


EQUILIBRIUM OF A RIGID BODY ACTED ON BY 

FORCES IN ONE PLANE 

64. In the present chapter we shall discuss the equilibrium 
of a rigid body acted upon by forces lying in a plane. 

By the help of the following theorem we shall find that, 
when the forces are only three in number, the conditions of 
equilibrium reduce to those of a single particle. 

If three forces, acting in one plane upon a rigid body, keep 
it in equilibrium, they must either meet in a point or be parallel. 

If the forces are not all parallel, at least two of them, P and 
Q, must meet in a point 0, and their resultant must be a force 
passing through 0. But, since the forces P, Q, and R are in 
equilibrium, this resultant must balance R. Also two forces 
cannot balance unless they have the same line of action. 

Hence the line of action of R must pass through 0. 

By the preceding theorem we see that the conditions of 
equilibrium of three forces, acting in one plane, are easily 
obtained. For the three forces must meet in a point; and by 
using Lami’s Theorem, (Art. 23), or by resolving the forces in 
two directions at right angles, (Art. 28), or by a graphic 
construction, we can obtain the required conditions. 

66. Trigonometrical Theorems. There are two trigono¬ 
metrical theorems which are useful in Statical Problems, viz. 
If P be any point in the base AB of a triangle ABG, and if 
CP divides A B into two parts m and n, and the angle C into 
two parts a and £, and if the angle CPB be 0, then 


(m + n)cot 6 = m oot a — ncotfi .(1), 

and (m + n) cot 6 n cot A —m cot B .(2). 
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For 

m AP AP PC sin ACP sin PBC 
n ~ PD ~ PC ’ PB ~~ sin PA C ’ sin PCB 

sin a sin (0 + /9) _ cot ft -f cot 0 
sin(0 — a)’ Bin/3 cot a — cot 0 

,\ m cot a — n cot = (m + n) cot 0. 

Again 


7/1 sin A CP sin PBC 
n = sin PAC' sin PCB 

6in (0 — A) sin B 
sin A ' sin (0 + B) 

cot A — cot 0 
* cot B + cot 0 ’ 

(m + 71 ) cot 0 = n cot A — m cot B. 



56. Ex. 1. A beam whose centre of gravity divides it into two portions , 
a and b, is placed inside a smooth sphere ; shew that, if 6 be its inclination 
to the horizon in the position of equilibrium and 2a be the angle subtended 
by the beam at the centre of the sphere, then 


tan 6 = 


b-a 
b + a 


tana. 


In this case both the reactions, R and 
pass through the centre, 0, of the sphere. 
Hence the centre of gravity, 0, of the rod 
must be vertically below 0. Let 00 meet 
the horizontal line through A in N. Draw 
OD perpendicular to AB. 

Then L AOD = t- BOD —a, 
and L DOO = 90°- L. DOO = L DAN^Q. 

The second relation of Art. 65 then gives 
(a + 6) cot OOB = b cot OAB-a cot OBA , 
i.e. (a + b) tan £ = (6 — a) tan a. 


S, at the ends of the rod 



R S _ W_ 

Also, by Lami’s Theorem, flin d qq ~ sinA 00 “ sin AOB 


'* sin(a + 0) sin (a-^) = sin 2a 


, giving the reactions. 


Ex. 2. A heavy uniform rod, of length 2a, rests partly within and 
partly without a fixed smooth hemispherical bowl, of radius r ; the mm of 
the bowl is horizontal , and one point of the rod is in contact with the mm ; 
if 6 be the inclination of the rod to the horizon , shew that 

2r cos 26=*aoos6. 
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Let the figure represent that vertical section of the hemisphere which 
passes through the rod. Let A B 
be the rod, O its centre of gravity, 
and C the point where the rod 
meets the edge of the bowl. 

The reaction at A is along the 
line to the centre, 0, of the bowl ; 
for AO is the only line through A 
which is perpendicular to the sur¬ 
face of the bowl at A. Also the 
reaction at C is perpendicular to 
the rod ; for this is the only direc¬ 
tion that is perpendicular to both the rod and the rim of the bowl. 

These two reactions meet in a point D which lies on the geometrical 
sphere of which the bowl is a portion. Hence the vertical line through O, 
the middle point of the rod, must pass through D. 

Through A draw AE horizontal to meet DO in E and join 00, 

Then LOAC=t-OCA=LCAE=d. 

a cos 6 = AE= AD cos 2d = 2rcos20. 

Also, by Lami’s Theorem, if R and 5 be the reactions at A and C> we 
have 

R _ S __ W _ 

sin Q sin A DO “ sin A DO* 

R S W 

*■** sin 6 cos 2 6 cos 6' 


EXAMPLES 

1. A bowl is formed from a hollow sphere, of radius a, and is so 
placed that the radius of the sphere drawn to each point in the rim makes 
an angle a with the vertical, whilst the radius drawn to a point A of the 
bowl makes an angle (S with the vertical ; if a smooth uniform rod remain 
at rest with one end at A and a point of its length in contact with the 
rim, shew that the length of the rod is 

a o a — 

4 a sin /3 sec . 

m 

2. A cylinder, of radius r, whose axis is fixed horizontally, touches a 
vertical wall along a generating line. A flat beam of uniform material, of 
length 2 1 and weight \V t rests with its extremities in contact with the 
wall and the cylinder, making an angle of 45° with the vertical. Shew 

l /5 — 1 

that, in the absence of friction, — = ■ f that the pressure pn the wall 

T 10 

is £ IK, and that the reaction of the cylinder is £ ^5 IV, 






Three forces in one plane. Examples 41 

3. A hemispherical howl, of radius r, rests on a smooth horizontal 
table and partly inside it rests a rod, of length 2 f and of weight equal to 
that of the bowl. Shew that the position of equilibrium is given by the 
equation 

l ein (a + /3) = r sin a — — 2r cos (a + 2/3), 

where a is the inclination of the base of the hemisphere to the horizon, 
and 2S is the angle subtended at the centre by the part of the rod within 
the bowL 

4. A smooth rod, of length 2a, has one end resting on a plane of 
inclination a to the horizon, and is supported by a horizontal rail which is 
parallel to the plane and at a distance c from it. Shew that the inclina¬ 
tion 6 of the rod to the inclined plane is given by the equation 

c sin a = a 6in a 6 cos (0 — a). 

5. A solid cone, of height h and semi-vertical angle a, is placed with 
its base against a smooth vertical wall and is sup ported by a string 
attached to its vertex and to a point in the wall; shew that the greatest 

possible length of the string is h*J\ + tan 2 a. 

6. The altitude of a cone is h and the radius of its base is r ; a string 
is fastened to the vertex and to a point on the circumference of the 
circular base, and is then put over a smooth peg ; shew that, if the cone 

rest with its axis horizontal, the length of the string must be \/A 2 + 4r s . 

7. Two equal circular discs of radius r, with smooth edges, are placed 
on their flat sides in the corner between two smooth vertical planes 
inclined at an angle 2a, and touch each other in the line bisecting the 
angle. Shew that the radius of the smallest disc that can be pressed 
between them, without causing them to separate, is r (sec a - 1). 

8. A picture frame, rectangular in shape, rests against a smooth 
vertical wall, from two points in which it is suspended by parallel strings 
attached to two points in the upper edge of the back of the frame, the 
length of each string being equal to the height of the frame. Shew that, 
if the centre of gravity of the frame coincide with its centre of figure, the 

picture will hang against the wall at an angle tan -1 — to the vertical, 

where a is the height and b the thickness of the picture. 

9. It is required to hang a picture on a vertical wall so that it may 
rest at a given inclination, a, to the wall and be supported by a cord 
attached to a point in the wall at a given height h above the lowest edge 
of the picture ; determine, by a geometrical construction, the point on the 
back of the picture to which the cord is to be attached and find the length 
of the cord that will be required. 

57. Any system of forces, acting in one plane upon a rigid 
body, can be reduced to either a single force or a single couple. 
By the parallelogram of forces any two forces, whose 
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directions meet, can be compounded into one force; also, by 
Art. 31, two parallel forces can be compounded into one force 
provided they are not equal and unlike. 

First compound together all the parallel forces, or sets of 
parallel forces, of the given system. 

Of the resulting system take any two forces, not forming 
a couple, and find their resultant i£,; next find the resultant 
R a of R x and a suitable third force of the system ; then determine 
the resultant of R? and a suitable fourth force of the system; 
and so on until all the forces have been exhausted. 

Finally, we must either arrive at a single force, or we shall 
have two equal parallel unlike forces forming a couple. 

58. If a system of forces act in one plane upon a rigid 
body, and if the algebraic sum of their moments about each 
of three points in the plane (not lying in the same straight line) 
vanish separately, the system of forces is in equilibrium. 

For any such system of forces, by the last article, reduces 
to either a single force or a single couple. 

In our case they cannot reduce to a single couple; for, if 
they did, the sum of their moments about any point in their 
plane would, by Art. 42, be equal to a constant which is not 
zero, and this is contrary to our hypothesis. 

Hence the system of forces cannot reduce to a single couple. 
The system must therefore either be in equilibrium or reduce to 
a single force F. 

Let the three points about which the moments are taken 
be A, B, C. Since the algebraic sum of the moments of a 
system of forces is equal to that of their resultant (Art. 40), 
therefore the moment of F about the point A must be zero. 
Hence F is either zero, or passes through A. 

Similarly, since the moment of F about R vanishes, F must 
be either zero or must pass through B, i.e. F is either zero or 
acts in the line AB. 

Finally, since the moment about C vanishes, F must be 
either zero or pass through G. 

But (since the points A, B, C are not in the same straight 
line) the force cannot act along AB and also pass through G. 
Hence the only admissible case is that should be zero, i.e. that 
the forces should be in equilibrium. 
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The system will also be in equilibrium if (1) the sum of the moments 
about each of two points, A and B , separately vanish, and if (2) the sura 
of the forces resolved along A B l>o zero. For, if (1) holds, the resultant, 
by the foregoing article, is either zero or acts along A B. Also, if (2) be 
true, there is no resultant in the direction A B ; hence the resultant force 
is zero. Also, as in the foregoing article, there is no resultant couple. 
Hence the system is in equilibrium. 

59 Any system of forces, acting in one plane upon a rigid 
body, i8 equivalent to a force acting at an arbitrary point of the 
body together with a couple. 

Let P be any force of the system acting at a point A of the 
body, and let 0 be any arbitrary 
point. At 0 introduce two equal 
and opposite forces, the magnitude 
of each being P, and let their line 
of action be parallel to that of P. 

These do not alter the state of p 
equilibrium of the body. O 

The force P at A and the opposite 
parallel force P at 0 form a couple 
of moment P. p, where p is the 
perpendicular from 0 upon the line of action of the original 
force P. Hence the force P at A is equivalent to a parallel 
force P at 0 and a couple of moment P.p. 

So ^.he force Q at B is equivalent to a parallel force Q at 0 
and to a couple of moment Q. q, where q is the perpendicular 
from 0 on the line of action of Q. The same holds for each 
of the system of forces. 

Hence the original system of forces is equivalent to forces 
P, Q, R, ... acting at 0, parallel to their original directions, and 
a number of couples; these are equivalent to a single resultant 
force at 0, and a single resultant couple of moment 

P. p + Q • q + •••• 

60. Let the forces of the previous article be in equilibrium. 
By Art. 51 a force and a couple cannot balance unless each is 

zero. 

Hence the resultant of P, Q, R, ... at 0 must be zero, and 
therefore, by Art. 28, the sum of their resolved parts in two 
directions must separately vanish. 
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Also the moment Pp + Qq 4-... must be zero, i.e. the algebraic 
sum of the moments of the forces about an arbitrary point O must 
vanish also. 

The first condition ensures that there shall be no motion of 
the body as a whole; the second ensures that there shall be no 
motion of rotation about any point. 

The above three statical relations, together with the 
geometrical relations holding between the component portions 
of a system, will, in general, be sufficient to determine the 
equilibrium of any system acted on by forces which are in 
one plane. 

Great simplifications can often be introduced into the 
equations by properly choosing the directions along which we 
resolve. In general, the horizontal and vertical directions are 
the most suitable. 

Again, the position of the point about which we take 
moments is important; it should be chosen so that as few of 
the forces as possible are introduced into the equation of 
moments. 

61. We have shewn that the conditions given in the 
previous article are sufficient for the equilibrium of the system 
of forces ; they are also necessary. 

Suppose we knew only that the first two conditions were 
satisfied. The system of forces might then reduce to a single 
couple; for the forces of this couple, being equal and opposite, 
are such that their components in any direction would vanish. 
Hence, resolving in any third direction would give us no 
additional condition. In this case the forces would not be in 
equilibrium unless the third condition were satisfied. 

Suppose, again, that we knew only that the components of 
the system along one given line vanished and that the moments 
about a given point vanished also; in this case the forces might 
reduce to a single force through the given point perpendicular 
to the given line; hence we see that it is necessary to have the 
sum of the components parallel to another line zero also. 

62. In solving any statical problem the student should 
proceed as follows: 

(1) Draw the figure according to the conditions given. 

(2) Mark all the forces acting on the body or bodies, 
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taking care to assume an unknown reaction (to be determined) 
wherever one body presses against another, and to mark 
a tension along any supporting string, and to assume a reaction 
wherever the body is hinged to any other body or fixed point. 

(3) For each body, or system of bodies, involved in the 
problem, equate to zero the forces acting on it resolved along 
two convenient perpendicular directions (generally horizontal 
and vertical). 

(4) Also equate to zero the moments of the forces about 
any convenient point. 

(5) Write down any geometrical relations connecting the 
lengths or angles involved in the figure. 

63 . Resultant force and couple corresponding to any base 
point 0 of a system of coplanar forces. 

Through 0 take any pair of rectangular axes Ox and Oy. 

At P lt the point (x lt y x ), let 
there act a force whose com¬ 
ponents parallel to the axes are 
X\ and F,. 

Then X x at P, is equivalent 
to a parallel force X, at 0 to¬ 
gether with a couple y x X x f. So Y x at P, is equivalent to 
a parallel force Y x at 0 together with a couple Y x *). [Art. 59.] 

Hence the force at P x is equivalent to components X x> Y , 
along Ox, Oy and a couple x x Y x y x X x 

So for the other forces at P„ P,, etc. 

Hence the system of forces is equivalent to components 
X, Y along Ox, Oy, and a couple 0 about 0, such that 

X — X\ 4* X 2 + X$ + ... = — X x , 

Y= Y x + F,+ Y t + ... = tY x , 

and 0 = (x x Y x — y x X x ) + (x* F, — ya-X 3 ) +... = 2 (x x F, — y x X x ). 

X and F compound into a single force R acting at 0. 



64. Equation to the resultant of a 
system of forces in one plane. 

As in the last article the system can 
be reduced to components X and Y along 
any two rectangular axes Ox and Oy, and 
a couple 0 about 0 
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Let Q be any point (h, k) which lies on the resultant of the 
given system. By Art. 40 the moment of the system about it 
is equal to the moment of the resultant about it and is there¬ 
fore zero. 

Now the moment of the system about Q 

= G + X. NQ — Y.OX=G-hY+kX , 

so that G — hY + kX = 0. 

Hence the locus of ( h , k ), i.e. the resultant, is the straight line 

G — xY 4- yX = 0. 

65. Bodies connected by smooth hinges. When two 
bodies are hinged together, it usually happens that, either 
a rounded end of one body fits loosely into a prepared hollow 
in the other body, as in the case of a ball-and-socket joint; or 
that a round pin, or other separate fastening, passes through 
a hole in each body, as in the case of the hinge of a door. 

In either case, if the bodies be smooth, the action on each 
body at the hinge consists of a single force. 

Let the figure represent a section of the joint 
connecting two bodies. If it be smooth the 
actions at all the points of the joint 'pass 
through the centre of the pin and thus have 
as resultant a single force passing through 0. 

Also the action of the hinge on the one body is equal and 
opposite to the action of the hinge on the other body; for 
forces, equal and opposite to these actions, keep the pin, or 
fastening, in equilibrium, since its weight is negligible. 

In solving questions concerning smooth hinges, the direction 
and magnitude of the action at the hinge are usually both 
unknown. Hence it is generally most convenient to assume 
the action of a smooth hinge on one body to consist of two 
unknown components at right angles to one another; the 
action of the hinge on the other body will then consist of 
components equal and opposite to these. 

The forces acting on each body, together with the actions 
of the hinge on it, are in equilibrium, and the general conditions 
of equilibrium of Art. 60 will now apply. 

In order to avoid mistakes as to the components of the 
reaction acting on each body, it is convenient, as in the second 
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figure of the following example, not to produce the rods to 
meet but to leave a space between them. 

66. Ex. Three equal uniform rode , each of weight IF, are smoothly 
jointed so as to form an equilateral triangle. If the system be supported at 
the middle point of one of the rods, shew that the action at the lowest angle is 

• / 13 

^ IF, and that at each of the others is W ^ . 

Let A DC be the triangle formed by the rods, and D the middle point 

of the side AD at which the system is supported. 

Let the action of the hinge at A on the rod AD consist of two 
oomiKnients, respectively equal to Y and X , acting in vertical and 
horizontal directions; hence the action of the hinge on A C consists of 
component* equal and opposite to these. Since the whole system is 
symmetrical about the vertical line through D, the action at D will consist 
of components, also equal to Y and -A, as in the tigure. 

Let the action of the hinge C on CD consist of i , vertically upwards, 
and .V, horizontally to the right, so that the action of the same hinge on 
CA consists of two components opposite to these, as in the tigure. 



B 



X 


For AD, resolving vertically, we have 

£= JF+2F . 0 ), 

where S is the vertical reaction of the peg at D. 

For CD, resolving horizontally and vertically, and taking moments 

about C, we' have J+X,=0 .(2). 

TF= Y+ Y x .(3), 

and IF. a cos 60* + X. 2a sin 60° = Y. 2a cos 60° .(4). 

For CA, by resolving vertically, we have 

>f= r- r, .(5). 

Solving these equations, we have 

_ 'll IV, r,=0, T= IP, ^ W and S-3 IP. 
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Hence the action of the hinge at D consists of a force JX*+ V* 
W , acting at an angle tan-- ~ (no. tan' >2 v /3), to the horizon ; 

also the action of the hinge at C consists of a horizontal force equal to 


^ W • 

J jyriori reasoning would have shewn us that the action of the hinge at 
C must be horizontal; for the whole system is symmetrical about the line 
CD, and, unless the component Y, vanished, the reaction at C would not 
satisfy the condition of symmetry. 


EXAMPLES 

1. A pair of compasses, each of whose legs is a uniform bar of weight 
W, i 8 supported, hinge downwards, by two smooth pegs placed at the 
middle points of the legs in the same horizontal lino, the legs being kept 
apart at an angle 2a with one another by a weightless rod joining their 
extremities ; show that the thrust in this rod and the action at the hinge 

are each £ IT cot a. 

2. A gate weighing 100 lbs is hung on two hinges, 3 feet apart, in a 
vertical line which is distant 4 feet from the centre of gravity of the gate. 
Find the magnitude of the reactions at each hinge on the assumption that 
the whole of the weight of the gate is borne by the lower hinge. 

3. A gate, of weight IP, is hung by means of two circular headed 
staples driven into the gate at C, D and placed over two L shaped staples 
driven into the gate post at A, B. Shew that the pressure at the upper 

hinge will be W — or W. | according as CD is just a little less or 
greater than AB , where 2 a is the horizontal length of the gate and b = CD 

4. A square board is hung flat against a wall, by means of a string 
fastened to the two extremities of the upper edge and hung round a 
perfectly smooth rail ; when the length of the string is less than the 
diagonal of the board, shew that there are three positions of equilibrium. 

5. A square, of side 2a, is placed with its plane vertical between two 
smooth pegs, which are in the same horizontal line and at a distance c ; 
shew that it will be in equilibrium when the inclination of one of its edges 

a 2 —c* 

to the horizon is either 45° or £ sin -1 —^—. 

6. An isosceles triangular lamina rests, with its plane vertical and 
vertex downwards, between two smooth pegs in the same horizontal line; 
shew that there will be equilibrium if the base make an angle sin -1 (cos 2 a) 
with the vertical, 2a being the vertical angle of the lamina and the length 
of the base being three times the distance between the pegs. 
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7. A prism, whose cross section is an equilateral triangle, rests with 
two edges horizontal on smooth planes inclined at angles <1 and IS to the 
horizon. If 6 be the angle that the plane through these edges makes with 
the vertical, shew that 

„ 2 N /3sin a sin /3 + sin (« + 0) 

tan 6 =- rx —:—7 --jT- • 

J 3 sin (a~&) 


8. A triangle, formed of three rods, is fixed in a horizontal position 
and a homogeneous sphere rests on it; shew that the reaction on each rod 
is proportional to its length. 

9. An elliptic lamina is acted on at the extremities of pairs of conjugate 
diameters by forces in its own plane tending outwards and normal to its 
edge ; shew that there will bo equilibrium if the force at the end of each 
diameter is proportional to the conjugate diameter. 

10. A step-ladder in the form of the letter A, with each of its legs 
inclined at an anglo n to the vertical, is placed on a horizon till floor, and 
is held up by a cord connecting the middle points of its legs, there being 
no friction anywhere ; shew that, when a weight IT is placed on one of the 

steps at a height from the floor equal to - of the height of the ladder, the 
increase in the tension of the cord is ^ irtana. 


11. Three uniform beams A B, BC , and CD, of the same thickness, and 
of lengths l, 21, and l respectively, are connected by smooth hinges at B 
and C, and rest on a perfectly smooth sphere, whose radius is 2 l, so that 
the middle point of BC and the extremities, A and D, are in contact with 
the sphere ; shew that the pressure at the middle point of BC is yVo of 
the weight of the beams. 

12. Three uniform rods AB, BC, and CD, whose weights are pro¬ 
portional to their lengths a, b, and c, are jointed at B and C and are in a 
horizontal position resting on two pegs P and Q ; find the actions at the 
joints B and C , and shew that the distance between the pegs must be 

a 2 c 2 . 

2a-f 6 + 2c+ 6 


13. AB and AC are similar uniform rods, of length a, smoothly 
jointed at A. BD is a weightless bar, of length b, smoothly jointed at B, 
and fastened at D to a smooth ring sliding on A C. The system is hung 
on a small smooth pin at A. Shew that the rod AC makes with the 

vertical an angle ^ 

taP ~ l a+JcF—b* ' 

14. A square figure A BCD is formed by four equal uniform rods 
jointed together, and the system is suspended from the joint A, and kept 
in the form of a square by a string connecting A and C ; shew that the 
tension of the string is half the weight of the four rods, and find the 
direction and magnitude of the action at either of the joints B or D. 
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15. Three uniform rods A B, DC, CD, of lengths 2c, 2b, 2c respectively 
rest symmetrically on a smooth parabolic arc whoso axis is vertical and 
vertex upwards ; the rods all touch the parabola and are hinged at B and 
C. If IK be the weight of either of the slant rods, shew that the reaction 

of the parabola on it is W ( -^p, where 4a is the latus rectum of the 
parabola. 

16. A light wire, in the shape of a quadrant of an ellipse cut off by 
the principal axes, has two equal weights fixed at its ends and rests on a 
smooth peg ; shew that the eccentric angle of the point of contact with 

the peg lies between 45° and 60°. 

Two equal smooth spheres, each of weight IF and radius r, are 
placed inside a hollow cylinder open at both ends which rests on a 
horizontal plane; if a, (<2r), be the radius of the cylinder, shew that 

the least weight it can have so as uot to be upset is 211 

18. A tipping basin, whose interior surface is spherical, is free to 
turn round an axis at a distance c below the centre of the sphere and at a 
distance a above the centre of gravity of the basin, and a heavy ball is laid 
at the bottom of the basin ; shew that it will tip over if the weight of the 


ball exceed the fraction - of the weight of the basin- 

c 


19. A circular disc, of weight W and radius a, is suspended hori¬ 
zontally by three equal vertical strings, of length b, attached symmetrically 
to its perimeter. Shew that the magnitude of the horizontal couple 
required to keep it twisted through an angle 6 is 


Wa 2 


sin 0 




4a 8 sin a ^ 


67. Astatic equilibrium. When forces in one plane act 
at given points of a body, and keep it in equilibrium, it is not 
in general true that these forces keep the body in equilibrium 
when they are turned about their points of application about 
any angle (the same for each). When this is the case the 
equilibrium is said to be Astatic. 

68. If all the forces in a coplanar system are rotated about 
their points of application through the same angle in their own 
plane, their resultant passes tltrough a fixed point in Vte body. 

Let P, be any force of the system acting at a point («i, y x ) 
in a direction inclined at 0, to the axis of x, and let X lt Y x 
be its components parallel to the axes; so for the other forces. 
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becomes 


■ 1 - 


Let X, Y be the components of the system along the axes 
Ox, Oy and 0 the moment of the forces about the origin, so 
that 

X = HP X cos 0 U 
Y — XP, sin 0 X , 

and G = HP X (x x sin 0 X — y x cos 0,). 

As in Art. 64, the equation to the resultant of the system is 

G + yX-xY = 0 .(1). 

Let all the forces be turned through an angle a about their 
points of application so that 0 X becomes 0 X + a, and hence 

P, cos 0 X becomes P, cos 0 X cos a — Pi sin 6 X sin a, 

P, sin 0 X becomes P, sin 0 X cos a + P x cos 6 X sin a, 

and Pi {x x sin 0 X - y x cos 0 X ) 

x x (sin 0 X cos a + cos 0 t sin a)l 
y x (cos 0 X cos a — sin 0 X sin a)) * 

i.e. cos a. P x (a:, sin 0 X — y x cos 0 X ) 4- sin a.P x (x x cos 0 X + y x sin 0 X ). 
Hence X becomes X oos a — Y sin a, 

Y becomes X sin a -f Y cos a, 
and G becomes G cos a + V sin a, 

where V = H (X x x x + Y x y x ) and is called the Virial of the 

system. 

The equation to the new resultant of the system then 
becomes 

G cos a+V sin a + y (X cos a — F sin a) — a; (X sin a + T cosa) = 0, 

i.e, cos a [G + yX - xY] + sin a [ V-yY-xX ] = 0.(2). 

Whatever be the value of a, (2) always passes through the 
point whose coordinates are given by 

G + yX — aY = 0, 

V-yY-xX = 0, 

i.e. through the point whose coordinates are 

QY+VX VY - GX 
~X*TY* * X 3 + X* 

This point is called the Astatic Centre. 
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69. Suppose the forces to be in equilibrium before their 
displacement so that 

X = 0, Y = 0, and 0 = 0. 

Then they are in equilibrium after displacement if 
X cos a - Y sin a = 0, X sin a + F cos a = 0, 
and O cos a 4* V sin a = 0. 

They are thus in equilibrium after being rotated through 
any angle if V = 0, i.e. if 2 + F.y.) = 0, which is thus 

the condition that the equilibrium is astatic. 

It also follows that if the original forces are m equilibrium 
and each is turned through the same angle a, they are then 
equivalent to a couple whose moment is Ksina. 

70. The quantity X x x x is equal, as we shall see in Chapter V, 
to the work that would be done in a displacement m which the 
point of application of X x is moved from the origin to the point 
<*„ 2/0, and X x x, 4- Y x y x is the work done by the force P x as 
its point of application is moved from the origin to (x Xt y x ). 

Hence the virial of the system is the work that would be 
done by all the forces of the system as their points of applica¬ 
tion are moved from the origin to their actual positions. 

71. It may be easily seen geometrically that if each of 
a system of forces is turned through 
the same angle a, then their re¬ 
sultant always passes through a 
definite point whatever a may be. 

For let two of the forces, Pi and 
P, acting at A x and A t , meet in 0 
and let OB x be the direction of their 
resultant meeting in B x the circle 
through 0, A x , and A 9 . 

Let Pi be turned through any 
angle a into the position d-iO' cutting 
this circle in O'. Then clearly OA % 0’ = OA x O' = a, so that A,0' 
is the new direction of P 9 , when it has been turned through 
the same angle a. 

Also Z B x 0'A % = Z B x 0A 9 , so that &B X is the new position 
of the resultant of the new forces P x and P, acting along A x 0' 
and A % 0\ 
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Hence the point B , is a point through which the resultant 
of P, and P a acts, whatever be the angle through which the 
forces P, and P a are turned about A t and Also the angle 

OP,O' = Z 0A X 0' = a, so that the resultant has turned through 
the same angle as the component forces. Similarly, taking 
another of the given system P, acting at A t , we find a point 
P, through which always acts the resultant of P, and the 
resultant of P, and P, acting at i.e. B, is the point through 
which always acts the resultant of P,, P a , and P*. 

By continuing in this manner until all the forces have been 
exhausted, we find a point through which the resultant of all 
the forces act whatever be the angle through which they have 
been turned. 

If the forces P, and P a are parallel then 0 is at infinity and 
the circle becomes a straight line through A x and A a . B } being 
the point where the resultant of the parallel forces P 4 and P, 
meets A x A t is, by Art. 31, then such that 

Pj. AiB\ = P 2 * B x A t . 

Ex. Shew that three coplanar forces P x , Pj acting at point 
A lt A„A 3 are in astatic equilibrium if they meet in a point 0 eituated on 

the circumcircle of A x , A 2 , A 3 , and if 

P x .P % .P t \.A % As.AiA x .A x A x . 
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FRICTION 

72. In Art. 14 we defined smooth bodies to be bodies such 
that, if they be in contact, the only action between them is 
perpendicular to both surfaces at the point of contact. With 
smooth bodies, therefore, there is no force tending to prevent 
one body sliding over the other. If a perfectly smooth body be 
placed on a perfectly smooth inclined plane, there is no action 
between the plane and the body to prevent the latter from 
sliding down the plane, and hence the body will not remain at 
rest on the plane unless some external force be applied to it. 

Practically, however, there are no bodies which are perfectly 
smooth; there is always some force between two bodies in 
contact to prevent one sliding upon the other. Such a force 
is called the force of friction. 

Friction. Def. If two bodies be in contact with one 
another , the property of the two bodies , by virtue of which 
a force is exerted between them at their point of contact to 
prevent one body sliding on the other, is called fidction; also 
the force exerted is called the force of friction. 

73. Friction is a self-adjusting force; no more friction is 
called into play than is sufficient to prevent motion. Let 
a heavy slab of iron with a plane base be placed on a hori¬ 
zontal table. If we attach a piece of string to some point of 
the body, and pull in a horizontal direction passing through 
the centre of gravity of the slab, a resistance is felt which 
prevents our moving the body; this resistance is exactly equal 
to the force which we exert on the body. If we now stop 
pulling, the force of friction also ceases to act; for, if the lorce 
of friction did not cease to act, the body would move. 
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The amount of friction which can be exerted between two 
bodies is not, however, unlimited. If we continually increase 
the force which we exert on the slab, we find that finally the 
friction is not sufficient to overcome this force, and the body 

moves. 

74 Friction plays an important part in the mechanical 
problems of ordinary life. If there were no friction between 
our boots and the ground, we should not be able to walk; 
if there were no friction between a ladder and the ground, 
the ladder would not rest, unless held, in any position inclined 
to the vertical; without friction nails and screws would not 
remain in wood, nor would a locomotive engme be able to 
draw a train. 

75. The laws of statical friction are as follows: 

Law L When two bodies are in contact , the direction of the 
friction on one of them at its point of contact is opposite to the 
direction in which this point of contact would commence to move. 

Law II. The magnitude of the friction is, when there is 
equilibrium, just sufficient to prevent the body from moving. 

The above laws hold good, in general; but the amount of 
friction that can be exerted is limited, and equilibrium is 
sometimes on the point of being destroyed, and motion often 


ensues. 

Limiting Friction. Def. When one body is just on the 
point of sliding upon another body, the equilibrium is said to be 
limiting, and the friction then exerted is called limiting friction. 

The direction of the limiting friction is given by Law I. 
Its magnitude is given by the three following laws: 

Law III. The magnitude of the limiting fmction always 
bears a constant ratio to the normal reaction and this ratio 
depends only on the substances of which the bodies are composed. 

Law IV. The limiting friction is independent of the extent 
and shape of the surfaces in contact, so long as the normal 

reaction is unaltered. 

Law V. When motion ensues, by one body sliding over the 
other, the 'direction of friction is opposite to the direction of 
motion; the magnitude of the friction is independent of the 
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velocity, but the ratio of the friction to the normal reaction is 
slightly less than when the body is at rest and just on the point 
of motion. 

The above laws are experimental, and are by no means 
rigorously accurate, though they represent, however, to a fair 
degree of accuracy the facts under ordinary conditions. 

For example, if one body be pressed so closely on another 
that the surfaces in contact are on the point of being crushed, 
Law III is no longer true; the friction then increases at 
a greater rate than the normal reaction. 


76. Coefficient of Friction. The constant ratio of the 
limiting friction to the normal pressure is called the coefficient 
of friction, and is generally denoted by p\ hence, if F be the 
friction, and R the normal pressure, between two bodies when 


Jr 

equilibrium is on the point of being destroyed, we have-^ = /x, 
and hence F = pR. 

The values of p are widely different for different pail's of 
substances in contact; no pairs of substances are, however, 
known for which the coefficient of friction is so great as unity. 


Angle of Friction. When the equilibrium is limiting, if 
the friction and the normal reaction be compounded into one 
single force, the angle which this force makes with the normal 
is called the angle of friction, and the single force is called the 
resultant reaction. 

Let A be the point of contact of the two bodies, and let AB 
and AC be the directions of the normal 
force R and the friction pR. Let AD be 
the direction of the resultant reaction S, 
so that the angle of friction is BAD. Let 
this angle be X. 

Then & cos X = R, and 5 sin X = pR. 

Hence S = R V1 + p 1 , and tan X = p. 

Hence we see that the coefficient of friction is equal to the 
tangent of the angle of friction. 

Since the greatest value of the friction is pR, it follows that 
the greatest angle which the direction of resultant reaction can 
make with the normal is X, i.e. tan -1 p. 




57 


Rough Inclined Flane 


Hence, if two bodies be in contact and if, with the common 
normal as axis, and the point of contact as vertex, we describe a 
cone whose semi-vertical angle is tan -1 fx, it is possible for the 
resultant reaction to have any direction lying within, or upon, 
this cone, but it cannot have any direction lying without the 

cone. 

This cone is called the Cone of friction. 

77. The following table, taken from Prof. Rankine’a Mach\nery and 
Mill work, gives the coefficients and angles of friction for a few substances. 


Substances 


X 

Wood on wood —Dry 

„ „ „ —Soaped 

Metals on metals —Dry 

„ -Wet 

Leather on metals—Dry 
„ „ .. —Wet 

„ 

•25 to -5 
•04 to -2 
•15 to *2 
•3 
•66 
•36 
•15 

14° to 26$° 

2° to lli° 

8i° to lli° 

164° 

21»i° 

20i° 

8i° 



and R is easily found. 
When the body is on 


the point of motion up the plane, the 
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friction pR acts down the plane. Hence, on changing the sign 
of fi, we have 

P l = W BiD .W 

cos (0—\) 

For any value of the force, between P and P lt there is 
equilibrium, but the body is not on the point of motion in 
either direction. 

The force that will just be on the point of moving the body 
up the plane is least when (4) is least, 

i.e. when cos (0 — X) is unity, i.e. when 0 — X~ 


Hence the force required to move the body up the plane will 
be least when it is applied in a direction making with the 
inclined plane an angle equal to the angle of friction. 

From (3) it follows that P is zero if \ = a, i.e. a body will 
rest on an inclined plane and be on the point of motion if the 
inclination of the plane to the horizon is just equal to the 
angle of friction. On account of this property the angle of 
friction is sometimes called the angle of repose. 

From this result also the coefficient of friction between two 
substances may be experimentally obtained. For let the in¬ 
clined plane be made of one substance and let the body be a 
slab, with a plane face, of the other substance. If the angle ol 
inclination of the plane be gradually increased until the slab 
just slides, the tangent of the angle of inclination is the 
coefficient of friction. By this method the laws of Art. 75 may 
also be verified; Coulomb used it in the year 1785. 


79. The results of the previous article may be found by 
geometric construction. 

Draw a vertical line KL to represent W on any scale that 
is convenient ( e.g . one inch per lb. or one inch per 10 lbs.). 

Draw L0 parallel to the direction of the normal reaction R. 
Make OLF, 0LF x each equal to the angle of friction as in 
the figure. Then LF, LF X are parallel to the directions DH, 
DH X of the resulting reaction at D according as the body is on 
the point of motion down or up the plane. 

Draw KMM x parallel to the supporting force P to meet 
LF, LF X in M and Af,. Then clearly KLM and KLM X are 
respectively the triangles of forces for the two extreme 
positions of equilibrium. Hence, on the same scale that KL 




Rough Inclined Plane 59 

represents W, KM and KM X represent the P and P x of the 
previous article. 




R and 




Clearly OLK = Z between R and the vertical — a, so that 
z MLK = a - X and zM x LK = a + \. 

Similarly Z KQO = ^ between the directions of 
P = 90° - 0, so that 

z KQL = 90° + 6, z KM X L = 90° + 0 - \ 
and Z KML = 90° + 6 + X. 

Hence 

p KM sin KLM _ s in (a - X) = Bin (a 
yjr = 7 ZL ~ sin Kill sin (90° + 6 + X) cos(0 + X)’ 

P, KM, sin KLM, __ sin (a + X) _ sin (a + X) 
and TV = TT “ sin KM~P sin (90° + 0 - X) cos(0-X) 

It is clear that KM, is least when it is drawn perpendicular 
to LF ie. when P, is inclined at a right angle to the direction, 
DH„ of the resultant reaction, and therefore at an angle X to 

the inclined plane. 

plane ; if the coefficient of friction be n and the equilibrium be limiting, 

find the direction in which the body will begin to move. 

A Let W be the weight of the particle, and R the normal reaction. 

The forces jicrpeudicular to the inclined q 

plane muat vaunah* 

R*= Wcos a .(!)• 

Tho other component of the weight will be 
IK sin a, acting down the hue of greatest 

8l ° P Let the friction, fiRy act in the direction 
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AB y making an angle B with the line of greatest slope, so that the 
particle would begin to move in the direction BA produced. 

Since the forces acting along the surface of the plane are in equilibrium, 
we have, by Lami's Theorem, 

nR _ IT sin a P fC) ^ 

sin 3 sin {B +3) = sin 6 .*.. 

From (1) and (2), eliminating R and IF, we have 


R sin a sin 3 

a — | jr • / a , * 


Hence 

giving the angle B. 


sin (0 + 3) 


tan a sin 3 


(3), 


81. Equilibrium of a particle constrained to rest on a 
rough curve under any given forces. 

Let the curve be plane, and X, Y the component forces 
parallel to the axes of co¬ 
ordinates. 

Let R be the normal re¬ 
action and F the friction along 
the tangent FT which makes 
an angle 0 with the axis of x. 

Resolving along and per¬ 
pendicular to the tangent, we 
then have 


X cos 0 -f Y sin 6 = F .(1), 

and X sin 6 — Y cos 0 = R .(2). 


If //. be the coefficient of friction, there will be equilibrium 
provided that F is not greater than g.R or less than — g.R, 
i.e. provided the numerical value, without regard to sign, of 
X cos 6 + Y sin 6 is equal to or less than that of 

P (X sin 6 — Y cos 6), 

i.e. if (X + Y tan 0)* = y* (X tan 0 - Y)\ 



i.e. if 


where ~ 
dx 



is given by the known equation of the curve. 


82. If the curve is not a plane curve let (l, m, n) be the 
direction cosines of its tangent at any point P. Then since the 
resultant reaction at any point of a rough curve cannot make 
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an angle greater than X with the normal, and thug not an 
angle less than J — X with the tangent, there can be equilibrium 
if the angle that the resultant force makes with the tangent is 
equal to or greater than ^ — X, 

IX + mY + nZ 


i.e. if 


cos 


\ dX 3 


+ Y 3 + Z 3 


--X. 
2 ^ 


IX + viY + nZ . 

^smX, 


*JX 3 + Y 3 + Z 
(IX + mY+nZf 
X 3 + Y 3 + Z 3 < 1 + ft 




i.e. if 

i.e. if 
since tan X = ft. 

83. If the particle rest in contact with a rough surface, 
whose equation is (f> (x,y, z) = 0, under forces whose components 
are X, Y, Z, the conditions of equilibrium are easily found. For 
the direction cosines of the normal to the surface at the point 
(x, y, z) are proportional to (f> x , 4> v , and </> z . 

There will be equilibrium if the resultant force makes with 
the normal an angle not greater than X, 

f X(f> z + Y<j>y 4- Z(f)i _~| 


i.e. if 


cos 


i.e. if 


t.e. 


+ Y 3 + Z 3 s/4>S + <f>S + 4>. 
(X(fi X + Y(f)y + Z(f) z Y _ 

( X 3 + Y 3 + Z 3 ) (<£*’ + W + W) 




cos* X, 


l + ft*' 


EXAMPLES 

1. Shew that the least force which will move a weight T7 along a 
rough horizontal plane is IK sin <f>, where <*> is the angle of friction. 

2. At what angle of inclination should the traces be attached to a 
sledge that it may be drawu up a given hill with the least exertion ? 

3. A weight W is laid upon a rough plane (h = . inclined at 

46° to the horizon, and is connected by a string passing through a smooth 

ring, A, at the top of the plane, with a weight P han f ,ng 

If 1K=3 P, shew that, if 6 be the greatest possible inclination of the 

string AW to the line of greatest slope in the plane, then 

* V2 
008 ^ = —• 

Find also the direction in which TF would commence to move. 



02 


Statics 


4. A weight W rests on a rough plane inclined at an angle a to 
the horizon, and the coefficient of friction is 2 tan a. Shew that the 
least horizontal force along the plane which will move the body is 
n /3 IP sin n, and that the body will begin to move in a direction inclined 
at 60° to the line of greatest slope on the plane. 

5. A heavy particle is placed on a rough plane inclined at an angle a 
to the horizon, and is connected by a stretched weightless string AP to 
a fixed point A in the plane. If AB be the line of greatest slope and 6 
the angle PAB when the particle is on the point of slipping, shew that 

sin 6 = fj. cota. 

Interpret the result when p cota is greater than unity. 

6. Two weights, A and B , are connected by a string and placed on 
a horizontal table whose coefficient of friction is /x. A force P, <. n (A + B), 
is applied to A in the direction BA and its direction is gradually turned 

round an angle 6 in the horizontal plane. If P be greater than A % + B*, 
shew that both B and A will slip when 

„ n*(B*-A*) + P 3 

co * 6 =- a -Wbp -’ 


but if P be less than y. JA 2 +B* and greater than pA, then A alone will 
slip when sin0«^^. 


7. A cycloid is placed with its axis vertical and vertex downward. 
Shew that a particle can rest on it at any point which is not higher than 
2a sin 2 t above its lowest point, where r is the angle of friction and a is the 
radius of the generating circle of the cycloid. 


8. A particle rests on the surface xf/z = c 3 tinder the action of a 
constant force parallel to the axis of s; shew that the curve of inter- 

1 1 u* 

section of the surface with the cone — 2 + — 2 = ^ separate the part 

of the surface on which equilibrium is possible from that on which it is 
not possible. 

9. The ellipsoid + is pl ftCe d with the axis of x vertical 

and its surface is rough. Shew that a heavy particle will rest on it any¬ 
where above its intersection with the cylinder 

y 2 c* (\x 2 b 2 + a 2 ) + z 2 b* (/iV+a 2 ) = /i 2 6 4 c* t 


where fi is the coefficient of friction. 

x 2 v 2 

10. The paraboloid — +^=2z is placed with its axis vertical and 

its vertex uppermost; if p be the coefficient of friction, shew that a particle 
will rest on it at any point above its curve of intersection with the cylinder 

** + y* • 
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11. A surface is formed by the revolution of a rectangular hyperbola 
about a vertical asymptote ; shew that a particle will rest ou it anywhere 
beyond its intersection with a certain circular cylinder. 

12. A rough paraboloid of revolution, of latus rectum 4 a and of 
coefficient of friction cot ,3, revolves with uniform angular velocity w about 

8 

cot - or < 
z 

that a particle can rest anywhere except within a certain belt, but that for 
any angular velocity between these limiting values equilibrium is possible 
for all positions of the particle. 

[The problem is the same as if the surface were at rest if we put on an 
additional “centrifugal" force, m<i»*y, outwards along a perpendicular from 
the particle upou the axis of the paraboloid.] 


its axis which is vertical; if ">\/ Ya 


v£ Un i> 8hew 


84. Rough joints or hinges. In the figure of Art 65 
the resultant reaction will not be normal 
to the joint at A if there be friction. 

In this case the reaction P at A is 
equivalent to a parallel force P through 
the centre 0 together with a couple whose 
moment is P x the perpendicular from 0 
upon the line AP. Similarly for the re¬ 
actions at any other points of contact. T bus 
the resultant actions consist of a set of forces acting through 0 
together with a number of couples. These compound into 
a single force through 0 and a single couple. Hence, when 
there is friction at a joint and there is contact at more than 
one point, we must, in addition to the unknown force of Art. 65, 
or unknown component forces in known directions, assume also 

an unknown couple. 

If the joint be rough but contact take place at only one 
point, such as A in the above figure, then, just as in the case 
of a smooth joint, the reaction may be assumed to consist of 
one force only, which passes through the point of contact 

85. We give some examples illustrative of the applications of the 
laws of friction. 



Ex. 1. A uniform rod rests in limiting equilibrium within a rough hollow 
sphere • if the rod subtend an angle 2a at the centre of the sphere , and if 
X be the angle of friction, shew that the angle of inclination of the rod to 


the horizon is 
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Lot A B be the rod, O its middle point, and 0 the centre of the sphere, 
so that 

L. QOA = L. GOB=* a. 

Through A and B draw lines 
A C and BC making an angle X 
with the lines joining A and B to 
the centre. By Art. 70, these are 
the directions of the resultant 
reactions, R and S, at A and B 
respectively. 

Since these reactions and the 
weight keep the rod in equilibrium, 
the vertical line through O must pass through C. 

Let AD be the horizontal line drawn through A to meet CO in D so 
that the angle GAD is 6. 

The angle CAO = L.OAO — X=90° — a — X, 

and the angle CBO = t-OBO= — a + A. 

Hence theorem (2) of Art. 55 gives 

2 tan 0 = tan (a + X) — tan (a — A) =- - — 2 * —;-.0)- 

v v ' cos (a + X) cos (a-X) 

Otherwise thus ; The solution may be also obtained by using the 


conditions of Art. 60. 

Resolving the forces along the rod, we have < 

R sin (a + X) — jS sin (a — X)= TP sin 6 ......(2). 

Resolving perpendicular to the rod, we have 

R cos (a + A) + £cos (a — A)= IP cos 6 .(3). 

By taking moments about A, we have 

2*S cos (a — A) = IPcostf.(4). 

From equations (3) and (4), 


ft cos (a + A) = .S'cos (a — A) = £ TP cos 6. 
Substituting these values of ft and S in (2), we have 

tan (a + X) —tan (a — A) = 2 tan 6. 



Ex. 2. A beam AB rests with one end A in contact with a rough 
horizontal floor , and the other end B in contact with a rough vertical wall , 
the vertical plane through AB being perpendicular to the wall; to discuss 
its equilibrium , the inclination of the beam to the horizontal being given. 

Let the normal reaction and friction at A be R and F y and those at 
B be S and F\ as in the figure. 

By resolving in two directions and taking moments about a point we 
obtain three, and only threo equations, between the four unknown 
quantities ft, S, F, and F\ They are thus indeterminate. 

This may be also seen geometrically. For draw AL and BM inclined 
to the normals AC and BC at angles X and X', equal to the angles of 








65 


Examples on Friction 

friction at A and D , and let the vertical through G, the centre of gravity 
of the beam, meet them in U and V. Then, provided that V is within 
the space QAL and U within the space CBM as in the figure, ie. provided 
that the vertical through G cuts the space we may take any point 

P between U and V and the resultaut reactions at A and B may have 
the directions AP, BP and still give equilibrium. If P were at U, the 
equilibrium would be limiting at A and not so at B ; if P were at V, the 
equilibrium would be limiting at B and not so at A ; and there could be 
any arrangement of forces between these two extreme cases. 




B 


If the vertical through O were to the right of K , then there could bo 
found no point P on it such that A P was within the cone of friction at A , 
and at the same time BP within the cone of friction at B. Hence equi¬ 
librium would be impossible. 

If the ladder be in such a position that the equilibrium was limiting, 
and hence the ladder on the point of sliding down, the points O and V 
would coincide with K, the point of intersection of AL and BM, as in the 
second figure. If AG = a , GB = b , then, by the theorem of Art. 65, we 

have „ 

(a + b) cot KGB= a cot AKQ — b cot GKB t 

(a+ 6) tan 6 = a cotX — 6tanX', 


so that 


0«=tan -1 


a - b^fi 
p (a + 6) * 


Ex. 3. A uniform heavy elliptical wire, whose semiaxes are a and b, is 
hung over a small rough peg. Shew that, if the wire can be in equilibrium 
with any point of it in contact with the peg, the coejjicient of friction must 

t > i a?-b 1 
not be less than . 

Suppose that the wire is in limiting equilibrium when the point of 
contact is P. Let PN be perpendicular to the major axis ; let PG be the 
normal and C the centre. The resulting reaction at P, which makes an 
angle X with the normal at P, must then just balance the weight. Hence 
CP must be vertical and lCPG^X. 


LS 


3 
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If 6 be the eccentric angle of P , wo have 


tan PCQ *= - tan 0, 
a 


and 


tan PQX= = b sin 6 -r- .CN^= < * } tan 6. 

(% “ “) tan * 

. •. tan X = tan CPO = tan ( PON - PCX) = —i + tan 2 fT~ 


a 


*-b 2 


2ab 


sin 2d. 


Hence sin 26 = 6^ ves the limiting position of equilibrium. 


If 


2 ubfi 


IO >l, there is no real value for 6, i.e. there is no limiting 
u- — b l 

position of equilibrium, and hence the wire will rest with any point of it 
in contact with the peg. 


Ex. 4. The handles of a drawer are equidistant from the sides of the 
drawer and are distant 2c from each other ; if p be the coefficient of friction 
at the sides of the drawer , and its base be smooth , shew that it is im/fossible 
to pull it out by pulling one handle straight outwards unless the length of 
the drawer from front to back exceeds 2pc. 

Let A BCD be the drawer and let its length and depth, AB and BC , 
be 2a and 2b. If E be the handle 
nearest B , the effect of the pull P at 
E will be to jam the corners C and 
A against the fitment, so that the 
thrusts on the sides AD and BC will 
be R and S at A and C , as marked. 

The maximum resistance to the 
motion of the body will be when 
the frictions at A and C are pR 
and nS. 


Resolving parallel to AB t R = S .(1). 

Taking moments about A y we have 

P(a + c)=fiS.2a + S.2b .(2). 


Also, if there is to be motion in the direction DA, we must have 

/>>„(*+*), . .. >„. />, 

so that (6 - fic). P> 0. 

This requires that b>fic, and then the magnitude of P is immaterial. 
Thus if b > pc, any pull P, however small, will move the drawer; whilst, 
if b<.pc t no pull P, however great, will move it. 
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Ex. 5. The length of the line joining the lowest point* of the wheels of 
a bicycle is 2a, and the centre of gravity is at a height 1, above this line and 
at a distance x in front of its middle point. No account being taken of 
axle friction , find the slope of the greatest incline on which the bicycle can 
rest without slipping , according as the back or front wheel is braked. 

The hind wheel being braked, the friction at it is pH. If G be the 
centre of gravity then 0'D = a -J-jt ; L)U = a — x\ CG = h. 



Resolving along and perpendicular to the inclined plane and taking 


moments about G t we have 

pS= Il’sin o.(1), 

R + S= IK cos «.(2), 

and £ 0^ + a+ .r] = /? (a-.r) .(3). 


(2) and (3) give £> [ph + 2a] = (a -.r) 


Hence from (1) 


tan a = 


p(a-x) 


(4). 


ph + 2a 

If the front wheel be braked, the friction is pit acting at A, and, if /3 
be the corresponding inclination of the plane, we have similarly 

pR= lKsin/9, 

R + S= W cos £, 

and J5 [a — x — ^A]=jS(a + x). 


Hence, as before, tan .( 5 )- 

It is clear that /9>a, t.e. the bicycle can rest on an incline of greater 
slope when the front wheel is fixed than wheu the hack wheel is fixed. 


Ex. 6. A flat heavy circular disc lies on a rough plane and can turn 
freely about a pin in its circumference; shew that it will rest in any 

position if the coefficient of friction is where a is the inclination 

of the plane to the horizon , it being assumed that the weight of the disc is 
uniformly distributed over its area. 

Assume that the equilibrium of the disc is limiting when the diameter 
OA of the disc through the pin 0 is inclined at an angle <£ to the line of 
greatest slope through 0. Let to be the weight of the disc per unit of 
area, and o its radius, so that its weight is na^w. 


3*2 
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If P be any point of the disc, such that OP=*r and LAOP=6, the 
element of area at P is rid.br. The friction on this element is thus 
fiw .rdddr .cosa and acts through P at right angles to OP, since /’would 
move, if it did move, at right angles to OP. Hence, by taking moments 
about 0, we have 


f2acos$ f +2 
.asin<£ = J J w \lW. radar cos a .r 


wa'w Bill a 


8a 3 [ + 2 . „ .. 32a 3 

fiw cos a. y I ^ cos 3 6dd = — g— p\o cos a ; 

~2 


32/* 

sin <f> = x — r-. 

9nr tan a 

This gives the limiting position of equilibrium. There is no limiting 
position, i.e. the disc will rest in any position, if 32/* > 9 tt tan a. 


7. Two uniform rods AD, DC, of weights W and IF', are smoothly 
jointed at D, and are placed so as to he in a straight line on a rough 
horizontal table; the end A is acted on by a gradually increasing force P in 
a direction perpendicular to the rods. Paid how the equilibrium is broken. 

Assume that, when equilibrium is on the point of being broken, the 
rod AD is on the point of turning 
about a point 1 of itself and the 
rod DC about /', where 
A l=x, Dl'=y , AD = a, DC—b. 


4 

1 


I 


J 


l 


f 


I • 


Then the frictions on AI and 

ID are in opposite directions as marked and similarly for /?/', PC. 

Let X be the reaction at D which is clearly perpendicular to each rod. 

The friction on AI is p W. - and acts at a distance ^ from /; so that 

cl 2s 

on ID is fx W —y- and acts at a distance a ^ — from I. 

Resolving perpendicular to the rod AD and taking moments about I, 


we have 

P+X-pW* pW a X ~ fxU \2x a) . 

a r a a v 7 

....(1), 

and 



P.x— X (a 

nr x x . rv a ~ x a ~~ x r 2 . « 2 1 

*)“' ,TF S-§ + ' tI} « * 2 « 1* " + 2 J 

...(2). 

So for DC we have 



X«=^'(2y-6). 

....(3), 

and 

■*■»-*£[»•-»*+j] . 

....(4). 


(3) and (4) give y = A and X~*p W (^2 -1). 
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Also (1) and (2) give 

- j] = ^ = M - 1 > a • 

2 if 


x 2 


and P is found from (1). 




2H 


n 


This is true so long as x < a, i.e. so long as ^ ( N /2 - 1)^1. 

2 IF' 

If -jy- (J2—\)>1, so that x>a, the above solution no longer holds 
and the frictions at the different points of AB are all in the same direction. 

\v 

We then easily have P=X— —, so that in this case X is less than 

fjL IF' ( x /2 — 1), which we have found above to be the force requisite to move 
BC. The latter rod is therefore not on the point of motion, but only AB. 


EXAMPLES 


1. A uniform rod MN has its ends in two fixed straight rough grooves 
OA and OB, in the same vertical plane, which make angles a and /9 with 
the horizon; show that, when the end M is on the point of slipping in the 
direction AO, the tangent of the angle of inclination of MN to the horizon 


sin (a — $ — 2f)_ 

13 2 sin (/3 4- 1 ) sin (a - c) * 


where t is the angle of friction. 


2. A vertical rectangular beam, of weight IF, is constrained by guides 
to move only in its own direction, tho lower end resting on a smooth 
floor. If a smooth inclined piano of given slope be pushed under it 
by a horizontal force acting at the back of the inclined plane, find the 
force required. 

If there be friction between the floor and the inclined plane, but 
nowhere else, what must be the least value of /i so that the inclined 
plane may remain, when loft in a given position under the beam, without 
being forced out? 


3. A heavy rod, of length 2 a, lies over a rough peg with one extremity 
leaning against a rough vertical wall; if c be the distance of the peg from 
the wall and A be the angle of friction both at the peg and the wall, shew 
that, when the point of contact of the rod with the wall is above the peg, 

c 

then the rod is on the point of sliding downwards when sin 3 d = - cos 1 A, 

where 6 is the inclination of tho rod to the wall. 

If the point of contact of the rod and wall be below the peg, prove that 
the rod is on the point of slipping downwards when 


sin a 0 sin(0 + 2X)=- cos* A, 

CL 

and on the point of slipping upwards when sin* 6 sin (0-2X) 


-cos 1 X. 

a 
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4. If a uniform beam, of length 2A, can rest with one end on a rough 
horizontal plane, and against the top of a wall of height A, in a vertical 
plane perpendicular to the wall and at any inclination to the wall which 
is geometrically possible, shew that the angle of friction between the beam 
and both wall and ground, supposed to be equally rough, must be not less 

than 

1 • -i 4 

2 S1D 3 V3 ' 

5. Two equal uniform rods, of length 2a, are smoothly jointed at one 
extremity by a hinge, and rest symmetrically upon a rough fixed sphere 
of radius c. Find the limiting position of equilibrium, and shew that, if 
the coefficient of friction be c-i-a, the limiting inclination of each rod to 

tho vertical is tan -1 c-i-a. 

6. If a pair of compasses rest across a smooth horizontal cylinder of 
radius c, shew that the frictional couple at the joint to prevent the legs 
of the compasses from slipping must be 

ir (c cot a cosec a —a sin a), 

where IF is the weight of each leg, 2a the angle between the legs, and 
a the distance of the centre of gravity of a leg from the joint. 


7. A rod, resting on a rough inclined plane, whose inclination a to 
the horizon is greater thau tho angle of friction X, is free to turn about 
one of its ends, which is attached to the piano ; shew that, for equilibrium, 
tho greatest possible inclination of the rod to the line of greatest slope is 
sin" 1 (tan X cot a). 

8. Prove that an ordinary drawer cannot be pushed in by a force 
applied to one handle until it has been pushed in a distance 2 fxc by 
forces applied in some other manner, where 2c is the distance between 
the handles and p is the coefficient of friction. 

9. If ono cord of a sash-window break, find the least coefficient of 
friction between the sash and the window-frame in order that the other 
weight may still support the window. 

10. A hemispherical shell rests on a rough plane, whose angle of 
friction is X; shew that the inclination of the plane base of the rim 
to the horizon cannot be greater than sin -1 (2 sin X). 

[Tho centre of gravity bisects the radius perpendicular to the base of 
the shell,] 


11. A solid homogeneous hemisphere rests on a rough horizontal 
plane and against a smooth vertical wall. Shew that, if the coefficient 
of friction be greater than g, the hemisphere can rest in any position 
and, if it be less, the least angle that the base of the hemisphere can 


make with the vertical is cos -1 ^. 

3 
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If the wall be rough (coefficient of friction p'), shew that this angle 

_i / -r- 1 


/8 m _UV \ 

V 3 '1 + pp ) * 


[The centre of gravity divides the radius perpendicular to the base of 
the hemisphere in the ratio 3 : 5.] 


12. If a hemisphere rest in equilibrium with its curved surface 
in contact with a rough plane inclined to the horizon at an angle a, shew 
that the inclination of the plane base of the hemisphere to the horizontal 
is 6in~ 1 (§ sin a), provided that a is less than sin _i g and also is less than 
the angle of friction. 


13. A uniform hemisphere, of radius a and weight IF, rests with its 
spherical surface on a horizontal plane, and a rough particle, of weight IF', 
rests on the plane surface; shew that the distance of the particle from 


the centre of the plane face is not greater than 


3 II pa 
'« IF' 


, where p is the 


coefficient of friction. 


14. A sphere, whose radius is a and whose centre of gravity is at 
a distance c from the centre, rests in limiting equilibrium on a rough 
plane inclined at an angle a to the horizon; shew that it may be turned 
through an angle 

2 cos -1 

and still be in limiting equilibrium. 

15. A uniform rectangular board, whose sides are 2 a and 26, rests in 
limiting equilibrium in contact with two rough pegs in the same horizontal 
lino at a distance d apart. Shew that the inclination 6 of the side 2a to 
the horizontal is given by the equation 

d cos X cos (A+20)=a cos 0 - b sin 0, 
where X is the angle of friction. 

16. A rigid framework in the form of a rhombus, of side a and acute 
angle a, rests on a rough peg whose coefficient of friction is p. Shew that 
the distance between the two extreme positioas which the point of contact 
with the peg can have is ap sin a. 

17. A boy, of weight w, stands on a sheet of ice and pushes with his 
hands against the smooth vertical side of a chair of weight nw. Shew that 
he can incline his body to the horizon at any angle greater than cot -1 2 p 
or cot -1 2 pn, according as the chair or the boy is the heavier, the coefficient 
of friction between the boy and the ice, or the chair and the ice, being p 

18. A uniform heavy rod lies on a rough horizontal table and is pulled 
perpendicularly to its length by a string attached to any point. About 
what point will it commence to turn ? 

Shew also that the ratio of the forces, required to move the rod, when 
applied at the centre and through the end of the rod perpendicular to the 
rod, is V2 + 1 : 1* 


sin a\ 
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19. A uniform rough beam A D lies horizontally upon two othera at 
points ^ and C; shew that the least horizontal force applied at B in a 
direction perpendicular to BA , which is able to move the beam, is the 

lesser of the two forces £/xTF and /xIF 2 a -b ' w ^ ere 
W is the weight of the beam, and the coefficient of friction. 

20. A uniform rough beam AB, of length 2a, is placed horizontally 
on two equal and equally rough balls, the distance between whose centres 
is 6, touching them in C and D ; shew that, if 6 be not greater than 

y, a position of the beam can be found in which a force P exerted at 

B perpendicular to the beam will cause it to be on the point of motion 
both at C and D at the same time. 

21. A uniform plank, of length 2a and weight IF, rests with its middle 
point upon a rough horizontal cylinder, whose axis is perpendicular to the 
plank; shew that the greatest weight that can be attached to one end of 

the plank, without its sliding off the cylinder, is where b is the 

radius of the cylinder and X the angle of friction. 

22. A surfaco is generated by the revolution of an ellipse, of eccen¬ 
tricity e and foci S and H , about its major axis. On the surface is placed 
a rough particle P which is attracted towards the foci by forces which 
vary directly as the distances PS and PH respectively ; shew that the 
particle will rest anywhere on the surface if the coefficient of friction be 

^ e 2 _ 

> 2% / l-e 3 ’ 


23. A circular disc, of weight IF, rests in a vertical plane with a 
point A in contact with a rough table, and is pressed at a point B by 
a man’s finger. If the line AB make an angle a with the vertical, and if 
X and X' be the angles of friction at A and B, prove that if a>X' the ring 
rolls along the table immediately, however small the pressure that is 
applied at B, that if X'>a>X the ring will slip at A when a normal 
pressure IF cos a sin X cosec (a —X) is applied by the man, and that if a is 
less than both X and X' no force applied by the finger will make it move. 


24. Two uniform beams, AC and BC y are connected by a smooth 
hinge at C and placed in a vertical plane with their lower ends resting on 
a rough horizontal plane. If equilibrium is broken, shew that the end of 
the longer beam will slide and that the other beam will rotate. 

25. Shew that the least force which when applied to the surface of a 
heavy uniform sphere will just maintain it in equilibrium against a rough 
vertical wall is 


IF cos t or IF tan t [tan e — v^tan* e— 1], 

according as * < or > cos -1 -, where IF is the weight of the sphere 


and < is the angle of friction. 
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26. Shew that two cylindrical logs, of equal radii but unequal weights 
IF and IF', where 1F'> IF, can rest in contact on an inclined plane with 
their axes horizontal and the heavier log uppermost, if the coefficient of 
friction fi (supposed the same at each of the lines of contact) exceeds 


IF' + IF 
IF'- W 


, and the inclination of the plane is less than 


2/iIP' 

( M +i)(»i"+ »r 


If the inclination of the plane is gradually increased beyond this value, 
how is the equilibrium broken / 


27. An easel has its front legs and its back legs inclined at 30° to the 
vertical. Each set of legs is uniform and of weight IF. A blackboard of 
weight IF just covers the top half of the front legs. A lecturer presses 
normally on the central point of the blackboard with a force equal to 
§ times the weight of the board. If /*, the coefficient of friction between the 
legs and the floor, is prove that equilibrium will be broken by the back 
legs slipping. 

28. Three uniform rods, of lengths a, b , and c, are rigidly connected 
to form a triangle ABC which is hung over a rough peg so that the side 
BC may rest in contact with it; find the length of the poitiou of the rod 
over which the peg may range, shewing that if 

H > q ( a + 6 + c) cosec c + tan —q—* 
b (b + c) z 

where C>B, the triangle will rest in any position. 


29. A perfectly rough plane is inclined at an angle a to the horizon ; 
shew that the least eccentricity of the ellipse which can rest on the plane is 


J 


2 sin a 
1 + sin a* 


30. An elliptic cylinder rests in limiting equilibrium between a rough 
vertical and an equally rough horizontal plane, tho axis of the cylinder being 
horizontal and the major axis of the ellipse inclined to the horizon at an 

s/l + 2,- 2 -<d- 1 

angle of 45°; shew that the coefficient of friction is-g—^-, where 

e is the eccentricity of the cross section of the cylinder. 


31. Three equal cylindrical rods are placed symmetrically round a 
fourth of the same radius, and the bundle is then surrounded by two equal 
elastic strings symmetrically placed with respect to the ends ; if the un¬ 
stretched length of each string be equal to the circumference of each rod, 

shew that the force necessary to pull out the middle rod is — 1 , where /i 

fr 

is the coefficient of friction and X is the modulus of elasticity. 
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32. Three equal spheres, of radius a , are placed in contact on a rough 
horizontal plane and a fourth sphere, of radius b, is placed on them ; if 
there is equilibrium, 6bew that the least angle of friction between the 

upper and lower spheres is £ sin -1 (a-p6 )J' 

33. The length of the line joining the lowest points of the wheels of a 
bicycle is a, and the centre of gravity is at a height h above this line and 
at a distance x in front of its middle point. No account being taken of 
axle friction or of road resistance to rolling, shew that when the brake is 
hard on the back wheel the slope of the greatest incline on which the bicycle 

u a — 2x A 

can bo held up without slipping back is a, where tana=^ ana is 
the coefficient of friction between the tyres and the ground, 

34 Two wheels, A and B, of equal radius a and of weights TV and W lt 
are connected by a light bar of length b which is attached to their centres; 
the wheels are placed on a rough plane with their common plane vertical, 
A being the higher, and the inclination of the plane is gradually increased ; 
shew that, if slipping commenced at the same inclination, whichever wheel 

. . , , .. a ir- ir, 

be locked, then u t = Ilr . ... . 

b 11+ Hi 

35. A reel, consisting of a spindle of radius c with two circular ends 
of radius a, is placed on a rough inclined plane and has a thread wound on 
it which unwinds when the reel rolls downwards. If n be the coefficient 
of friction and a be the inclination of the plane to the horizontal, shew 
that the reel can be drawn up the plane by means of the thread if /i be not 

less than — . If u be just equal to this value, shew that the cor- 

a-ccosa 

responding direction of the thread is horizontal. 


36. The cylindrical axle of a wheel is supported on two parallel rails 
which constitute an inclined plane ; a thread is wound round the circum¬ 
ference of the wheel; under what circumstances will pulling the thread 
downwards parallel to the plane cause the wheel to roll up the plane? 

37. A reel of thread, whose rim and spindle have radii a and b 
respectively, rests on a rough horizontal table and the loose end of the 
thread passes under the spindle and lies along the table. The whole 
system is symmetrical about a plane perpendicular to the axis of the reel. 
Shew that, if the loose thread be raised to an angle 6 with the horizontal, 
the slightest tension in it will in general cause the reel to roll, and the 
motion will be towards or from the hand of the experimenter according as 
Q is less or greater than a certain value. When 6 has this critical value, 
shew that there will be no motion unless the tension exceeds a certain 
finite limit 
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38. When the shafts of a dog-cart are horizontal its centre of gravity 
is just over the axle of the wheel. The wheel is of radius a, and it turns 
freely on a rough axle, of radius b, and the ground is rough enough to 
prevent any slipping. Show that the least force which, when applied at 
the end of the shaft of length /, will just move the dog-cart passes through 
the point of contact of the wheel with the ground and is equal to 

icf: Jd l +P 

al- + ljFTk*' 

where £ = ^ sin t , < is the angle of friction between the wheel and its axle, 
and w is the weight of the dog-cart. 

39. A heavy carriage wheel is to he dragged over an obstacle, which 
touches the wheel at C, by means of a rope which is tied to a spoke of the 
wheel and pulled horizontally. Shew that the wheel will roll round C, and 
not slip both at C and the ground, if the height of the rope above C is less 
than a sin a cot (a — <), where a is the radius of the wheel, f the angle of 
friction at <7, and a is the angle made with the vertical by the radius of 
the wheel through C. 


40. A solid circular cylinder is placed with its base on a rough 
horizontal plane and is capable of lree motion about its axis ; if IT be its 
weight, and a the radius of its cross-section, shew that the moment of the 
least couple that will move it is 3 ^ U\ a, assuming that its weight is borne 
uniformly by the plane. 


41. A heavy elliptic disc, placed on an imporfectly rough table and 
acted on by a horizontal force F, is on the point of motion. Prove that, 
if its weight be equally distributed over the area and if it begin to turn 
about a focus, the force F must act along an ordinate at a distance 

—. -—— from the centre. 


42. A uniform disc in the shape of a cardioid lies on a rough plane 
inclined at a to the horizon, and is capable of turning freely round a pin 
at its pole. When just about to slip, its axis makes an angle 0 with the 
line of greatest slope ; shew that sin & = cot a, where p is the coefficient 

of friction. 

Prove also that the direction of the action at the pin makes an angle 
tan -1 (£ tan 0 ) with the axis of the cardioid. 

43. A hoop is placed upon a rough horizontal plane and a string 
fastened to it at any point P is pulled in the direction of the tangent at 
P. Shew that the hoop will begin to turn about the other end of the 

diameter through P. 
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WORK. VIRTUAL WORK 

86. Work. A force is said to do work when its point 
of application moves in the direction of the force. 

The force exerted by a horse, in dragging a waggon, does 
work. 

The pressure of the steam, in moving the piston of an 
engine, does work. 

When a man winds up a watch or a clock he does work. 

The measure of the work done by a force is the product of 
the force and the distance through which it moves its point 
of application in the direction of the force. 

Suppose that a force acting at a point A of a body moves 
the point A to D, then the work done by P is measured by the 
product of P and AD. If the point D be on the side of A 
toward which the force acts, this work is positive; if D lie on 
the opposite side, the work is negative. 



Next, suppose that the point of application of the force is 
moved to a point G, which does not lie on the line AB. Draw 
CD perpendicular to AB, or AB produced. Then AD is the 
distance through which the point of application is moved in 
the direction of the force. Hence in the first figure the work 
done is P x AD ; in the second figure the work done is —PxAD. 
When the work done by the force is negative, this is sometimes 
expressed by saying that the force has work done against it. 

In the case when AC is at right angles to AB, the points 
A and D coincide, and the work done by the force P vanishes. 
Thus if a body be moved about on a horizontal table the work 



Work 


77 


done by its weight is zero. So, again, if a body be moved on 
an inclined plane, no work is done by the normal reaction of 
the plane. 

87. The unit of work, used in Statics, is called a Foot- 
Pound, and is the work done by a force, equal to the weight of 
a pound, when it moves its point of application through one 
foot in its own direction. A better, though more clumsy, term 
than “Foot-Pound” would be Foot-Pound-weighb. 

88 . It will be noticed that the definition of work, given in 
Art. 8G, necessarily implies motion. A man may use great 
exertion in attempting to move a body, and yet do no work on 
the body. For example, suppose a man pulls at the shafts of a 
heavily-loaded van, which he cannot move. He may pull to the 
utmost of his power, but, since the force which he exerts does 
not move its point of application, he does no work (in the 
technical sense of the word). 

89. To shew that the worlc done in raising a number of 
particles from one position to another is Wh, where IP is the 
total weight of the particles, and h is the distance through which 
the centre of gravity of the particles has been raised. 

Let t£/„ w 2 , w 9 ,...w n be the weights of the particles; in the 
initial position let x lt x. it x 9 ,...x n be their heights above a 
horizontal plane, and x that of their centre of gravity, 60 that, 
as in Art. 31*, we have 

TP. x = w x x x + w 2 x 2 + ... + w n x n .(1). 

In the final position let a?/, xf... x^ be the heights of the 
different particles, and x' the height of the new centre of 
gravity, so that 

W. x = w x x x + w 2 oc^ + ... 4- w n xf .(2). 

By subtraction we have 

w x (xi — x x ) -i- w-i (xj — x 3 )+...= W (x - x). 

But the left-hand member of this equation gives the total 
work done in raising the different particles of the system from 
their initial position to their final position; also the right-hand 
side 

ss IP x height through which the centre of gravity has been 
raised 

■= IP. A, 

L r 

f >. V* 

f'ihr&rv Sri P ■ 
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90. It will bo noted that the result of the last article does 
not in any way depend on the initial or final arrangement of 
the particles amongst themselves, except in so far as the initial 
and final positions of the centre of gravity depend on these 
arrangements. 

For example, a hole may be dug in the ground, the soil 
lifted out, and spread on the surface of the earth at the top 
of the hole. We only want the positions of the C.a. of the soil 
initially and finally, and then the work done is known. This 
work is quite independent of the path by which the soil went 
from its initial to its final position. 

91. Power. Def. The power of an agent is the amount 
of work that would be done by the agent if it worked uniformly 
for the unit of time. 

The unit of power used by engineers is called a Horse- 
Power. An agent is said to be working with one horse-power 
when it performs 33,000 foot-pounds in a minute, i.e. when it 
would raise 33,000 lbs. through a foot in a minute, or when it 
would raise 330 lbs. through 100 feet in a minute, or 33 lbs. 

through 1000 feet in a minute. 

This estimate of the power of a horse was made by Watt, 
but is above the capacity of ordinary horses. The word Horse- 
Power is usually abbreviated into h.p. 

92. Graphic representation of the work done by a force. 

It is sometimes difficult to calculate directly the work done 
by a varying force, but it may be quite ^ 
possible to obtain the result to a near 
degree of approximation. 

Suppose the force to always act in 
the straight line OX, and let us find 
the work done as its point of applica¬ 
tion moves from A to B. At A and B 
erect ordinates AC and BD to represent the value of the force 
for these two points of application. For each intermediate 
point of application L erect the ordinate LP to represent the 
corresponding value of the acting force; then the tops of these 
ordinates will clearly lie on some such curve as CPD. 

Take M a very near point to L, so near that the force may 
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be considered to have remained constant as its point of applica¬ 
tion moved through the small distance LM. 

Then the work done by the force 

*= its magnitude x distance through which its point of 

application has moved 

= LP x LM = area PM very nearly. 

Similarly whilst the point of application moves from M to 
E the work done 

— area QN very nearly, and so on. 

Hence it follows that the work done as the point of applica¬ 
tion moves from A to B is, when the.lengths LM, AIN, ... are 
taken indefinitely small, equal more and more nearly to the 
area ACDB. 

93. As an example of the above construction let us find 
the work done in stretching an elastic string from length 
b (= OB) to length c (= 00), the unstretched length of the 
string being a(= CM). 



When the length is OP the tension = - (OP - a) = -. PA, 

° a a 

by Hooke’s Law, the modulus of elasticity being X. 

At P erect a perpendicular PQ to represent this tension. 

Then is constant, and hence Q lies on a straight line 
Jr j .1 

AEF passing through A. If this straight line meet the per¬ 
pendiculars through B and 0 in E and F, the required work 
is, as in the last article, represented by the area BEFC, and 
hence is \BG x (BE + OF), i.e. it 

= Extension produced multiplied by the mean of the initial 

and final tensions. 
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Or, by using Integral Calculus, the work done 

= (c - b) (c + b - 2a) = -~ 2 ~ U'b + T <?]. 

£ (4 

94. As another example let us take the case of the Indi¬ 
cator Diagram of a steam-engine. 

Suppose UA to represent the 
distance traversed by the piston 
of an engine. When it is at the 
position M in its forward motion, 
erect a perpendicular MP to de¬ 
note the pressure of the steam 
on it, so that the curve 0 PA' 
represents the steam pressure during the forward motion. 
Similarly during the backward motion of the piston, when the 
steam has been cut off, let the curve A'P'O' represent the 
pressure on the same face of the piston as before. Then 
during the forward motion the area of the curve 00 PA A 
gives the work done by the steam on the piston. So during 
the return motion the area of the curve A'P'0'0 A represents 
the work done by the steam against the piston. 

Hence, during the complete stroke, the net work done by 
the steam on one face of the piston is given by the area 
O’PA'P'O', and hence can be found. 

A curve, like the one in the figure, is called an Indicator 
Diagram and can be automatically found from the motion of 
the piston, i.e. by suitable contrivances the engine can be made 
to draw its own Indicator Diagram. 

95. The work done by a force is equal to the sum of the 

works done by its components. 

Let the components of R in two directions at right angles 

be X and Y, R being inclined at an 
angle <f> to the direction of X , so that 

X = R cos <f> and Y = R sin (f>. 

Let the point of application Q of R 
be removed to a point Q' in the plane of 
the paper, and draw QN perpendicular to R and let Z NQQ' = a. 
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The sum of the works done by X and Y 
= X .QL + Y.QM 

= R cos <J> . QQ' cos (<f> 4- a) + R sin </>. QQ'sin (cf> + a) 
= It. QQ' cos a = R. QX = the work done by R. 


96. If the forces and displacement be not in one plane 
the same result easily follows. For let the direction cosines of 
QR referred to any three rectangular axes Q.c, Qy, Qz be 
(l, m, n) so that X — Ut, Y = mR, and Z = n R. Let the dis¬ 
placement QQ' be through a distance Bs along a line whose 
direction cosines are (/,, m,, n,) so that Bx=l l .Bs, By = m l .Bs, 
and Bz = n l . Bs. The work done by the component forces 

= X Bx + YBy 4- ZBz—R Bs (//, + mm , + ?/n,) 

= R . Bs x cos Q QR = R x projection of QQ' on the direction of R 

— the work done by R. 

If a particle move along a smooth curve in space, and if the 

force acting on it at any point ( x , y, z) have as components 

A', Y, Z, it follows that the total work done on the particle as 

rB 


it moves from a point A to a point R= {Xdx + Ydy + Zdz), 

J J 


97. I York done by a couple. Let the forces of the couple 
be each P and let its arm be AD of length a. 

Suppose the couple to be moved into another position so 
that AB goes to A'B', the angle between AB and A'B' being 
the small angle Bd. 

First, move the forces parallel to themselves so that the 
arm AB takes up the parallel position A'C. The work done 
by the equal and opposite forces P during this displacement 
is zero. 

Now turn the forces through the angle Bd about A'. The 
force P acting at-d/ has no displacement and thus does no work. 
The displacement of the point of application of the other force 
P is a.Sd, and the total work done is thus P.a.Bd, i.e. the 
moment of the couple multiplied by the elementary angle turned 
through. If the total angle turned through by the couple be a, 

the corresponding work = f P . a . Bd = P . a . a, so that in all 

J 0 

cases the work done by a couple, when it is rotated about an 
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axis perpendicular to its own plane, is equal to the moment of 
the couple multiplied by the angle of rotation. 


98. Potential Energy. The potential energy of a body 
due to a given system of forces is the work the system can do 
on the body as it passes from its present configuration to some 
standard configuration usually called the zero position. 

Thus the potential energy of a particle of weight W at a 

height h above the ground is Wh. 

If however we take into consideration the variation of 
gravity and assume that the attraction of the Earth, supposed 

to be a sphere of radius a, is at a distance x from its centre, 

%ts 

the potential energy at a height h, when the Earth s surface is 
taken to be the zero position. 




ph 


ah 


(a + h) a + h 


W, 


since W=- m , the attraction of the Earth at a point on its 

a* 

surface. 

Again, if one end of an elastic string of natural length a be 
tied to a fixed point, the potential energy of a particle tied to 

■v Q 

its other end is, by Art. 93, -r— when the stretched length is 

£CL 


a + x. 


99. Ex. 1. A spherical shot, of weight W lbs. and radius a feet, lies at 
the bottom of a cylindrical bucket, of radius b feet, which is filled up to a depth 
h feet, (h>2a), with water. Shew that the work done in lifting the shot just 

clear of the water must exceed W (^h — ~ W (h —a —foot-pounds, 

the weight of the water displaced by the shot being W' lbs. 
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If xd be the weight of a unit volume of the water, and a the specific 
gravity of the shot, we have 

W= ~ a 3 <rio and IF' = \ na'w. 

t> O 

The work done must at least be equal to the increase in the potential 
energy of the system. 

In tfie first case the potential energy 

= that of (a cylinder A BCD - sphere) of water 

+ 0 - that of the sphere of water equal to the given sphere 

= potential energy of a cylinder A BCD of water 

4 -(or — 1 ) that of the sphere of water 

=nb*hv> .\+\, «>»<.>-l).aw-§^ >K' + (II- W)a .(1). 

When the sphere has been lifted out let h' be the depth of the water, 
so that nb 3 . h' «= volume of the water = nb-h - $ na 3 , 

*■-*-£. < 2 >- 

In the second case the potential energy 

ir(A'+ a )-g^ W’+ tf'(A -ha) .(3). 

The increase in tho potential energy 

= (A'3-A*)+ W/t + IF'a 

- w {*-&)- 

Ex. 2. A quantity V of gas at a pressure n is contained in a cylindrical 
vessel; if it be allowed to expand so that the length altersfrom x 0 to x x , the 

temperature remaining constant, shew that the work done is n V log t ^. 

If it expand ad idiotically, i.e. so that no heat passes into or out of the 
gas and the relation between the pressure p and the volume v is therefore 

pv k = constant, shew that the corresponding work is J. 

Let p be the pressure when the length occupied by the gas is x , so that 
by Boyle’s Law px=Ux 0 . Whilst the length changes from x to x+8x, 
the work done 

. A 8x, where A is the section of the cylinder, 

I a* 

X Xq 

Henoe the work required = j^ dx=n Flog, 
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In the second case we have px k = Ux 0 k > and the work done 

- /I ’’■i."- 

Ex. 3. If in the previous question the gas be contained in a vessel 
of any shape, and be allowed to expand from a volume V at pressure O to 
any volume V lt shew that the work clone is 

according to the condition under which the expansion takes place. 


EXAMPLES 

1. A steamer is going at the rate of 15 miles per hour ; if the effective 
h.p. of her engines be 10,000, what is the resistance to her motion ? 

[111££ tons wt.] 

2. A man is cycling at the rate of 6 miles per hour up a hill whose 
slope is 1 in 20 ; if the weight of the man and the machine be 200 lbs., 
prove that he must at the least be working at the rate of ‘16 h.p. 

3. A man rowing 40 strokes per minute propels a boat at the rate of 
10 miles an hour, and the resistance to his motion is equal to 8 lbs. wt.; 
find the work he does in each stroke and the e.p. at which he is working. 

[176 ft.-lbs. ; -213 h.p.] 

4. An elastic cord, whoso natural length is 10 inches, can be kept 

stretched to a length of 15 inches by a force of 6 lbs. wt. ; find the 
amount of work done in stretching it from a length of 12 inches to a 
length of 16 inches. [£ ft.-lb.] 

5. A spiral spring requires a force of one pound weight to stretch it 
one inch. How much work is done in stretching it three inches more ? 

[f ft.-lb.] 

6 . A force acts on a particle, its initial value being 20 lbs. wt. and its 
values being 25, 29, 32, 31, 27, and 24 lbs. wt. in the direction of the 
particle’s motion when the latter has moved through 1, 2, 3, 4, 6, and 
6 feet respectively ; find, by means of a graph, the work done by the 
force, assuming that it varies uniformly during each foot of the motion. 

[166 ft.-lbs.] 

7. If the axis of a screw be vertical and the distance between the 

threads 2 inches, and a door, of weight 100 lbs., be attached to the screw 
as to a hinge, find the work done in turning the door through a right 
angle. [4} ft.-lbs.] 
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8 . Prove that the tension of a stay is equal to 9 tons’ weight if it be 
set up by a force of 49 lbs. at a leverage of 2 feet acting on a double screw 
having a right-handed screw of 6 threads to the inch and a left-handed 
one of 6 threads to the inch. 

[For one complete turn of the screw its ends are brought nearer by a 
distance of (£ + £) inch. Hence the principle of work gives 

where T is the tension of the stay in lbs. wt.] 

9. A Venetian blind consists of n thin bars, besides the top fixed bar, 
and the weight of the movable part is IF. When let down the length of 
the blind is a, and when pulled up it is b ; shew that the work done 
against gravity in drawing up the blind is 

^(a-6). 

10. A solid hemisphere, of weight 12 lbs. and radius 1 foot, rests with 

its flat face on a table. How many foot-lbs. of work are required to turn 
it over so that it may rest with its curved surface in contact with the 
table? [Use the results of Arts. 89 and 148.] [3 ft.-lbs.] 

11. A uniform log weighing half a ton is in the form of a triangular 

prism, the sides of whose cross section are ft., 2 ft., and ft. 

respectively, and the log is resting on the ground on its narrowest face. 
Prove that the work which must be done to raise it on its edge so that it 
may fall over on to its broadest face is approximately -27 ft-tons. [Use 

Art. 137.] 

12. A cyclist always working at the rate of of a horse-power rides 
at 10 miles an hour on level ground and 8 miles an hour up au incline of 
1 in 150. Suppose the man and his machine to weigh 180 lbs., and the 
resistance on a level road to consist of two parts, one constant and the 
other proportional to the square of the velocity, shew that when the 
velocity is v miles per hour the resistance is 

(i- 75 +S) lb3Wt - 

13 A cylindrical cork, of length l and radius r, is slowly extracted 
from the neck of a bottle. If the normal pressure per unit of area between 
the bottle and the unextracted part of the cork at any instant be constant 
and equal to />, shew that the work done in extracting it is n^rPP, where 

fx is the coefficient of friction. 

14. A weight W is drawn up along the surface of a rough cone, whose 
height is h and whose vertical angle is 2a, and the path cut* all the lines 
of greatest slope at the same angle ft If the coefficient of friction iS p, 
shew that the work done when the weight arrives at the vertex of the 

cone is TrA(l+/xtanasec$). 

[The \vork= ll r . h + * whCr6 R= ” 
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15. A particle, of weight IT, is at the bottom of a rough hemispherical 
bowl which is fixed with its vertex at its lowest point The particle is 
fastened to a string which passes over the rim of the bowl and the 
particle is slowly drawn by the string up the bowl in a vertical plane 
through the axis of the bowl ; prove that the work done in drawing the 
particle up to the rim is 

Wa ^1 +^sin 2 € — sin 2e log - J » 

where a is the radius of the bowl and f is the angle of friction. 

[If R be the reaction of the bowl when the radius to the particle is 
inclined at 6 to the horizontal, we have, by resolving perpendicular to the 
string, 

n Tr . 6 (6 

R= W cos c sin - sec ( ^ — • 

Hence the work done against friction in dragging the particle up 




fxR (-a. dd) = 


t 


Wa sin t 




2 JFa sin e j sin (</> + *) sec <p.d(f> = 2 Wa sin* j [sin c 4- cos « tan d<f> } 

etc. 


Also the work done against the weight = W. a.] 


16. A solid homogeneous cone of height A, radius r, and specific 
gravity $ is placed inside a vortical cyliuder, of radius r, their bases 
being in contact, and water is poured into the cylinder to the height h 
so that the cone is just immersed. Shew that to raise the cone vertically 
so as to be just clear of the water work must be done equal to 


i »-*(*-£), 

where W is the weight of the cone, s being greater than unity. 


100. Virtual Work. When we have a system of forces 
acting on a body in equilibrium and we suppose that the body 
undergoes a slight displacement, which is consistent with the 
geometrical conditions under which the system exists, and if a 
point Q of the body, with this imagined displacement, goes to 
Q', then QQ' is called the Virtual Velocity, or Displacement, of 
the point Q. The word Virtual is used to imply that the dis¬ 
placement is an imagined, and not an actual, displacement. 

If a force R act at the point Q and if Q’N be the perpen¬ 
dicular from Q’ on the direction of R, then the product R . QN 
is called the Virtual Work or Virtual Moment of the force R. 
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As in Art. 86 this work is positive, or negative, according as 
QiV is in the same direction as R, or in the opposite direction. 


101. The principle of virtual work states that If a system 
of forces acting on a body be in equilibrium and the body undergo 
a slight displacement consistent with the geometrical conditions oj 
the system, the algebraic sum of the virtual works is zero; and 
conversely, if this algebraic sum be zero, the forces are in equili¬ 
brium. In other words, if each force P have a virtual displace¬ 
ment Bp in the direction of its line of action, then, to the first 
oi'der of small quantities, X (P. Bp) = 0; also conversely, if 
X (P . Bp) be zero, the forces are in equilibrium. 

If the body be a single particle then, by Art. 96, it follows 
that, if the sum of the virtual works of all the forces which act 
on a particle is zero, the virtual work of the resultant is zero, 
and hence that the resultant vanishes and the particle is at rest. 

In the next article we give a proof of this theorem for 
coplanar forces. In Art. 175 will be found a proof for forces m 

three dimensions. 


102 . Proof of the principle of virtual work for any system 
of forces in one plane. 

Take any two straight lines at right angles to one another in 
the plane of the forces and let the body undergo a slight dis¬ 
placement. This can clearly be done by turning the body 
through a suitable small angle « radians about 0 and then moving 
it through suitable distances a and b parallel to the axes. 

[The student may illustrate this by moving a book from any position 
on a table into any other position, the book throughout the mot.on being 

kept in contact with the table.] 

Let Q be the point of application of any force R, whose cu- 

ordinates referred to 0 are x and y 
and whose polar coordinates are r 

and 6, so that OQ = r and XOQ = 0. 

When the small displacement 
has been made the coordinates of 
the new position Q' of Q are 

r cos (0 + a) + a and r sin (0 + a) + b, 

ie r cos 0 — a. t sin 0 + a and r sin 0 + a. r cos 0 + b, 
if squares of the small angle a be neglected. 
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The changes in the coordinates of Q are therefore 

a — a . r sin 0 and b 4- a. r cos 0, 

t.g. a — ay and b + ax. 

If then X and Y be the components of R, the virtual work 
of R, which is equal to the sum of the virtual works of X and Y, 

= X (a-ay) + Y(b+ ax) = a. X + b. Y+a(Yx- Xy). 

Similarly we have the virtual work of any other force of the 
system, a, b, and a being the same for each force. 

The sum of the virtual works will therefore be zero if 

aZ(X) + b1(Y) + aS(Yx-Xy) be zero. 

If the forces be in equilibrium then 2(X) and 2(F) are, by 

Art. 60, separately equal to zero. 

Also 1(Yx — Xy) = sum of the moments of all the forces 

about 0, and this sum is zero, by Art. 60. 

It follows that if the forces be in equilibrium the sum of 

their virtual works is zero. 

103 Conversely, if the sum of the virtual works be zero for 
any displacement whatever, the forces are in equilibrium. 

With the same notation as m the last article, the sum of the 

virtual works is 

aS (X) + bl ( F) + al ( Yx - Xy) .(1), 

and this is given to be zero for all displacements. 

Choose a displacement such that the body is moved only 
through a distance a parallel to the axis of x. For this dis¬ 
placement 6 and a vanish, and (1) then gives 

<z2 (X) = 0, 

x.e. the sum of the components parallel to OX is zero. Similarly, 
choosing a displacement parallel to the axis of y , we have the 
sum of the components parallel to OF zero also. 

Finally, let the displacement be one of simple rotation round 
the origin 0. In this case a and b vanish and (1) gives 

Z(Yx-Xy) = 0, 

so that the sum of the moments of the forces about 0 vanish. 

The three conditions of equilibrium given in Art. 60 there¬ 
fore hold and the system of forces is in equilibrium. 
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104 Forces which may he omitted in forming the equation 
of Virtual 1 \oik. 

(1) The tension of an in extensible string. 

For let OA be such a string whose tension is T. In the 
displaced position let O'A' be the string, A , 

and draw perpendiculars O'M and A'N on Q^——— -■ 

QA. It is easy to shew that, to the first ^ 

order of small quantities, OM = AN. 

For, taking 0 as origin and OA as axis of x, let O’ be the 
point (a?,, y lt z x ) and A' the point (a + x.,, y 3 , z 2 ). where OA =a, 
and x lt y x , z lt x. 2 , y 3 , z 3 are all small quantities. 

Since O'A' = OA, the string being inextensible, 


i.e. 


(a + x 3 - x x y + ( y 3 - y,Y + (z 3 - z x y = a\ 

2a (x 3 — x } ) 4- sqs. of small quantities = 0. 

*. x, = Xt, to the first order of small quantities, 

0Af=AN. 


Hence the virtual work of the tension 


= T.OM +T(- AN) = 0. 

Similarly for any other force along the line joining two 
particles, P and Q, of the system, the distance between which 

remains invariable. 

(2) The reaction R of any smooth surface with which the 

body is in contact. . , 

For if the surface be smooth the reaction R is normal to 

the surface at the point of contact P, so that if P move to a 

neighbouring near point P\ PP' is at right angles to the force; 

its virtual work is thus zero. . . 

If the surface be rough the work done by the friction F, viz. 

F.(—PP'), must come into the equation, since it is not in 
general zero. 

(3) The reaction at any point of contact P with a fixed 

surface on which the body rolls without sliding. 

For the point of contact P of the body is for the moment at 
rest, and so its displacement is zero. The normal reaction at P 
and the friction at P have then zero displacements. 
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(4) The reactions between any two bodies of the material 

system considered. % 

For these reactions are equal and opposite on the two bodies. 

Hence provided we write down the equation of virtual work for 
the two bodies taken together the virtual work of any such 
reaction comes into the equation twice, with opposite signs, and 
thus disappears. Thus if we are considering a system of jointed 
rods, the reactions at the joints can be omitted from the 
equation, as in the examples of Art. 106. 

105. We may, if we please, choose a displacement which 
does not satisfy the geometrical conditions of the system, and 
it is often convenient to choose such a displacement. But if 
we do make such a choice we must bring into the equation the 

corresponding force. 

Thus if we assume such a displacement as will make a 
string vary in length, as in Ex. 2 of the next article, we must 
bring into the equation the term tension x increase in length 

of the string. 

106. Ex. 1. Six equal rods AB , BC y CD , DE , EF, and FA are each of 
weight W and are freely jointed at their extremities 
so as to form a hexagon ; the rod AB is fixed in a 
horizontal position and the middle points of AB 
and DE are joined by a string; prove that its 
tension is 3 IF. 

Let O u O i} 0 3y O iy 0 6 , and O t be the middle 
points of the rods. Since, by symmetry, BC and 
CD are equally inclined to the vertical the depths 
of the points C, C 3 and D below AB are respec¬ 
tively 2, 3, and 4 times as great as that of O t . 

Let the system undergo a displacement in the vertical plane of such a 
character that D and ^are always in the vertical lines through B and A 
and DE is always horizontal. If G t descend a vertical distance x, then 0 3 
will descend 3x, O a will descend 4x, whilst (? & and <? a will descend 3x and 
x respectively. 

The sum of the virtual works done by the weights 

=. IF. x-f TF.3x+ IF.4x+ IF.3x+ IF.x=12IF.x. 

If T be the tension of the string, the virtual work done by it will be 

Tx ( — 4x). 

For the displacement of Q K is in a direction opposite to that in which 
T acts and hence the virtual work done by it is negative. 

The principle of virtual work then gives 

12 1F.X+ jT( —4x) = 0, ue. y-alF. 
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Ex. 2. Fa.tr equal uniform rods are jointed to form a rhombus ABCD , 
which is placed in a vertical plane with AC vertical 
and A resting on a horizontal plane. The rhombus 
is kept in the position in which lBA C=6 by a light 
string joining B and D. Shew that its tension it 
2 W tan 6, where \Y is the weight of a rod. 

Let x be the height Above A of the middle 
points of AB and AD, so that 3x is clearly the 
height of the middle points of BC and CD. 

Let BO=y = OD, where 0 is the centre of the 
rhombus. 

Choose as our displacement one in which 6 becomes d + dd, and hence 
x becomes x + 8.r and y becomes y + by. 

Then, T being the tension of BD, the equation of virtual work is 

2 T(-by) + 1F(-S.r) + )P(-6*) + »F{-3(3.r)} + IF {-d (3*)} = 0. 

T=- 4JF^. 

<>>/ 

Now, if AB=2a, we have x = a cos 6 and y = 2as\n$. 

6x — as\n0.bd . , . 

••• rr 

T= 2 IF tan 6. 

[The reaction at A is omitted because it has no displacement; the 
reaction at B is omitted because it comes in twice, for the rod AB and 
for the rod BC, with opposite signs in the two cases.] 



Ex. 3. Roberval's Balance. This balance, which is a common form 
of letter-weigher, consists of four rods AB, BE, ED, and DA freely jointed 
at the corners A, B, E, and D so as to form a parallelogram, whilst the 
middle points, Cand F, of AB and ED are attached to fixed points Cand 
F which are in a vertical straight line. The rods AB and DE can freely 
turn about C and F. 



To the rods AD and BE are attached equal scale-pans. In one of 
these is placed the substance W which is to be weighed and in the 
other the counterbalancing weight P. 
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We shall apply the Principle of Virtual Work to prove that it is 
immaterial on what part of the scale-pans the weights P and W are 

^ Since CBEF and CA DF are parallelograms it follows that, whatever be 
the angle through which the balance is turned, the rods BE and AD are 
always*parallel to CF and therefore are always vertical. 

If the rod AB be turned through a small angle the point B rises as 
much as the point A falls. The rod BE therefore rises as much as AD 
falls, and the right-hand scale-pan rises as much as the left-hand one falls. 
In such a displacement the virtual work of the weights of the rod BE and 
its scale-pan is therefore equal and opposite to the virtual work of the 
weights of AD and its scale-pan. These virtual works therefore cancel 

one another in the equation of virtual work. 

Also if the displacement of the right-hand scale-pan be p upwards, 
that of the left-hand one is p downwards. The equation of virtual work 


therefore gives 


P.p+ IP(-p) = 0, i.e. P= IP. 


Hence, if the machine balance in any position whatever, the weights 
p an d IP are equal, and this condition is independent of the position of 
the weights in the scale-pans. The weights therefore may have any 
position°on the scale-pans. It follows that the scale-pans need not have 
the same shape, nor be similarly attached to the machine, provided only 
that their weights are the same. 


Ex. 4. A uniform beam rests tangentially upon a smooth curve in a 
vertical plane and one end of the 
beam rests against a smooth vertical 
wall ; if the beam is in equilibrium 
in any position, find the equation 
to the curve. 

Take the wall as the axis of y 
and any point 0 on it as the 
origin. 

If y be the height of the centre 
of gravity of the beam above Ox, 
the equation of virtual work becomes IP. = 0. 

[For the other forces, viz. the reactions of the wall and curve, do not 
enter into the equation, by Art. 104.] 

y = const. — h. 



Hence O is the point (a cos 8, h), where 2a is the length of the rod, and 
0 is its inclination to the horizontal. 

Hence the equation to AO is 

y - h = ian 8 (x — acosB)=xt&nB — a sin 0. . J 

For its envelope, differentiating with respect to 6, wo have x = acoa 3 B 
and y — h= — a sin 3 B. n. ' 

a:* + (y-A)$ = a$, so that the required curve is a portion of a four-, 
clisped hypocycloid. / 
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1. Four equal heavy uniform rods are freely jointed so as to form a 
rhombus which is freely suspended by one angular point, and the middle 
points of the two upper rods are connected by a light rod so that the 
rhombus cannot collapse. Provo that the tension of this light rod is 
4 IE tan a, where W is the weight of each rod and 2a is the angle of 
the rhombus at the point of suspension. 

2. A string, of length a, forms the shorter diagonal of a rhombus 
formed of four uniform rods, each of length b and weight IE, which aie 
hinged together. If one of the rods be supported in a horizontal position, 
prove that the tension of the string is 

2 W (2 b* - a 8 ) 

3. A regular hexagon ABCDEF consists of six equal rods which are 
each of weight IE and are freely jointed together. The hexagon rests in a 
vertical plane and A B is in contact with a horizontal table ; if C and F bo 

connected by a light string, prove that its tension is IE \ r 3. 

4. A square framework, formed of uniform heavy rods of equal 
weights IE jointed together, is hung up by one corner. A weight IE is 
suspended from each of the three lower corners and the shape of the 
square is preserved by a light rod along the horizontal diagonal. Prove 
that its tension is 4 IE. 


6. Four equal jointed rods, each of length a, are hung from an 
angular point, which is connected by an elastic string with the opposite 
point. If the rods hang in the form of a square, and if the modulus of 
elasticity of the string be equal to the weight of a rod, shew that the 

unstretched length of the string is ;r— • 


6. Four rods are jointed together to form a parallelogram, the 
opposite joints are joined by strings forming the diagonals, and the whole 
system is placed on a smooth horizontal table. Shew that their tensions 
are in the same ratio as their lengths. 


7. Six equal heavy beams are freely jointed at their euds to form a 
hexagon, and are placed in a vertical plane with one beam resting on a 
horizontal plane ; the middle points of the two upper slant beams, which 
are inclined at an angle Q to the horizon, are connected by a light cord. 
Show that its tension is 6 IF cot 0, where IE is the weight of each beam. 


8. A regular hexagon i9 composed of six equal heavy rods freely 
jointed together, and two opposite angles are connected by a string, which 
is horizontal, one rod being in contact with a horizontal plane ; at the 
middle point of the opposite rod is placed a weight IE,; if W be the 

weight of each rod, shew that the tension of the string is ——- 1 . 
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9. Six equal heavy rods, freely hinged at their ends, form a regular 
hexagon ADCDEF which when hung up by the point A is kept from 
altering its shape by two light rods BF and CE. Prove that the thrusts 

of these rode are '’f W and & IT, where W is the weight of either rod. 

[First give the system a virtual displacement in which A B and AF 
remain fixed and BC and FE become equally inclined to the vertical, and 
so obtain the tension of CE ; then give the system a displacement in 
which BC and FE both remain vertical, and the rest of the rods are still 
equally inclined to the vertical.] 

10. A flat semi-circular board with its plane vertical and curved edge 
upwards rests on a smooth horizontal plane and is pressed at two given 
points of its circumference by two beams which slide in smooth vertical 
tubes. If the board is in equilibrium, find the ratio of the weights of the 

beams. 

11. Two equal uniform rods AB and AC % each of length 26, are freely 
jointed at A and rest on a smooth vertical circle of radius a. Shew that, 
if 26 be the angle between them, then 

6 sin 3 6 = a cos 6. 

[The weights, IF, are the only forces that come into the equation of 
virtual work, and the height of the centre of gravity of each rod above the 

centre of the circle is -r— a — 6 cos 6, 

BIO C7 


2IF6 


f — -6cos/l = 0, i.6. — ~~ r ~ 2 ~A cos Q . 60 + b sin 0.50 = 0, etc.] 

^sin 0 J sm u 


12. A prism whoso cross section is an equilateral triangle rests with two 
edges on smooth planes inclined at angles a, 0 to the horizon. If 0 bo the 
angle which the plane containing these edges makes with the vertical, 

shew that . ^ 

2 J 3 sin a sm ff+ sin (a-fp) 


tan 0 


J 3 sin (a — /9) 


13. Two small smooth rings of equal weight slide on a fixed elliptical 
wire, whose major axis is vertical, and they are connected by a string 
which passes over a small smooth peg at the upper focus; shew that the 
weights will be in equilibrium wherever they are placed. 

14. Four equal uniform rigid rods, each of weight IF, jointed together 
at their ends so as to form a rhombus are hung from one corner and kept 
approximately in the form of a square by means of weightless rods which 
form the diagonals. Assuming that the very small extensions or 
compressions, whichever the diagonals undergo, are proportional to the 
tensions or thrusts they exert, prove that these forces are each equal 

to IF. 
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15. Two small rings, of equal weight, slide on a smooth wire in the 
shape of a parabola, whose axis is vertical and vertex upwards, and 
attract one another with a forco which varies as the distance ; if they can 
rest in any symmetrical position on the wire, shew that they will rest in 
all symmetrical positions. 


16. A smooth rod passes through a smooth ring at the focus of an 
ellipse whose major axis is horizontal, and rests with its lower end on the 
quadrant of the curve which is furthest removed from the focus. Find its 
position of equilibrium, and shew that its length must at least bo 


^ + ^ Jl + 8e 2 , where 2 a is the major axis and e is the eccentricity. 


17. One end of a beam rests against a smooth vertical wall and the 
other end on a smooth curve in a vertical plane perpendicular to the wall; 
if the beam rests in all positions, shew that the curve is an ellipse whose 
major axis lies along the horizontal line described by the centre of gravity 
of the beam. 


18. A heavy rod AB , of length 21, rests upon a fixed smooth peg at 
C and with its end D upon a smooth curve. If it rests in all positions, 
shew that the curve is a conchoid whose polar equation, with C as origin, 

is r=l + —— 
sin 6 

19. A small heavy ring P slides on a smooth wire whose plane is 
vertical, and is connected by a string passed over a small pulley 0 in the 
plane of the curve with another weight IF which hangs freely. If the ring 
is in equilibrium in any position on the wire, show that the form of the 
latter must be that of a conic section whose focus is at the pulley. 

[If in the position of equilibrium OP is r and is inclined at 6 to the 
vertical, the equation of virtual work gives 

Pd (r cos 6) -f- IF8 (£ - r) =0. 

.*. Pr cos 0+ IF(J-r)=const, etc.] 

20. AB is a heavy beam which can turn about a horizontal axis at A; 
a cord fastened to B passes over a smooth pulley C , vertically above A, 
and is tied at the other end to a given weight P which moves on a given 
smooth curve ; find the form of the curve if there is equilibrium in all 
positions. 

[If x be the depth of the middle point of the beam below A, and IF be 
its weight, then 

Pd(rcostf)-f IF&r=Q, 
so that Pr cos 6 -f Wx-* const. 

Also (J —r)*=c i +4a a +4cr, where AP=2a, AC*=c, and l is the length 
of the cord. Eliminate x .] 
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GRAPHIC SOLUTIONS 

107. Tiie resultant of a system of forces acting at a point 
may be obtained graphically by means of the Polygon of 
Forces. For, (Fig. Art. 24,) forces acting at a point 0 and 
represented in magnitude and direction by the sides of the 
polygon ABODEF are in equilibrium. Hence the resultant of 
forces represented by AB, BC, CD, DE, and EF must be equal 
and opposite to the remaining force FA, i.e. the resultant must 
be represented by AF. 

It follows that the resultant of forces P, Q, R, S, and T 
acting on a particle may be obtained thus; take a point A and 
draw AB parallel and proportional to P, and in succession BC, 
CD, DE, and EF parallel and proportional respectively to Q, R, 
S, and T ; the required resultant will be represented in magni¬ 
tude and direction by the line AF. The same construction 
would clearly apply for any number of forces. 

Many problems which would be difficult or, at any rate, 
very laborious to solve by analytical methods are comparatively 
easy to solve graphically. These questions are of common 
occurrence in engineering and other practical work. There is 
generally little else involved besides the use of the Triangle of 
Forces and Polygon of Forces. 

108. Ex. 1. ACDD is a string whose ends are attached to two points, 
A and D, which are in a horizontal line an/l are seven feet apart. The 
lengths of AC, CD, and DD are 3£, 3, and 4 feet respectively, and at C is 
attached a one-pound weight . An unknown weight is attached to D of such 
a magnitude that, in the position of equilibrium, CDB is a right angle. 
Find the magnitude of this weight and the tensions of the strings. 

Let T x , T 2 , and T a be the required tensions and let x lbs. be the 
weight at D. Take a vertical line OL, one inch in length, to represent the 
weight, one pound, at C. Through 0 draw OAf parallel to AC, and 
through L draw LAI parallel to CD. 
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By the triangle of forces OM represents 7* 1 , and LM represents T 2 . 
Produce OL vertically downwards and through M draw AIN parallel to 
BD. Then, since LM represents T 2 , it follows that T s is represented by 
MJY, and x by LN. By actual measurement, we have 

OM=ZOb ins., LM='2A9 ins., J/A r =5*l ins., and NL = 5 63 ins. 
Hence the weight at D is 563 lbs. and the tensions are respectively 
3 05, 2 49, and 61 lbs. wt. 

O 

l\ 



Ex. 2. The Crane. The essentials of a Crane are represented in the 
annexed 6gure. AB is a vertical post ; AC a beam, called the jib. capable 
of turning about its end A ; it is supi>orted by a wooden bar, or chain, 
CD, called the tie, which is attached to a point D of the post AB. At C 



is a pulley, over which passes a chain one end of which is attached to a 
weight to be lifted and to the other end of which, E, is applied the force 
which raises W. This end is usually wound round a drum or cylinder. 
The tie CD is sometimes horizontal, and often the direction of the chain 
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CE coincides with it. In the above crane the actions in the jib and tie 
may be determined graphically as follows. 

Draw KL vertically to represent IF on any scale, and then draw LM 
equal to KL and parallel to CE\ through M draw MS parallel to AC and 
through K draw KS parallel to DC. 

Then KLMS is a polygon of forces for the equilibrium of C; for we 
assume the tension of the chain to be unaltered in passing over the pulley 
C, and hence that the tension of CE is equal to IF. Hence, if T be the 
thrust of A C and T' the pull of CD, we have 

T T ' IF 
MS ~ SK ~ KL' 

Hence T and T' are represented by MS and SK on the same scale 
that KL represents IF. 

Ex. 3. Shew hoio the forces which act on a kite maintain it in equili¬ 
brium , proving that the perpendicular to the kite must lie between the 
direction of the string and the vertical. 

Let AD be the middle line of the kite, B being the point at which the 
tail is attached ; the plane of the kite is perpendicular to the plane of the 
paper. Let O be the centre of gravity of the kite including its taiL 



The action of the wind may be resolved at each point of the kite into 
two components, one perpendicular to the kite and the other along its 
surface. The latter components have no effect on it and may be neglected. 
The former components compound into a single forco R perpendicular to 
the kite which acts at a point H which is a short distance above O. R 
and IF meet at a point 0 and through it must pass the direction of the 
third force, viz. the tension T of the string. 

Draw KL vertically to represent the weight IF, and LM parallel to 
HO to represent R. Then, by the triangle of forces, MK must represent 
the tension T of the string. 

It is clear from the figure that the line MK must make a greater angle 
with the vertical LK than the line LM , i.e. the perpendicular to the kite 
must lie between the vertical and the direction of the string. 

From the triangle of forces it is clear that both T and IF must be 
smaller than the force R exerted by the wind. 



Examp Its 


9U 


EXAMPLES 

[The following examples are to bo solved graphically.] 

1. A heavy beam, AB, 10 feet long is supported, A uppermost, by two 
ropes attached to it at A and B which are respectively inclined at 55“ and 
50° to the horizontal ; if AB be inclined at 20° to the horizontal, find at 
what distance from A its centre of gravity is. Also, if its weight be 
200 lbs., hud the tensions of the two ropes. 

[316 ft.; 133 and 1188 lbs. wt.] 

2. AB is a uniform beam turning on a pivot at C and kept in equilibrium 

by a light string AD attached to the highest point A and to a point D 
vertically below C. If AB = 3 ft., AC**\ ft., CD = 2 ft., and DA=27 ft., 
and the weight of the beam bo 10 lbs., hud the tension of the string and 
the reaction of the pivot. [6 75 and 16 6 lbs. wt.] 

3. A cantilever consists of a horizontal rod A B hinged to a fixed support 

at A y and a rod DC hinged at a point C of AB and also hinged to a fixed 
point D vertically below A. A weight of 1 cwt. is attached at B ; find the 
actions at A and C , given that AB=6 ft., AC =2 ft., and AD = 3 ft., the 
weights of the rods being neglected. [2’83 and 3 61 cwt.] 

4. The plane of a kite is inclined at 50* to the horizon, and its weight is 
10 lbs. The resultant thrust of the air on it acts at a point 8 inches 
above its centre of gravity, and the string is tied at a point 10 inches 
above it. Find the tension of the string and the thrust of the air. 

[26 8 and 32-1 lbs. wt.] 

109. Funicular, t.e. Rope, Polygon. If a light cord have 
its ends attached to two fixed points, and if at different points 
of the cord there be attached weights, the figure formed by the 
cord is called a funicular polygon. 

Let O and 0, be the two fixed points at which the ends of 
the cord are tied, and let A u A 2 , ... A n be the points of the 
cord at which are attached bodies whose weights are w lt w 2 , ... 
w n respectively. 

Let the lengths of the portions 0A U AjA 2 , A 2 A S , ... A n 0, 
be a lt or,, a*, ... a »+1 respectively, and let their inclinations to 
the horizon be 

••• 

Let h and k be respectively the horizontal and vertical 
distances between the points 0 and 0 lt 60 that 

Oj cos a x + a, cos a 9 + ... + a^, cos a n+1 = h .( 1 ), 

and di sin a t + a, sin a, + ... + a»+i sin ctn +1 = k . (2). 

Let T x , T 2 , • • • T „ + i be respectively the tensions of the 
portions of the cord. 
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Resolving vertically and horizontally for the equilibrium of 
the different weights in succession, we have 

sin a, — T, sin a, = w lt and T 3 cos a, — T t cos a, = 0 ; 

1\ sin a 3 — T. 2 sin a, = w, } and T 3 cos a, — T. t cos a 2 = 0 ; 

# 

T n+1 sin a n+1 — 7’ n sin and iT n+1 cos a n +, — cos a n = 0. 

These 2n equations, together with the equations (1) and (2), 
are theoretically sufficient to determine the (n 4- 1) unknown 
tensions, and the (n 4* 1) unknown inclinations 

••• ®n+i» 

From the right-hand column of equations, we have 

T x cos a, = T 2 cos a, = T t cos a, = ... = T n+l cos 0 *+, =IiT (say) .. .(3), 

so that the horizontal component of the tension of the cord is 
constant throughout and equal to K . 



From (3), substituting for T lt T 2 ,— T n + X in the left-hand 
column of equations, we have 

tan Oj — tan a, = , 

A 


W, 


tan a, — tan a* = j ?, 


4 . , w n 

tan a n+l -tana n = -^. 

If the weights be all equal, then tan a lt tan c^, 
are in arithmetical progression. 


. tana^ 
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Hence when a set of equal weights are attached to different 
points of a cord, as above, the tangents of inclination to the 
horizon of successive portions of the cord form an arithmetical 
progression whose constant difference is the weight of any 
attached particle divided by the constant horizontal tension of 
the cords. 


110. Graphic construction. If, in the Funicular Poly¬ 
gon, the inclinations of the different portions of cord be given 
we can easily, by geometric construction, obtain the ratios of 


iv x , w 3 , ... w n . 

For let C be any point and CD the 
horizontal line through C. Draw CP lt 
CP„ ... CP n+i parallel to the cords OA x , 
A x A 2 , ... A n O lt so that the angles P X CD, 
PpD, ... are respectively a ,,<**, .... 

Draw any vertical line cutting these 

lines in D, P x , P a . 

Then, by the previous article, 



w x * _ DP 0 DP X _P\Pi 

~ tan 03 “ fcan a ‘ ~ CD CD ~ CD ' 


A DP 3 DP 3 _P 2 P s 

- = tan a, - tan a, - CD QD - c£> > 

and so on. 

Hence the quantities K t w Xt w 2t ... w n are respectively pro¬ 
portional to the lines CD, P X P%, P*P s, ••• P n P n +it *nid hence 
their ratios are determined. 

This result also follows from the fact that CP 3 P X is a triangle 
of forces for the weight at A x , CP 3 P % similarly for the weight at 

A 3 , and so on. 

Similarly, if the weights hung on at the joints be given and 
the directions of any two of the cords be also known, we can 
determine the directions of the others. We draw a vertical line 
and on it mark off P X P 7 , PP a , ... proportional to the weights 
W x , TVs, .... If the directions of the cords 0A X , A X A 3 are given, 
we draw P X C, P 3 C parallel to them, and thus determine the 
point C. Join C to P„ P 4 ,... etc., and we have the directions of 
the rest of the cords. 
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111. To find, by a graphic construction, the resultant of any 
number of coplanar forces. 

Let the forces be P, Q, R, and S whose lines of action are as 
in the left-hand figure. 

Draw the figure ABODE having its sides AB, BO, CD, and 
DE respectively parallel and proportional to P, Q, R, and S. 
Join AE, so that by the Polygon of Forces AE represents the 
required resultant in magnitude and direction* 



Take any point 0 and join it to A, B, C, D, and E ; let the 
lengths of these joining lines be a, b, c, d, and e respectively. 

Take any point a on the line of action of P ; draw afi parallel 
to BO to meet Q in fi, f3y parallel to CO to meet R in y, and 
7 S parallel to DO to meet S in 8. Through 8 and a draw lines 
parallel respectively to EO and OA to meet in e. 

Through e draw eL parallel and equal to AE. Then eL shall 
represent the required resultant in magnitude and line of action, 
on the same scale that A B represents P. 

For P, being represented by AB, is equivalent to forces 
represented by AO and OB and therefore may be replaced by 
forces equal to a and 6 in the directions ea and fix So Q may 
be replaced by b and c in directions afi and yfi, R by c and d in 
directions fiy and By, and S by forces d and e in directions y8 
and e8. 

The forces P, Q, R, and S have therefore been replaced by 
forces acting along the sides of the figure afiySe, of which the 
forces along afi, fiy, and y8 balance. Hence we have left forces 
at 6 which are parallel and equal to AO and OE, whose re¬ 
sultant is AE. 

Since eL is drawn parallel and equal to AE, it therefore 
represents the required resultant in magnitude and line of action. 
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Such a figure as A BODE is called a Force Polygon and one 
such as a/3yoe is called a Link or Funicular Polygon, because it 
represents a set of links or cords in equilibrium. 

112. If the point E of the Force Polygon coincides with 
the point A it is said to close, and then the resultant force 
vanishes. 

If the Force Polygon closed, but the Funicular Polygon did 
not close, i.e. if Sea was not a straight line, we should have left 
forces acting at S and a parallel to OE and AO, i.e. we should in 
this case have two equal, opposite, and parallel forces forming a 
couple. 

If however the Funicular Polygon also closed, then Sea would 
be a straight line and these two equal, opposite, and parallel 
forces would now be in the same straight line and would balance. 

Hence, if the forces P, Q, R, S are in equilibrium, both their 
Force and Funicular Polygons must close. 

113. If the forces be parallel the construction is the same 
as in the previous article. The annexed figure is drawn for the 
case in which the forces are parallel and two of the five forces 
are in the opposite direction to that of the other three. 



Since P, P, and S are in the same direction we have AB, 
CD, and DE in one direction, whilst BC and EF which 
represent Q and T are in the opposite direction. 

The proof of the construction is the same as in the last 
article. The line ££, equal and parallel to AF, represents the 
required resultant both in magnitude and line of action. 

This construction clearly applies to finding the resultant 
■weight of a number of weights. 

Ex. A uniform beam IIK, of length 12 feet and weight 6 cwt., is 
supported at H and K so as to be horizontal; at points L and M on it , such 
that UL = 2 ft. and IIif =8 ft ., weights of 4 cwt. and 3 cwt. are placed; find 
graphically the reactions at II and K. 
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Measure A B, BC, CD vertically on a scale in which 1 cwt. is represented 
by half an inch, so that AB = 2 ins., BC=fy ins., and CD=\± ins. 



V 



Take any convenient pole 0. 

From any point a on the vertical through L draw at, a/3 parallel to 
OA, OB to meet the verticals through II and O in e and 0; draw py 
parallel to CO, y8 parallel to DO, and join if. Draw OE parallel to if to 
meet A B in E. Then DE, EA clearly represent S and R. On measure¬ 
ment, we have 72 = 6'83 cwt. and <S = 5T7 cwt. 

114. There is another system of lettering (known as Bow’s 
or Henrici's system) that may be used conveniently in the work 
of Art. 111. 

Let the space between the forces P and Q be called B; 
that between Q and It be called G and so on. 

Then the line of action of P is the boundary between the 
spaces A and B, and hence in the second figure the line that 
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represents it may conveniently be called ah. The Force Polygon 
therefore is named abcde. 

When the pole o has been taken and the Funicular Polygon 
aftySe has been drawn, the space within the latter is then con¬ 
veniently called 0. 



Thus a small letter attached to an angle of the Force 
Polygon corresponds to a big letter attached to a space of the 
Funicular Polygon. 

The point of application, a, of the force P is the meeting 
point of the spaces A, B and 0 and hence may be called the 
point ABO’, the corresponding triangle of forces for this point 
is abo. Similarly for the other forces. 

116. If any two funiculars of a given system of forces 
corresponding to two poles 0 and O' be drawn, the locus of the 
intersection of their corresponding sides is a straight line which 
is parallel to 00'. 

Let a'ft'y... be the funicular, constructed as in Art. Ill, 

corresponding to the second pole O'. Reverse all the forces 

P, Q, It, ••• acting at a', ft 1 , y, ... 

Resolve Q at ft into forces, equal to BO and 00, along aft 

and yft ; and the reversed Q at ft' into forces, equal to O B and 
CO', along ft'a and ft'y ; and take moments about U, the inter¬ 
section of aft and a'ft'. # . 

Then since these four components are in equilibrium the 

sum of their moments about U is zero Also two of them pass 
through U. Hence the moments of the forces along yft and ft'y 
(equal to 00 and CO' respectively) about U is zero. 

Hence their resultant passes through U. But it clearly also 
passes through V, the intersection of fty and ft'y'. Hence their 

resultant is in the line UV» 
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Bat by the right-hand figure the resultant of forces repre¬ 
sented by OC, CO' is parallel to 00', so that UV is parallel 
to 00’. 

Similarly the line VW, joining V to the intersection, W, of 
the lines 78 and 7 'S', is parallel to 00'. 

Hence all the points U, V, IF, ... clearly lie on a straight 
line which is parallel to 00'. 


116. Given one funicular of a given system of coplanar 
forces, to construct all the funiculars. 

This may be done by reversing the process of the previous 
article. 


For let a/9 meet any line 77 K in U. Draw Ua!ff in any 
arbitrary direction to meet the forces P and Q in a' and /S'. 
Let (By, 78, ... meet IIK in V, IF, X, .... 

Draw Vft’y, IF7'8', X8Y, ... to meet R, S, T, ... in 7', 8', e', .... 
Then, by the previous article, a/3'y\.. is another funicular. 

Also, since IIK and Ua’/3' are both arbitrary, it is clear that 
an infinite number of funiculars can be thus obtained. 


117. Graphic representation of the moment of the resultant 
of given forces. 

Let the notation be as in Art. 111 . 

If we want the moment about a given point M, through it 
draw a line MUV parallel to the resultant L to meet in U and 
V the two sides of the funicular polygon which meet on this 
resultant. From 0 draw a perpendicular OH upon AE, and 
from M a perpendicular MN on the line of action of the 
resultant L. 

Since the sides of the triangles UeV and AOE are respec¬ 
tively parallel, 

UV _ Ue _ perp r from 6 on UV MN 
AE AO perp r from 0 on AE~ OH * 

so that AE .MN = UV. OH. 

Hence the sum of the moments of the four component forces 
P, Q, R, S about M= the moment of their resultant L about M 

* L. MN = AE.fMN 

= UV. OH, 
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i.e. the moment about M is equal to the intercept, on the line 
through M parallel to the resultant, of the sides of the funicular 
polygon which meet on the resultant multiplied by the perpen¬ 
dicular from the pole U ou the side oi the toice polygon which 
represents the resultant*. 




Similarly, the moment about M of any of the component 
forces P is equal to the intercept on the line through M parallel 
to P of the two sides through a of the funicular polygon 
multiplied by the perpendicular from the pole 0 on the side AB 
of the force polygon which represents P. 

118. A closed polygon of light rods freely jointed at their 
extremities is acted upon by a given system of forces acting at 
the joints which are in equilibrium; find the actions along the 

rods. 



Let jm 9 , — AiAi be a sy9tem of five rods freely 

jointed at their ends, and at the joints let given forces P,, P 9 , 
p an( i P, act as in the figure. Let the consequent actions 

along'‘the rods be T Ut T n , T Ut T„, T n as marked. 
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Draw the pentagon abode having its sides parallel and pro¬ 
portional to the forces P„ P a , ... P # . Since the forces are in 
equilibrium this force polygon is a closed figure. 

Through a draw ao parallel to A and through e draw eo 
parallel to A 6 A X . Now the triangle eoa has its sides parallel to 
the forces P,, P 12 , and T tx which act on the joint A,. Its sides 
are therefore proportional to these forces; hence, on the same 
scale that ea represents P n the sides ao and oe represent P 12 
and P M . 

Join oc, od, and oe. The sides ab and oa represent two of 
the forces, P, and T a , which act on A t . Hence bo, which 
completes the triangle ao6, represents the third force in 
magnitude and direction. Similarly oc and od represent T u and 
T* respectively. The lines oa, ob, oc, od, and oe therefore 
represent, both in magnitude and direction, the forces along 
the sides of the framework. A similar construction would 
apply whatever be the number of sides in the framework. 

119. It is clear that the figure and construction of the 
preceding article are really the same as those of Art. 111. 

If the right-hand figure represents a framework of rods ab, 
be, cd, ... acted on at the joints by forces along ao, bo, ..., then 
the polygon A,A 2 A t A A A t of the left-hand figure is clearly its 
force polygon, since A x A it A a A„ ... are respectively parallel to 

ao, bo, .... 

Hence either of these two polygons may be taken as the 
Framework, or Funicular Polygon, and then the other is the 
Force Polygon. For this reason such figures are called Reci- 



As another example we give a triangular framework acted 
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on at its joints by three forces P,, P Q> P s in equilibrium whose 
force polygon is abc; conversely, A a A s A x is the force polygon 
for the triangle abc acted on by forces T n , T. a , and T a . 

120. Ex. 1. A framework, A x A a A 3 A x , consisting of light rods stiffened 
by a brace AiA 3 , is kept in a vertical plane by supports at A , and A K , 
so that A , A 4 is horizontal; the lengths of djd*, A a A 3 , d 3 d 4 and A t A x are 
3, 2, 3, and 4 feet respectively ; also J,,l 4 and A % A 3 are parallel , ami A x A a 
and A 3 A 4 are equally inclined to A X A X . If weights of 10 and 6 cwt. 
respectively be placed at A 2 and A St find the reactions of the supports at 
A 1 and A 4 , and the forces exerted by the different portions of the framework. 

Let the forces in the sides he as marked in the figure and let P 3 and 
P 4 be the reactions at A X and A x . 


A 



C 


Draw a vertical line A B, 5 inches in length, to represent the weight 
10 cwt. at A 2 ; also draw AD parallel to A , A 2 and BD parallel to A a A 3 . 
Then ADD is the Triangle of Forces for the joint A a . 

Note that the force at A a in the bar A 2 A 3 must be along A a A,or A s A a , 

and that at A s along A 3 A a or A a A 3 . . . . 

[Any bar, which undergoes stress, as in this case, is either resisting 

a tendency to compress it, or a tendency to stretch it. In the first case, 
the action at each end is from its centre towards its ends, in which case 
the bar is called a Strut; in the second case the action at each end is 
towards its centre, when the bar is called a Tie. In either case the 
actions at the two ends of the bar are equal and opposite.] 

Draw BC vertical and equal to 2£ ins. to represent the weight at A 3 . 
Draw CE parallel to A 3 A X and DE parallel to A X A 3 . Then DBCE is the 
Polygon of Forces for tho joint 
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Draw EF horizontal to meet AC in F. Then ECF is the Triangle of 
Forces for A 4> so that the reaction P 4 is represented by CF and T v4 
by FE. 

Finally, for the joiut A x> we have the polygon DEFA , so that P t is 

represented by FA. 

On measuring, we have, in inches, 

PP=1-10, CE= 3-31, DB= 1-77, DA =530, DE=‘ 91, 

CP=3125, and PA =4375. 

Hence, since one inch represents 2 cwt., we have, in cwts., 

7 T U = 2 20, T u = 6-G2, ^ = 3-54, Tj^lOeO, T xi =V82, 

P 4 =625, and Pi = 8 75. 

Also from the order of the forces in the triangles and polygons of 
forces it is clear that the bars A X A S and A X A 4 are in a state of tension, 
i e. they are ties, whilst the other bars of the framework are in a state of 
compression, they are struts. 

Ex. 2. A portion of a Warren girder consists of a light frame composed 
of three equilateral triangles AxA^A^, AM 2 A 3 , A^A 3 A 4 and, rests vnth A x A b A 4 
horizontal , being supported at A\ and A 4 . Loads oj 2 and 1 tons are sus¬ 
pended from A 3 and A 3 ; find the stresses in the various members. 

Draw A B , BC vertically, equal to 2 inches and 1 inch respectively, to 
represent P 3 and P 8 . Take any pole 0 and join CM, OP, 0C. 

Take any point a on the line of action of P a ; draw a 8 parallel to OA 
to meet the line of the reaction P\ at A\ in i, and afi parallel to OB to 
meet the vertical through A s in /3, and then /9y parallel to CO to meet the 
vertical through A 4 in y. Join yd ; then »&yd is the funicular polygon of 
which (if we draw OD parallel to yd) the straight line ABCD is the force 
polygon. 

3 


P* 


1 


Hence Pi and P 4 are represented by DA and CD. Let the forces 
exerted by the rods, whether thrusts or tensions, be T x %, T% 3 ,... as marked. 

Draw DE\ AE parallel to A x A b and ; then AED is a triangle of 
forces for A Xt so that AE and ED represent Tvs and T u . 





Ill 


Graph ic Constructiona 


Draw EE. DF parallel to A 2 A b and A 2 A 3 , so that FA BF is the polygon 
of forces for the joint .1-,, and thus EF and I B represent T 2b and T 

Draw CO, EG parallel to A^A X and A 3 A b (which meet ou DE ), so that 
FBCQ is the polygon of forces for the joint J 3 , and thus EG and GC 
represent and T&. 

Then CEO is the triangle of forces for A t , so that EG represents 7 iS . 

Finally, EEGF is the polygon of forces for the joint A b . 

On measuring oil'the various lengths in inches, we have 

i>, = 175, /\ = l-25, T l2 = 202, T*=- 87, T Si = 144, r 46 =72, 
r, 6 = 1 - 01 , 7' 2 ’ J t = 7^5 = •29 ton’s wt. respectively. 

Also, from the order of the forces in the triangles and polygons of 
forces, it is clear that AiA b) A b A i and A b A 3 are ties, and the others 

are struts. 

[A girder, consisting of a number of portions like the part in the 
figure, is called a Warren girder after the name of its inventor, Capt. 
Warren, who introduced it about the year I860.] 

Ex. 3/ A \ A$A%A jA b A$ is a roof-truss as in the figure; at the points 
A 2t A 3 , A 4 , A 8 art farces P 2 , P 3 , P t , P 9 in the direction* marked; equilibrium 
is kept by means of a reaction P x at A x which is unknown in magnitude and 
direction , and an unknown reaction P b at A b in the given direction A b X ; find 
these reactions and also the tensions or thrusts of the rods forming the truss. 



We must first find the magnitudes of P x and P b . 

On any convenient scale draw BC, CD ,, DE , EG to represent 
P 4 , P# in magnitude and direction, and take any pole O. 
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Starting with A, (which is the only point we know on the line of action 
of the unknown force P x ) draw the funicular polygon A^y8... in which 
AJ3, fiy, y8, 8(, t( are parallel respectively to OB, OC, 0D y OE, and 00. 



G 


Join A } ( and draw OA parallel to it to meet OA (which is drawn 
parallel to the given direction A^X) in A. 

Then clearly OA represents the unknown reaction P 6 ; and AB 
represents both in magnitude and direction the unknown reaction P x 
at A\. For, since the force polygon ABCDEOA and the funicular 
polygon A x &y8*$A\ are closed, the corresponding forces P u P it ... P t 
acting at A lf A %t ... A t} in the directions given or found, are in equilibrium. 
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To draw the force polygon as neatly as possible we should have the 
forces in it in the order in which they are in the frame. Draw then 
EF, FA parallel to UA, (JE and we have as the force polygon the 
figure ABCDEFA. 

Draw BK, AK parallel to A,Ao and A,A n so that ABK is a triangle of 
forces for A x . Through A', C draw EL, CL parallel to A 2 A 0 , A % A$ so that 
BCLK is a polygon of forces for A % . 



K 


Through L, D draw L .1/, Z).l/.parallel to AjAq, AjA 9 so that CDAIL is 
a polygon of forces for A s , 

Similarly, DENAI is a polygon of forces for A K . It is then found that 
EF is parallel to A b A 9 , so that EFN is a triangle of forces for A b , and 
FAR LAIN is a polygon of forces for A e . 

It is easily seen that the rods A X A 2 > A a A a , A a A 9i A t A b are in thrust, 
and that the other five are in tension. 

121. There is one point to be noted which is of some 
importance in drawing the figure and which may be explained 
by the last example of the foregoing article. In drawing the 
forces for the joint A a we might have drawn a line through C 
parallel to A 2 A 9 and one through K parallel to A 2 A t ; this would 
not have been wholly wrong, but the figure resulting would have 
been more complicated than the preceding. The proper rule 
to observe is that the lines meeting at any point C of the 
figure should, if possible, be parallel to forces acting at two 
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joints, and the link joining these joints, of the frame. Thus 
since at C there meet the forces acting at two joints A t , A, ot 
the frame, the third line through it should be a line parallel to 

A 2 A 3 \ hence we draw CL parallel to A 2 A t . 

But sometimes, as at the point L, we do not have lines 
parallel to any of the original external forces of the frame; in 
this case we take the lines through L to be such that they are 
parallel to the sides of a triangle in the original frame. Thus 
in drawing the force polygon for A 9 , we start with LC, CD which 
have already been drawn. Through L we could now draw a 
line parallel either to A 3 A if or A 3 A 6 \ but the forces already 
drawn at L are parallel to A 2 A s and A 2 A 9 , and A 3 A 9 satisfies 
the condition of forming with these two a triangle in the 
original frame whilst A 3 A 4 does not; we therefore draw LM 
parallel to A t A e and then DM parallel to A 3 A a . 

In drawing the force diagram we therefore should take care 
that the three forces represented by lines passing through any 
point of the figure are either parallel to two external forces and 
the corresponding link of the frame, or are parallel to the sides 
of a triangle in the frame. 

122. Method of Sections. Sometimes only the reactions 
in a portion of the diagram are wanted and then the whole of 
the reciprocal diagram need not be drawn. Thus suppose in 
Ex. 3 of Art. 120 we only want T l8 , T a . Imagine a line 
QRS drawn to cut them so that Q, R, S are respectively on A 2 A a , 
A 3 A 9 , and A x A a . The portion to the left of QRS is then in 
equilibrium under the action of the forces on it, provided we 
include T n , T *, T ie acting along A 2 A 9 , A 2 A t , A X A 6 , i.e. it is in 
equilibrium under the action of the external forces Pi, P 9 , Ia> 
T w , T x9 . These are equivalent to two forces P x and P 9 given 
in magnitude and direction, T xt whose line of action is given, 
and a force X [the resultant of the two unknown tensions 
Ta, and Tf] of which we only know its point of action A 2 . The 
solution may thus be completed by drawing successively tri¬ 
angles of forces for P,, T 19 , and T x2 , then for T xit P a , and X , and 

finally for X , T n and T. a . 

Or we may take moments about A t , and we have 

T lt x perpendicular from A 2 on A X A 6 

B P x x perpendicular from A a on A X P X . 
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Similarly, moments about the intersection of A 2 A 3 and A x A t , 
and moments about A, will give T.^ and 7k*. 

In applying this method care must be taken that the section 
chosen does not cut more than three of the members of the 
frame. 


123. A number of bars jointed together at their ends is 
known as a framework or, more simply, as a frame. When the 
forces acting on such a bar are such that it is in tension, it is 
called a tie ; when it is in compression it is called a strut. 

The simplest frame is a triangle of three rods AB, BC, CA 
connected by joints at A, B, and C. Since the shape of a 
triangle is fixed when its sides are given, such a framework is 
unalterable in shape and is said to be stiff, or to be a perfect 
frame, whatever be the loads applied to its joints. 

A frame consisting of four rods AB, BC, CD, DA hinged at 
A, B, C, and D is clearly not necessarily of a constant shape; 
for no geometrical figure, except a triangle, is given in shape 
when the lengths of its sides are given. It is said to be im¬ 
perfect, because it does not preserve the same shape if the 
forces applied to its joints vary. It may however be made to 
become stiff by adding a diagonal bar AC hinged to the others 
at A and C. The forces acting along the five sides of the frame 
are now determinate for any given system of forces applied to 


its joints. 

Suppose that in addition to the diagonal bar AC we now 
add another diagonal bar BD. The frame is now said to be 
redundant, because it now contains one more link or member 
than is necessary to determine its form; the forces acting along 
its members due to any given system of loading would not now 

be determinate. . 

In general, a frame is stiff if it can be dissected into a 

number of triangles, but it may then be redundant. 

124. Non-redundant stiff frames. In two dimensions, 
if n be the number of joints, the number of bars must be 2n- 3, 
if the frame is to be both stiff and non-redundant. For, if we 
have three joints A, B, C, the number of bars necessary to 
determine them is three, viz. BC, CA, AB. Any other joint D 
is given in position if we are given the bars (say AD, BD) 
joining it to any two of the previous joints. So for any other 
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joint E. Hence after the first three joints, two extra bars are 
required for each joint, T he total number for n joints thus 

= 3 + 2 (n — 3) = 2n — 3. 

In three dimensions, the number is easily seen to be 3 n — 6. 
For after the first three joints A, B, G are given, the position 
of a fourth joint D is given if the bars AD, BD, CD are given. 
The position of a fifth joint E is known if we are given the bars 
joining it to any three of the previous four, e.g. if AE, BE, DE 
are given. Hence for any joint after the first three, three 
additional bare must be given. The total number required 
therefore 

= 3+ 3(n—3) = 3n —6. 

125. In the examples of Art. 120 are several non-redundant 
stiff frames. Sometimes it is convenient to have a redundant 
frame. Thus in Ex. 1 of Art. 120, A X A % is a tie. If the 10 cwt. 
at A 3 were removed, then A x A t would clearly become a strut. 
But, if A x A t were very flexible, it would not act well as a strut; 
in this case it would be better to have an additional tie A a A 4 . 
When the weight is all at A t then A 2 A 4 would be in action and 
A x A t of no importance ; if all the weight were at A a then A % A 4 
would go out of use, and A x A a only would be in action. 

Such members as A x A a or A a A 4 , capable of being used as 
a strut or tie only, are called semi-members. 


EXAMPLES 

1. Loads of 2, 4, 3 cwt. are placed on a beam 10 ft long at distances 

of 1 ft., 3 ft., 7 ft. from one end. Find by an accurate drawing the line of 
action of the resultant [3'9 ft. from the end.] 

2. A horizontal beam 20 feet long is supported at its ends and carries 

loads of 3, 2, 6, and 4 cwt at distances of 3, 7, 12, and 15 feet respectively 
from one end. Find by means of a funicular polygon the thrusts on the 
two ends. [7-15 and 6 85 cwt.] 

3. Weights of 5, 10, 12, 8, and 6 lbs. rest upon a beam at distances 
1, 4, 7, 9, and 12 feet from one end. The beam is supported at distances 6 
and 15 feet from the same end. Find graphically the supporting forces. 

[34 2 and 6 8 lbs. wt.] 

4. A DCDEF is a regular hexagon. Shew that the forces which must 
act along AC, AF y and DE to produce equilibrium with a force of 40 lbs. 
weight acting along EC are respectively 10, 17*32, and 34*64 lbs. weight 
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5 . Fig. 1 consists of a symmetrical system of light rods freely jointed 
and supported vertically at the extremities ; vertical loads of 10 and 5 cwt. 
are placed at the points indicated ; find the thrusts or tensions of the rods, 
if the side rods are inclined at 50° to tho horizon. 

[7*1 = 13-05, 72 = 9-79, 7* 3 = 3-26, 7*4 = 8*39, and 7* s = 5 cwt. T K and T b 
are ties ; the others are struts.] 

6. Fig. 2 consists of a symmetrical system of light rods freely jointed 
and supported by vertical reactions at A and B ; if a weight of 10 cwt. be 
placed at D, find the thrusts or tensions in the rods, given that L. DAB = bb° 
and lCAB = 35°. 

[7*1 = 8 39, 7*=ll-98, and 7* s = 9'62 cwt. 7* t is a stmt and 7*, and 7* 3 
are ties.] 



7. A crane is constructed as in Fig. 3, and 15 cwt. is hung on at A ; 

find the forces along tho parts AC and AB. If the post BC bo free to 

move, and BD be rigidly fixed, find the pull in tho tie CD. 

[37 2, 47-5, and 431 cwt.] 


8. A portion of a Warren girder consists of three equilateral triangles 
ABC ADC , BCE , the lines AB, DCE being horizontal and the latter the 
uppermost.’ It rests on vertical supports at A and B and carries 5 tons 
at D and 3 tons at E. Find the reactions at the supports and the stresses 

in the four inclined members. 

[6 tons and 2 tons ; 5-77, 1 155, 1 155 and 3‘464 tons ; of the last four 
the first, third, and fourth are struts and the second is a tie.] 


9. ABCD consists of a quadrilateral consisting of four light rods 
loosely jointed, which is stiffened by a rod BD ; at A and ^ act forces 
equal to 40 lbs. weight. Given that AB = 2 ft., BC-Z ft., <?Z>-4 ft., 
DA = 4 l ft., and DB = b ft., find the tensions or thrusts of the rods. 

[The tensions of AB, BC, CD, and DA are 324, 364, 168, and 
25-5 lbs. wt.; the thrust of BD is 36 7 lbs. wt.] 

10. Two uniform equal rods, AB, BC, are freely jointed at B, and are 
suspended freely from a peg at A, the rods being maintained at right 
angles to one another by a massless string A C fastened to the peg at A , 
having given the weight IF of each rod, shew graphically that the tension 
of the string is '67 IF, and that the stress across the joint B is equal to 4 IF. 
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11. ABC is a horizontal line such that = 5 ft., and BC —15 ft. 
D j 3 a point vertically over B such that BD = 10 feet and E bisects DC. 
AC, CD, DA, BD, BE are rods forming a framework; loads of 10 cwt. 
each are applied at D and E, and the system is supported at A and C. 
Draw the reciprocal figure, and determine the stresses in the different 

members of the framework. 

[5 G3, 13 13, 16-77, 6*76, 12-58, 6, and 9-01 cwt.] 

12. A framework consisting of five bars AB, BC, CA, CD, DA, freely 
jointed at their extremities, is placed in a vertical plane. ABC is a right- 
angled triangle with A B horizontal and A C vertical and AB^AC^IO feet. 
The angle BAD is 135° and ACD is 120°. The framework supports a 
vertical load of 1 ton at D, equilibrium being maintained by vertical forces 
at A and B. Find the magnitude of these forces and the reactions in the 

various bars of the frame. 

[3-37, 2-37, 2-37, 3 35, 1, 2 73, and 3 35 tons wt.] 

13. A Warren girder, consisting of equilateral triangles, has five 

joints in the bottom boom and four joints in the top boom. The ends of 
the bottom boom rest on piers at the same level. There is a load of 
3 tons at each of the bottom joints and a load of 5 tons at the second top 
joint, counting from the left. Find graphically the reactions at the piers 
and the stresses in the four inclined members which slope down towards 
t he left. [10-625, 9 375, 8-80, 6-34, 3 90, and 736 tons wt.] 

14. A Warren girder, of 48 feet span, has the lower boom divided into 
four segments and the lengths of the inclined members are 12 feet. It is 
loaded with a uniformly distributed load of 2 tons per foot run and a 
concentrated load of 50 tons at the centre. Find the magnitude and 

sense of the stresses in the members. 

[Replace the load on each segment by a weight, equal to half the load, 

acting at each of the ends of the segment.] 

15. A roof is in section half of a regular octagon ABCDE ; the points 
A and D, and also the points B and E, are connected by tie beams and the 
whole of it is to be regarded as freely jointed at the points A, B, C, D, E 
and supported on walls of equal height at A and E. The roof is covered 
with a uniform covering of tiles. By a graphical method, or otherwise, 
obtain the magnitudes of the stresses in the different members of the roof 
in terms of the total weight of the roof, the weight of the framework 
being regarded as negligible in comparison. The weight of each section 
of the tiling covering the beams AB, BC, CD, DE may be assumed to act 
at the middle point of each beam. 

16. Shew that the line of action of the resultant of any system of 
forces is the locus of the points of intersection of the extreme sides of all 
funiculars of the system. 



CHAPTER VI1 


SHEARING STRESSES. BENDING MOMENTS 


126. In this chapter we shall consider some examples of 
the internal actions upon a section of a beam. 



Take the case of a beam, as in the figure, supported at its 
ends and acted upon by forces Pi, -Pa. -P s > ••• acting at points 
A a , Take any section ABCD of the beam. Call 

the part to the left of this section M and that to the right N. 
The action of M on N consists of a multitude of forces exerted 
by the fibres which cross the section ABCD. But, whatever 
these forces are, they must together with the forces P x , P 3 , 
P t ,... R keep the part N in equilibrium. 

Hence the resultant of these forces across the section ABCD 
must be equal and opposite to the resultant of the forces P lt 

P P ... R. 

*' Now if we take any point 0 on the section ABCD as origin, 
and lines parallel to the edges of the beam as axes, we shall 
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find in Chap. X, that all the forces acting on N are equivalent to 
three component forces at 0 parallel to the axes, 
and three component couples at 0 about the axes. 

These compound into a single force and a single couple. 

Hence the resultant at the section ABCD of the actions 
along the fibres must be equivalent to a single force and a 
single couple. 

The actions of the part M on the part N are equal and 
opposite to those of N on M. Hence, whatever forces and 
couples we assume as the resultant of the actions on one side 
of the section A BCD, we must assume equal and opposite forces 
and couples on the other side of this section. 

127 In the case which most generally occurs, the forces 
which act on a beam are in the vertical plane which contains 
its length. Thus if the forces P u P t , P,,... in the preceding 
article are all in the plane of the paper, it is clear that there 
is no resultant action parallel to CD, and no resultant couples 
about lines parallel to DA or the length of the rod. 

In this case, which is the only one we shall consider in this 
book, the actions on the section ABCD reduce to 

(1) a force parallel to the length of the beam, or a tangent 
to its length, called the Tension; 

(2) a force perpendicular to its length called the Shear 
or Shearing Stress; 

(3) a resultant couple about a line perpendicular to the 
length of the beam called the Bending Moment or Stress 
Couple. 

128. It is a matter of common experience that, in the case 
of a body like a lead pencil, it is the Bending Moment, and not 
the Tension, that causes it to break; in the case of a string, 
however, the Bending Moment is of no consequence, and it is 
the Tension which causes it to snap. 

Since it is clear that the tendency of the rod to break is 
greater, the greater is the bending moment, the latter is always 
taken as the measure of the tendency to break. 

The Shearing Stress and Bending Moment may both be 
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exhibited graphically by erecting at each point of the rod an 
ordinate proportional to either of them. 

129. If a horizontal beam be subjected to any vertical 
loading, to shew that the vertical shear S is equal to > where 
M is the bending moment at the point considered. 


L_LLi 




PQ 


.B 




IS )x 


oM 


*S+3S 


Consider any small element PQ (*= $#) of the beam at a 
distance x from A. Let 5 be the upward shear at the face P 
and S + BS the corresponding downward shear at the face Q. 
Let M be the bending moment ) at P and thus M + BAI the 

bending moment j at Q. 

[In the lower figure PQ is shewn magnified.] 

Let X be the load per unit of length at P, so that the load 
on PQ may be taken to be XBx acting at its middle point. 
Then, taking moments about P for the element PQ, we have 

Bx 

M = M + BM — (S + S$) Bx XBx, > 

... s + 

Proceeding to the limit when Bx is zero, we have, for any 
finite loading, 

dal 


S = 


dx ' 


It follows that, if we draw the curve of shearing stress and 
also the curve of bending moment, the ordinate to the former 

curve measures the slope of the latter curve. 

Again, if we resolve vertically the forces acting on the 

element, we have 

S=S+BS + XBx, 

• * ^ — — X, in the limit. 

dx 
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130. Ex. 1. A beam, 12 ft. long and of negligible weight , is supported 
at its ends and carries 2 tons at the quarter-length from one end, 3 tons at 
the middle , and 4 tons at the quarter-length from the other end; draw the 
curves of bending moment and shearing stress for the whole beam. 

Let R and IV be the reactions of the supports at the ends, so that, by 
taking momenta about them, we easily have R = 4 and R' =* 5 tons. 



At a point P between A and <7 let the bending moment and shearing 
stress be M and S as marked ; similarly for a point P t between C and D 
let these bo M\ and S\, and so on. 


Q 



Let AP=x, AP x =*x x , AP 2 =x 2 , 

Equating the bending moment at P to the moment of the forces on 
the part to the left of P, we have 

M=R.x=te\ 

and, on resolving vertically, S=R=4 ) .' '* 

Similarly, we have for P x 

M X =*R. x x — 2(ar, — A(7) = 2xi + G \ o 

and Sy^R -2 = 2 J . 

For P<i we have, considering the part to the right of P 2 , 

M 2 = R' (12 - x 2 ) - 4 (AE-x 2 ) = 24 - x 2 1 
and S 3 = 4-R’=-l / . W 

Finally for taking the part to the right of Ps, 

M 3 = R' {AB-x 3 ) = W-bx 3 \ 

and S 2 =-R'--b J . W 


(3). 


(4). 












Bending Moments. Examples 123 


If we erect ordinates at each point of the beam to represent the 
bending moment at the point, the locus of the ends will clearly be straight 
lines AF , FQ , OII , and JIB, where CF , BO, and Eli represent 12, 18, and 
15 foot-tons respectively. 

Also the curves representing the shearing stresses will be horizontal 
straight lines KK', LL', NjS', and QQ\ where AK, CL, DN, and EQ 
represent 4, 2, —1, and -5 tons respectively. 

In all cases where we have concentrated loads it will be found that the 
bending-moment curves are straight lines, so that all we need determine 
are the values of the bending moments at the points of loading. 

There is discontinuity in the shearing stress at a point of loading such 
as C ; this is due to the assumption that the load is concentrated at C and 
applied there at a single mathematical point; in practice a load cannot 
be applied at a single point, so that there is no such abrupt discontinuity. 

Ex. 2. AB is a stiff uniform beam, of weight W and length 2a, supported 

2 IF . 

at A and B so as to be horizontal; a weight is placed at a point C of 

the beam such that AC=?; draw the curves of bending moment and shearing 
stress. 

If y, ifl the weight of the beam per unit of length, then W = 2wcl 





By taking moments about A and B, we easily have R=W and 
2W 

For a point P between A and C, where AP=x, we have the bending 
moment M =moment ^ 0 f the forces acting on A P about P 

~Rx-wx.\x = _^0*-4ar].(1) 


If S be the shearing stress there, then 

R-S=wx, 

S--£(x-*a) 


•( 2 ). 


so that 
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For a point Pi between C and B y where AP X =£, we have similarly 


poi 

, 2ir 

= .X — WX.jtX -— 


( a\ W( 9 4 ox 4a 2 \ £ 

H-ErT-Tj. (3)> 


and 


li - Si = wx + 


2 IV 


so that 



Taking any suitable vertical distance to represent the unit of bending 
moment, the curve (1) represents the arc AK of a parabola whose vertex 
is at a point L vertically over B ; whilst the curve (3) is an arc KB of an 
equal parabola whose vertex L\ is on the ordinate 


2a -nr 
X=y , VIZ. HL X . 


Again taking any suitable vertical distance to represent unit shear, 
then (2) is the straight line DB, and (4) is the straight line FHO. 

As in the last article, the ordinate to the shear line measures the slope 
at the corresponding point of the bending-moment curve; each has 
discontinuity at the ordinate through C. 

2d 

The maximum bending moment is given by —, and then it is equal 

to TF.^. 

y 

In all cases where we have uniform loaded beams, supported at various 
points, we shall find that the bendiug-moment curves are all portions of 
parabolas with the same latus rectum. 


Ex. 3. A horizontal beam AB, of span 2 1 and negligible weighty is 
supported at its two ends and carries a moving load PQ, of uniform 
intensity w and of length 2a, -where a<l. Find the maximum bending 
moment at a cross section 0> and shew that it occurs when 0 divides the load 
PQ in the same ratio as it divides the beam AB. 




Let R\ and R? be the reactions of the supports and let AP—£. 
By taking moments about A and 5, we have 

="-y (2 l-a-$) and = ^(« + £). 
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Let AO = x and let M be the bending moment at O . Taking moments 
for the part AO , we have 


= ^(2 l-a-£)x-?{x-W 


( 1 ). 


For a given position of the section 0 , M is a maximum when 


*.«. when 
i.e. when 
and then 


ax 


PO 


-f + (x-t) = 0, 

«“0-s) ■ 


( 2 ), 




0<? 2a + £ — .r 2;-x O0* 

Substituting in (1) the value of £ given by (2), we easily have 


JW='f (l-g)<K-*)*, 


so that the curve of maximum bending moment is a parabola whose 
vertex is vertically above the middle point of A B. 

Let £ be the shearing stress at 0. Resolving vertically for the part 

A 0, we have 


4/1 _ 1 WI 

S=R 1 -w(x-e)=- l [2al-a*-lx + (l-a)$] = ^ 

For a given position of the section 0 this clearly increases with £ and 

it is thus a maximum when P is at 0, and then S max. = -j [2 al — a 2 — ax], 

and the curve of maximum shearing stress is thus a straight line. 

Ex. 4. A stiff horizontal beam AB is supported at one end A and at 
some otter point C. If the greatest possible uniformly distributed weight is 
to be placed upon it without breaking it, shew that C must divide the beam in 

the ratio J 2 + 1 : 1 . . 

Let AB = 2l, AC=y , and let R x and be the reactions at A and C, so 

n 0 , y-l - - 2 wl 2 

that, if w be the load per unit of length, then R x ^2wl 


dM 


and R* = 

y V 


If x be <AC, the bending moment for any section distant x from A 

~ w •> 

C= R x x 2 X ’ 

and is thus a maximum when R x —wx — 0. 

Hence the maximum bending moment for the part AC 


* 10 


Pr) 


■ 0 ). 


Also the maximum bending moment for the part CB is clearly at C, 


and 


\w.CIP=% W-y? 


.( 2 ). 
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If (1) and (2) arc not equal wo can lessen the greater, and hence lessen 
the maximum tendency to break, by altering y. 

They are equal, and then the maximum bending moment is made as 
small as is possible, when 

2,2 (cy)' = *w-!' ) *. (3 >' 


and then 


In this case 


2l — y = 2l 


y~ l 


t.e. y*=lj2. 


A C y J2 
CB~2l-y~2-J2 




The other solutions of (3) give impossible results since clearly y must 
be positive and greater than l and less than 21. 


EXAMPLES 

1. A beam AB is supported at its ends so as to be horizontal. Draw 
the curves of shearing stress and bending moment 

(1) when the beam is uniformly loaded, shewing that the bending 
moment at P varies as AP. PB ; 

(2) when its weight is neglected but it supports a weight IP at its 
middle point. 

2. A beam AB is fixed at A 60 as to be horizontal there; draw the 
curves of shearing stress and bending moment 

(1) when it is uniformly loaded ; 

(2) when its weight is neglected but it supports a weight IP at its 
middle point. 

3. Draw the shear and bending-moment diagrams in the case of a 
beam, 80 feet long, supported at the middle point, anchored at one end 
and loaded with 60 tons at the other end. 

4. A beam, 25 feet long, is supported at one end and at a point 
5 feet from the other end. It carries a distributed load of 500 pounds 
per foot run and a load of 10000 pounds at the overhanging end. Find 
the pressures on the supports, and the maximum bending moment and the 
section where this occurs. Draw also the curves of bending moment and 
of shearing stress. 

[The pressures are 2187*5 and 20312 5 lbs. wt.; the greatest bending 
moment is at the second point of support.] 

5. A beam AB, 10 feet long, is supported at two points 2 and 7 feet 
from A. Weights of 1 and 2 tons are placed at A and B, and in addition 
there is a uniformly distributed load of 2 tons per foot run between the 
supports. Sketch the diagrams of bending moments and shearing force 
and find, graphically or otherwise, where the bending moment is zero. 
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6. A beam AB , used as a cantilever, is anchored at A and supported 
at its middle point C which is at the same level as A. Draw the curves 
of bending moment and shearing stress 

(1) when a weight of lu tons is attached at B and a weight of 6 tons 
at the middle point of AC ; 

(2) when 10 tons is attached at B and there is a distributed weight 
of 6 tons on AC; 

the weight of the beam being neglected in each case. 

7. AB is a horizontal beam, 18 feet long, supported at A and B; 
C and D are points on it such that AC= G feet and AD= 10 feet. At 
Cand D are placed loads of 4 and 0 tons, and there is a distributed load 
of 1 ton per foot from A to C \ ’5 ton per foot from C to D and 2 tons per 
foot from D to B. Draw the curves of shearing stress and bending 
moment for the different portions of the beam. 


8. An electric trolley-post is fixed vertically and has an overhanging 
arm which supports the wires at a distance of 10 feet out from the centre 
line of the post. Each post supports 200 lbs. of wire and the overhanging 
arm weighs 200 lbs. Assuming that the weight of tho arm is evenly 
distributed along its length, sketch tho curves shewing the shear and the 
bending moment along tho length of the arm, and calculate the bending 
moment at the bottom of the post. 


9. A horizontal beam, 25 feet long, is supported at one end A and at 
a point C 6 feet from the end B. Tho intensity of load gradually increases 
from £ ton per foot run at B to lfc tons per foot run at A. Find the 
maximum bending moment and shear force in tho beam. Sketch diagrams 
of bending moment and shearing force. 


10. AB is a stiff uniform beam, of weight IF and length 2 1, and is 
supported at its ends so as to bo horizontal ; a man of weight IF' stands 
on it at P where AP=$ (</). Shew that the curve of bending moment 
consists of two arcs of parabolas of equal latera recta, and that tho bending 


moment is greatest at a point distant l— jj. £ from A. 


11. A beam, of 80 feet span and weighing one ton per foot run, 
carries a rolling load of two tous per foot run, and the rolling load covers 
a distance of 10 feet. Draw, roughly to scale, the curves of maximum 
positive and negative shearing force as the load crosses over. 

12. A train equivalent to a rolling load of 1| tons per foot run 
traverses a girder of 120 foot span. Draw diagrams of maximum possible 
bending moment and maximum possible shear stress at every point if tho 
rolling load is (1) greater than 120 feet in length, (2) only 60 feet in length. 

13. Two rolling loads of 10 tons and 15 tons respectively, at an 
interval of 7\ feet, cross a girder of 75 foot span, the larger load leading. 
Draw diagrams of maximum possible bending moment and shearing force 

for the whole girder. 
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14. A continuous load of w tons per foot is drawn slowly over a level 

bridge consisting of a single rigid girder a feet in length. The load is 

devoid of rigidity and is longer than the bridge, and the weight of the 

bridge itself is neglected. P is a point on the girder distant k feet from 

/ / \2 

the nearer end. Shew that the maximum shearing stress at P is w ——— 

tons; and that if from the end 0 of the moving load in any position a 
vertical OS is drawn proportional to the shearing stress at P, the curve 
traced out by S consists of four parabolic arcs and a straight line. 


15. A uniform girder is supported at its ends and the load is 
concentrated at its raiddla Shew that the maximum bending moment is 
twice as great as it would be if the load were uniformly distributed. 


16. The lower end A of a thin uniform rod is attached to a smooth 
hinge, its upper end B resting against a smooth vertical plane ; shew that 
the tendency to break at any point P varies as the product of the distances 
of P from A and B. 


17. A man, of weight IF, can just walk across a certain horizontal 
plank, of weight n W and length l , without breaking it if the plank is 
supported at its two ends. Shew that if the plank, still horizontal, is 
clamped at one end and free at the other, the man can only venture 
along it for a distance 

18. A symmetrical arch, of span a and height A, is to be constructed 
of straight massless jointed rods to carry seven equal weights w at horizontal 
distances £ a apart, in such a way that there shall be no bending moment 
at any point of the rods. Shew how the form of the arch may be 
determined by graphical construction, and prove that the horizontal forces 

necessary to keep the ends in position are ^. 


19. A uniform rod, of length a and weight w y has strings each of 
length b attached to its ends aud to two fixed points, one of which'is at a 
height a vertically above the other, so as to form a parallelogram. If 
the rod is made to rotate with uniform angular velocity o> about the 
vertical line, shew that the bending moment at a distance x from either 

end is ° ° , where a is the inclination of each string to the 

vertical. Shew also that tho tensions of the strings are equal and that 

bu) 2 cos a=g. 


20. A light horizontal rod, of length a, whose ends are supported, is 
loaded so that the tendency to break at any point is proportional to the 
load per unit length at the same point; shew that the load at any point 

varies as sin —, where x is the distance of the point from an end of the 

rod. 
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[If R be the reaction at an end, w f the weight per unit of length at 

a point distant £ from this end, and \ic z the bending moment at a 
distance x from the sume end, the condition of the question gives 

X . v> z = R. x- (x —£) c/£. 

Hence, on differentiating twice with respect to x, we have 

d~w x _ 

X dx* ~ ** 

w x = A sin , where A and D are constants. 

Also w z must be zero when x = 0 or a, since the bending moment 
must be zero at either end. 


Hence 


D = 0, and -p. = rr.] 

VX 


21. A semi-circular wire, of weight IF and radius a, hangs in a 
vertical plane from one end A about which it can turn freely. Find the 
bending moment at any point. 

[In Art. 146, Ex. 1, it will be shewn that the centre of gravity O of 

2 a 

the wire is at a distance — from the centre; also for equilibrium O must 

TT 

be vertically below A. Hence the diameter through A must be inclined 

2 

at an angle a to the vertical, where tana = -. If P bo a point of the 

wire, such that AP is inclined at 0 to the vertical, the bending moment 
at i' = the sum of the moments of all the external forces on oue side of P 

JY fa. 

«= — / 2a d(f) [2a sin 0 cos (a — 0) — 2a sin 0 cos (a - 6 )] 
rra J $ 


2a IF 


[(a - 6) sin (a - 20) + sin 0 sin (a - 0)].] 


22. A gipsy’s tripod consists of three equal stiff uniform sticks freely 
hinged at one common end from which hangs the kettle. The other ends 
of the sticks rest on the ground and are prevented from slipping by a 
smooth circular hoop which encloses them and is fixed to the plane. Shew 
that the bending moment of each stick will be greatest at its middle 
point and that it will be independent of the length of the sticks and of 
the weight of the kettle. 

23. A uniform rod, of length 2 1, rests symmetrically on two props in 
the same horizontal line at a distance 2c apart. If l<2c, shew that the 
tendency to break will be greatest at a prop or in the middle according as 
2/<(2 + ^/2) C) but that if l>2c, the tendency to break will be greatest at 
a prop. What happens if 21 = (2 + J2) c ? 

[If l<2c, the bending moments at a prop and at the centre are of 
opposite signs, and the absolute magnitudes only must be compared.] 

ls 
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24. A beam, of length 2 1, is loaded uniformly, and the intensity of 
the load over the central half of the beam is double that over the two end 
quarters. It is to be supported by two props equidistant from the centre, 
and so situated that the bending moment on the beam is the least possible. 

Shew that the props should each be at a distance ^ fro™ the centre. 

131. A beam, supported at the ends , is loaded with a number 
of concentrated loads; to shew that the funicular polygon for the 
loads is a diagram of bending moments for the beam. 



Let the beam MN be loaded at points A lt A a , A„ A a with 

weights X|, X t , X 9 , X A as in the figure. Let It and S be the 
reactions at M and N, 



Graphic Construction for Bending Moments 131 

Draw a vertical line AE such that AB, BO, CD, DE repre¬ 
sent A”,, X a , X„ X 4 respectively. Take any pole 0, and draw 
OA, OB, OC, OD, OE. 

Starting with any point a on X x , draw lines £or, aft parallel 
to OA, OB and then fty parallel to 00, and so on as in Art. 113; 
we finally obtain the line Draw OX parallel to it, and then 
XA, EX represent R and S. 

Also draw OH perpendicular to AE, so that OH (=h) repre¬ 
sents the constant horizontal component of a, b, c, .... 

Let P be any point on MN between A x and A t , and draw 
PKL vertically to meet the funicular polygon in K and L. We 
shall shew that the bending moment at P is represented 
by KL. 

From the force diagram it is clear that 

A r a = b along aft and c along yft, 

X s = c along fty and d along By, 

X A = d along yS and e along eS, 
and S = e along and f along ev¬ 

idence 

X a , X a , X A , S ~b along aft and / along e£ 

Hence the sum of their moments about P = moment of b 
along aft about P together with the moment of f along e£ 
about P. 

Now 6 along Lft is equal to a vertical component, which has 
no moment about P, and a horizontal component h whose 
moment about P is h.PL*). 

So the moment of /along e^ about P is h . PK ^). 

Hence the total moment about P of the forces A” a , X 9 , X 4i S 

= h.PL-h.PK=h.KL*), 

i.e. the bending moment about P is represented by KL, and is 
equal to this intercept multiplied by the force which is repre¬ 
sented by the distance of the pole 0 from the line of loads. 

Similarly any other case may be considered. 

It will be noted that this proposition is really the same aa 
that of Art. 117 for a system of forces which are all parallel. 

Ex. Draw out the case of a beam, 60 feet long, supported at the 
ends and loaded at points distant 12, 28 and 48 feet from one end with 
weights 5, 6 and 4 tons respectively. Shew clearly the scale upon which 
the diagram must be read. 


5-2 
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132 Another graphical construction for the bending 
moment may be given as follows. 

Let MN = l, MA X = a,, MA 2 — a 2 , MA s = a s , and MA 4 = a t .. 

Draw MB a perpendicular to MN to represent S. I, and on it 
take B a , B 2 , P, so that B 4 B 9 , B 9 B 9 , B 2 B lt B,M represent X 4 .a 4 , 
X 9 .a 9 , X 7 .n 2 , and X l .a l respectively. 

Join NB 4 meeting the vertical through A 4 in C 4 \ join G 4 B 9 , 
meeting the vertical through A t in C 9t and so on. 

We thus obtain the polygon MC X C 2 C 9 C 4 N. the ordinate of 
which at any point P of the beam represents the bending 
moment at P. 



For if this ordinate PU meet C 2 C 9 , C 3 C 4t C 4 N in V, W, X, 
the bending moment at P 

=s S.PN— X 4 . PA 4 — X 9 . PA 9 — X % . PA 9 

_PN ol PA 4 PA S PA 9 

“jl/iV* MA, ‘“ 4 MA, 


so that the bending moment at P is represented by 


HIL il/P — — A* ft ft NA t _ ~ PA 2 p „ 
MN 4 AM/ 4 * MA s - MA t * 


x.e. by PX-XW -WV-VU, 

i.e. by PU. 

Similarly for any other point of the beam. 
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133. As in Art. 131, it is clear that the resultant of the 
loads X 2i X t , X 4 is equivalent to b along and e along e8, i.e. 
the resultant of the loads X 2 , X t , X A passes through the inter¬ 
section of the sides b and e of the funicular polygon. So for any 
other pair of sides. 

Hence through the point of intersection of any two sides b 
and e of the funicular polygon passes the resultant of the loads 
that lie between b and e. 

Now let the loading be continuous, so that the funicular 
polygon becomes a continuous curve and the sides b and e two 
tangents at points U and V of it. 



Then through T passes the resultant of all the loads 
on MN. 

Draw the curve of loads FxU x VxOx. 

The horizontal distance of the resultant load on MN 
from M 

vjxXj 4- w 2 x 2 4-... _ /yi dxx . Xx 
Wx + w t +... j'Jxdxx 

= distance from M of the centre of gravity of the load curve, 
as will be seen in Art. 145. 

Hence the vertical through T passes through the centre of 
gravity of the load curve, i.e. any two tangents to the bending- 
moment curve intersect in a point which is vertically below 
the centre of gravity of the load curve. 



CHAPTER VIII 


CENTRE OF GRAVITY 

134. Every particle of matter is attracted to the centre of 
the Earth, and the force with which the Earth attracts any 
particle to itself is proportional to the mass of the particle. 

Any body may be considered as an agglomeration of par¬ 
ticles. If the body be small, compared with the Earth, the lines 
joining its component particles to the centre of the Earth will 
be very approximately parallel, and in this chapter we shall 

consider them to be absolutely parallel. 

On every particle, therefore, of a rigid body there is acting 
a force vertically downwards which we call its weight. These 
forces may by the process of compounding parallel forces, 
Art. 33, be compounded into a single force, equal to the sum of 
the weights of the particles, acting at some definite point of the 
body. Such a point is called the centre of gravity of the body. 

Centre of gravity. Def. The centre of gravity of a body, 
or system of particles rigidly connected together, is that point 
through which the line of action of the weight of the body always 
passes. 

135. Since the construction for the position of the resultant 
of parallel forces depends only on the point of application and 
magnitude, and not on the direction of the forces, the point we 
finally arrive at is the same if the body be turned through 
any angle; for the weights of the portions of the body are still 
parallel, although they have not the same direction, relative to 
the body, in the two positions. 

We can hence shew that a body can only have one centre of 
gravity. For, if possible, let it have two centres of gravity O 
and (?,. Let the body be turned, if necessary, until GG X be 
horizontal. We shall then have the resultant of a system of 
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vertical forces acting both through G and through G x . But the 
resultant force, being itself necessarily vertical, cannot act in the 
horizontal line GG X . 

Hence there can be only one centre of gravity. 

• 

136. If the body be not so small that the weights of its component 
parts may all be considered to be very approximately parallel, it has not 
necessarily a centre of gravity. 

In any case, the point of the body at which we arrive by the construc¬ 
tion of Art. 33, has, however, very important properties and is called its 
Centre of Mass, or Centre of Inertia. If the body be of uniform density, 
its centre of mass coincides with its Centroid, or Mean Centre. 

137. Thin uniform rod AB. The centre of gravity is 
clearly its middle point G ; since, for every particle between G 
and A, there is an equal particle at an equal distance from G 
between G and B. 

A uniform parallelogram ABCD. By dividing the paral 
lelogram into a very large number of very thin strips, by lines 
parallel to AD, it is clear that all their centres of gravity, and 
hence that of the whole figure, lie on the line joining the middle 
points of AD and BC. Similarly, it lies on the line joining the 
middle points of AB and CD. Hence it is at the intersection of 
the diagonals. 

Uniform triangular lamina ABC. Let D, E be the middle 
points of BC and CA. By dividing the triangle into a very 
large number of very thin strips by lines parallel to BC it is 
clear that all their centres of gravity, and therefore that of the 
whole figure, lie on AD. Similarly, it lies on BE. The centre 
of gravity G is therefore at the meet of AD and BE. By 
similar triangles GAB, GDE we easily have GD-hGA, and 
hence GD = %DA, giving G. 

It is clear that G is also the centre of gravity of equal weights 
at A, B, C. For weights w at B and C are equivalent to 2 w 
at D and this with w at A clearly gives 3w at G (Art. 31). 
Hence any uniform triangle may be replaced as far as its weight 
is concerned by particles each one-third of its weight placed at 
its angular points. 

Uniform tetrahedron ABCD. Let G it G 9 be the centres of 
gravity of the faces ABC, DAB. By dividing the tetrahedron 
into a very large number of very thin slices by means of planes 
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parallel to the face ABC, it can be shewn that the centre of 
gravity of each slice, and thus that of the whole tetrahedron, lies 
on DG<. Similarly it lies on CG t . Hence the required centre 
of gravity G is at their intersections. By similar triangles we 
then have, if E be the middle point of AB, 

GG 4 _ G 3 G a __ EG 4 _ 1 
~GD ~ UC " EC ' 3* 
so that G 4 G = \G a D, giving the position of G. 

The tetrahedron may be replaced by particles equal to one- 
quarter of its weight at each vertex. For particles w at A, B, 
C are, as in the case of the triangle, equivalent to 3 w at G t , and 
3w at G t and w at D are equivalent to 4 w at G (Art. 31). 

Pyramid on any base. Solid Cone. If the base of the 
pyramid in the previous case be any plane figure ABCLME’... 
whose centre of gravity is G u it may be shewn, by a similar 
method of proof, that the centre of gravity must lie on the line 
joining D to (?,. 

Also by drawing the planes DAG lt DBG X , ... the whole 
pyramid may be split into a number of pyramids on triangular 
bases, the centres of gravity of which all lie on a plane parallel 
to ABCL... and at a distance from D of three-quarters that of 
the latter plane. Hence the centre of gravity of the whole lies 
on the line G X D, and divides it in the ratio 1 : 3. 

Let now the sides of the plane base form a regular polygon, 
and let their number be indefinitely increased. Ultimately the 
plane base becomes a circle, and the pyramid becomes a solid 
cone having D as its vertex; also the point (?, is now the centre 
of the circular base. 

Hence the centre of gravity of a solid right circular cone is 
on the line joining the centre of the base to the vertex at a 
distance from the base equal to one-quarter of the distance of 
the vertex. 

Surface of a right circular cone. Since the surface of a cone 
can be divided into an infinite number of triangular laminas, 
by joining the vertex of the cone to points on the circular base 
indefinitely close to one another, and since their centres of 
gravity all lie in a plane parallel to the base of the cone at a 
distance from the vertex equal to two-thirds of that of the base, 
the centre of gravity of the whole cone must lie in that plane. 
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But, by symmetry, the centre of gravity must lie on the axis 
of the cone. 

Hence the required point is the point in which the above 
plane meets the axis, and therefore is on the axis at a point 
distant from the base one-third the height of the cone. 


138. General formulae for the determination of the 
centre of gravity. If a system of particles whose weights are 
w x , w 2 , w a ,... w n be at points whose coordinates referred to fixed 
axes Ox, Oy, Oz in space are (x x , y x , z x ), (x 2 , y 2 , z.J ,... (x n , y n , z n ), 
then the coordinates (x, y, z) of the ’centre of gravity G are 
given by 

w x t r, -f w 2 x 7 4-... + w n x n 1 (w x x x ) 


x = 


Wi + M'ji ... + Ul n 


* 


y . Stafi) and , = ife). 


X (u/») 


~ (w») 


These formulae are proved in Art. 31 since weights of par¬ 
ticles are merely a particular case of a system of parallel forces. 

If all the particles lie on a straight line, the first of these 
formulae give G ; if they lie in a plane, only the first two are 
wanted. 


139. Given the centre of gravity of the two portions of a body, 
to find the centre of gravity of the whole body. 

Let the given centres of gravity be G x and G % , and let the 
weights of the two portions be W x and ]V 2 \ the required point 
G, by Art. 31, divides G x G t so that 

G X G : GG 7 :: W t : W v 

The point G may also be obtained by the use of Art. 138. 

Ex. On the same base A B, and on opposite sides of it, isosceles triangles 
CAB and DAB are described whose altitudes are 
12 inches and 6 inches respectively. Find the dis¬ 
tance from A B of the centre of gravity of the quadri¬ 
lateral CA DB. 

Let CLD be the perpendicular to AB, meeting it 
in L , and let O x and G 2 bo the centres of gravity of 
the two triangles CAB and DAB respectively, so that 

CO x = \ . CL = 8, 

and C , G , i = d + I^j = 12 + 2“14. 

The weights of the triangles are proportional to 
thoir areas, i.e. to £ AB . 12 and ^ AB . 6. 



B 
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If O be the centre of gravity of the whole figure, we have 

„„ A CA D x CO\ + A DA BxCO t _ 12 x 8 + 6 x 
CG ~ &CAB+&DAB 12 + 6 

Hence LQ= CL-CG= 2 inches. 

This result may be verified experimentally by cutting the figure out of 
thin cardboard. 


140. Given the centre of gravity of the whole of a body and 
of a portion of the body, to find the centre of gravity of the 
remainder. 

Let G be the centre of gravity of a body ABCD, and (r, that 
of the portion ADC. Let W be the weight of the whole body 
and TV, that of the portion ACD, so that W* (= IF - IF,) is the 
weight of the portion ABC. 

Let G 2 be the centre of gravity of the portion ABC . Since 
W x at (r, and IF a at G a have then- 
centre of gravity at G, therefore 
G must lie on G X G 9 and be such 
that 

IF,. OG x = TF a . GG,. 

Hence, given G and G xt we 
obtain (? a by producing G X G to 
G % , so that 

IF, 



= Tt 


W t 


. GG X . 


IF, IP- IF, 

The required point may be also obtained by means of 
Art. 138. 


Ex. From a circular disc , of radius r, is cut out a circle , whose diameter 
ts a radius of the disc ; find the centre of gravity 
of the remainder. 

Since the areas of circles are to one another 
as the squares of their radii, the portion cut off 
is one-quarter, and the portion remaining is 
three-quarters, of the whole, so that 1P, = £ 11V 

Hence W 2 • 002= W x . OG x =*\ 1F 8 x ir. 

.*• 00 2 =\r. 

This may be verified experimentally. 

141. If a rigid body be in equilibrium, one point only of the 
body being fixed , the centre of gravity of the body will be in the 
vertical line passing through the fixed point of the body. 
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Let 0 be the fixed point of the body, and 0 ita centre of 
gravity. 

The forces acting on the body are the reaction at the fixed 
point of support of the body and the weights of the component 
parts of the body, which are equivalent to a single vertical force 
through the centre of gravity of the body. 



Also, when two forces keep a body in equilibrium, they must 
be equal and opposite and have the same line of action, so that 
the vertical line through G must pass through the point 0. 

Two cases arise; the first, in which the centre of gravity G 
is below the point of suspension 0, and the second, in which G 
is above 0. In the first case, the body, if slightly displaced 
from its position of equilibrium, will tend to return to this 
position; in the second case, the body will not tend to return to 
its position of equilibrium. 

142. If cl body be placed with its base in contact with a 
horizontal plane , it will stand, or fall , according as the vertical 
line drawn through the centre of gravity of the body meets the 
plane within, or without, the base. 




The forces acting on the body are its weight, which acts at 
its centre of gravity G, and the reactions of the plane, acting at 
different points of the base of the body. These reactions are all 
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vertical, and hence they may be compounded into a single 
vertical force acting at some point of the base. 

Since the resultant of two like parallel forces acts always at 
a point between the forces, it follows that the resultant of all the 
reactions on the base of the body cannot act through a point 
outside the base. 

Hence, if the vertical line through the centre of gravity of 
the body meet the plane at a point out¬ 
side the base, it cannot be balanced by 
the resultant reaction, and the body 
cannot therefore be in equilibrium,but 
must fall over. If the base of the body 
be a figure having a re-entrant angle as 
in the annexed figure, we must extend 
the meaning of the word “base” in the 

enunciation to mean the area included in the figure obtained by 
drawing a piece of thread tightly round the geometrical base. 
In the above figure the “base” therefore means the area 
ABDEFA. 

For example, the point C, at which the resultant reaction 
acts, may lie within the area AHD , but it cannot lie without 
the dotted line AB. If the point C were on the line AB, 
between A and B, the body would be on the point of falling over. 



EXAMPLES 

1. The base of a triangle is fixed, and its vertex moves on a given 
straight line; shew that the centre of gravity also moves on a straight 
line. 

2. The base of a triangle is fixed, and it has a given vertical angle ; 
shew that the centre of gravity of the triangle moves on an arc of a 
certain circle. 

3. A given weight is placed anywhere on a triangle ; shew that the 
centre of gravity of the system lies within a certain triangle. 

4. Shew that the centre of gravity of three uniform rods forming the 
sides of a triangle is at the centre of the in-circle of the triangle whose 
angular points are the middle points of the three rods. 

5. If three forces act on a point P which are represented by n . PA, 
fi. PB, and fx . PC respectively, shew that their resultant is 3 p . PO , where 
O is the centre of gravity of the triangle ABC. 
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0. A particle P is acted upon by forces towards the points A, B, C ,... 
which are represented by X . PA, p . PB, v . PC, ... ; shew that their re¬ 
sultant is represented by (X + /1 + 1 / + ...) PC, where G is the centre of 
gravity of weights placed at A, B, C, ... proportional to X, p, v , ... 
respectively. 

[This is the generalised form of Art. 25, and may be proved by 
successive applications of that article.] 

7. To find the centre oj gravity oj a quadrilateral lamina having two 
parallel sides. 

Let A BCD be the quadrilateral, having 

the sides AB and CD parallel and equal to R f* - S' 

2 a and 26 respectively. f\ j / \ 

Let A"and F be the middle points of AB / \ j / \ 

and CD respectively. Join DE and EC ; Ihe / \c» / \ 

areas of the triangles ADE, DEC, and BEC / \ \ j \ 

are proportional to their bases A E, DC, and / \!/ \ 

EB, ue. are proportional to a, 26, and a. £ -- 

Replace them by particles equal to one- 
third of their weight placed at their angular points. 

We thus have weights proportional to —— at each of C and D, ^ at 
each of A and B, and 2< * * 2 - at E. 

Again, replace the equal weights at C and D by a weight proportional 

to — + — at the middle point F of CD, and the equal weights at A and B 

3 3 

by a weight proportional to ^ at E. We thus have weights 

2a 46 . „ 4a 26 „ 

_+-at^, and -+-atE. 

lienee the required centre of gravity G is on the straight line EF, and 

is such that „ 

EG wei ght at F a+ 26 

QF = weight at E 2a + 6 

8 . The distances of the angular points and intersection o f the diagonals 
of a plane quadrilateral lamina from any line OA in its plane are a, 6, c, d, 
and e; shew that the distance of the centre of inertia from the same line is 
J (a + 6 + c+rf-c). 

Let A, B, C, D be the angular points, and E the intersection of the 
diagonals. Then 

t^ACD perpendic ular from D on AC DE _ d — « 

Ad CB = perpendicular from B on AC EB e — b 

By Arts. 137 and 138 the distance of the centre of gravity of the 
A ACD from OX is a + c +A and that of the LACB is £±£±^. 

A ® 
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Hence distance of required c.Q. from OX 

A A CD x (a + c+ </) + A yl C7? x A (a + 6 + c) 

* A A CD + A A CB 

(<t-e)(a + c + d) + (e-b) (a + b + c) _ + „ + 

* (d—e) + (e — 6) 3V 

9. Provo the following construction for the centre of gravity O of a 
plane quadrilateral area A BCD ; let L, M be the centres of gravity of the 
triangles ABC , ADC e.n<i let LAI meet AC in JV; then O lies on LAI and 
is such that AIO = LN. 

10. From a triangular area ABC is cut off the nth of its area by 
means of a straight line parallel to BC \ show that the centre of gravity 
of the remainder divides the median through A in the ratio 

n + Jn — 2 : 2 (n + ^n+1). 

11. A triangular piece of paper is folded across the line bisecting two 
sides, the vertex being thus brought to lie on the base of the triangle. 
Shew that the distance of the centre of inertia of the paper in this position 
from the base of the triangle is three-quarters that of the centre of inertia 
of the unfolded paper from the same line. 

12. A uniform rod is hung up by two strings attached to its ends, the 
other ends of the strings being attached to a fixed point; shew that the 
tensions of the strings are proportional to their lengths. 

Prove that the same relation holds for a uniform triangular lamina 
hung up by three strings attached to its angular points. 

13. The mass of the moon is -013 times that of the earth. Taking 
the earth’s radius as 4000 miles and the distance of the moon’s centre 
from the earth’s centre as 60 times the earth’s radius, find the distance of 
the c.o. of the earth and moon from the centre of the earth. 

[3080 miles nearly.] 

14. Find the vertical angle of a cone in order that the centre of 

gravity of its whole surface, including its plane base, may coincide with 
the centre of gravity of its volume. [2 sin -1 $.] 

15. A solid right circular cone has its base scooped out, so that the 
hollow is a right cone on the same base ; how much must be removed 
so that the centre of gravity of the remainder may coincide with the 
vertex of the hollow ? [Height of inner cone«*=£ height of outer cone.] 

16. Shew how to cut out of a uniform cylinder a cone, whose base 
coincides with that of the cylinder, so that the centre of gravity of the 
remaining solid may coincide with the vertex of the cone. 

[Height of cone = (2 — ^/2) times the height of cylinder.] 

17. A square hole is punched out of a circular lamina, the diagonal 
of the square being a radius of the circla Shew that the centre of gravity 

of the remainder is at a distance ^ from tlie centre of the circle, where 
a is the diameter of the circla 
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18. From a uniform triangular hoard a portion consisting of the area 
of the inscribed circle is removed ; shew that the distance ol' the centre of 
gravity of the remainder from any side, a, ia 

S 2^-3r raS 
3 os s-— tt.S * 

where S is the area and s the semi-perimeter of the board. 


19. A circular hole of a given size is punched out of a uniform circular 
plate ; shew that the contie of gravity lies within a certain circle. 

20. A triangular lamina ABC, obtuse-angled at C, stands with the 
side A C in coutact with a table. Shew that the least weight, which 
suspended from B will overturn the triangle, is 

n- 4- 3/)‘3 — r* 

£ lb p - --— —, where IT is the weight of the triangle. 


Interpret the above if c s >« 2 + 3£» 2 . 

21. A cone, whose height is equal to four times the radius of its base, 
is hung from a point in the circumference of its base ; shew that it will 
rest with its base and axis equally inclined to the vertical. 

22. If A and B bo the positions of two masses, m and n, and if O be 
their centre of gravity, shew that, if P be any point, then 

m.Alv + n. Bl ,i = m.AG i + n. BG* + (m + n) PG*. 


Similarly, if there be any number of masses, m, n, p, ... at points 
A, B, C,..., and G be their centre of gravity, show that 

m. AP* + n. BP*+p. CP* + ... 

= wt. A <7 a + n . BG~+p . CG ,2 +...+(wi + w + pd-...)/ > ^ ,a - 

23. A frustum of a solid right cone is placed with its base on a 
rough inclined plane whose inclination is gradually increased ; if 11 and r 
be the radii of the larger and smaller sections, and A be the height of the 
frustum, show that the frustum will ultimately either tumble, or slide, 
according as the coefficient of friction 

_ 4/? 7? 2 +/?r + r J 

< h * tf*+2Ar + 3r** 

24. The top of a right cone, of vertical angle 2a, is cut off by a plane 
making an angle /S with the axis, and is placed on a perfectly rough 
inclined plane with the major axis of the base along a line of greatest 
slope; in this position it is on the point of tumbling over ; shew that 
the tangent of the inclination of the inclined plane to the horizon has 

one of the values 

4 sin 2a±sm 23 
cos 2a — cos 2jJ 

25. Into a thin cylindrical vase, of weight IF and cross section a, 
whose centre of gravity is distant 6 from its base, is poured liquid of 
density p. When the height of the centre of gravity of the whole is 
a minimum, shew that the weight of the liquid is 

V!F(FF+2*6p) - IF. 
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143. The formulae of Art. 138 may be used to give the 
centre of gravity of any arc, area, or solid of known shape. 

Centre of gravity of an arc. If P be any point ( x , y) of a 
plane arc, PQ an elementary arc 8s, whose density at the point 
P is p and whose weight is therefore proportional to pds, these 
formulae give 

_ _> 2 (p 8s . x) _ /pxds 
X 2 (p . $s) jp da ' 

the limits of the integrals extending from one end to the other 
of the arc considered. 


Similarly, 


Jpyd* 
y ~ Spds- 


Also 1 + (~fe) » and is known from the equation 


to the curve. 

If, as is usually the case, the arc is of uniform density, p is 
constant and divides out from both numerator and denominator; 
if it be of variable density, then p must be given as a function 
of x or y. 

Similar formulae hold for a curve in three dimensions; but now 




If the arc have its equation given in polar coordinates, say 
r =/( 6 ), then 

8s = VSr 1 + 

and the formulae give 

__ [prcosBds , _ fprsinOds 

x = - — j—j -, and y = ;-. 

fpds y Jpds 

Similar formulae hold for three dimensions. 


1^4. Ex. 1. Find the centre of gravity of the aro of the parabola 
y t — Aax included between the vertex and an ordinate at a distance at 8 from 
the vertex. 


Here y d £ 


2 cu 


•• f 


C “\/ , + ( 2 ) = \/ 1 + 

rat* _ 

/ >/x(x+a)dx 
_ ±0 _ 

■ T7 


4 a 8 


V 


x + a 


h*- 


/. * 


x+a 


x 
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and 


y= 


/ at* 


2 v /a . 


/ at ' _ 

*Jx + ad 

tJW 


dx 


Now Jx{x+a)dx = j Q + ~ ^ ^ 

= [l ( x+ l) l0 S (*+§ + ^)] 0 

-= [* (2 r- + 1) */l+7 2 - log (£ + v'T+7 3 )}. 

Aiso /rV^ dx ms j 2a */1 + i> 2 dv, on putting x = av*, 


and 


-=a [f dl + « s + log (< + Vl + * 2 )], 
jf -Jx + a dx = (x + a)^J o =|a* [(l+< 8 ) 7 

On making these substitutions, we have 

a *(l + 2* 2 ) \'l + < 2 —log [ < + </! -H 2 ] 

< v'l+T 3 + log \t + v'F+Fj 


-n 


XC= 4 ’ 


and 


4a 

9 = T 


(1+<*)*-! 


3 ' *v/l+* 2 + log[rWi+* 2 ]‘ 

Ex. 2* FtW Me centroid of the arc of the catenary 


/ x x \ 


which is included hetxoeen the origin and any point (r, y). 


Here ( 


Vs)’- 1+ (^) 1 “ 1 + i(‘'-‘' ? ) = K e “ +s ' f ) - 


so that 


= I -f 0 e^=cosh*, and « = csiDh*. 


/> i 

/> 7 ; 


a* cosh - ctr 
o c 


cosh - dx 
o 


cx sinh - — c 2 cosh - + c 2 
_ c c 

esinh - 

c 


wmX — 


c(y-c) 
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Also 


f 

I 0 


, , , c cosh 5 - dx 

] yds In c 

JdJ 


i 


x x 

cosh - dx 
o c 


c 

- A 

2 


f’( 1 +cosb v) d * 

J 


x x 

cosh - dx 
o c 


ar+^sinh — x + csinh - cosh- 

2 c c c y cx 

- X _ . . X “'2 + 2 s' 


2 eiuh - 

a 


2 sinh- 
c 


EXAMPLES 


Find the positions of the centroids of the arcs of the following curves ; 


1. Cycloid x = a (0+ sin #), y = a(l-cos0) which is in the positive 


quadrant. 


2. ,r§+yl = a$ between two successive cusps. |jp=^=^ .J 

3. Helix x = acos 0, y = a sin 0 , z = b0 included between the point 0=0 

I", a sin a -- a (1-cos a) 

-r—— ; y= -—-— 

I a a 


and the point 0 = a. 


; z=lba. 


4. If the density of a complete circular arc varies as tho square of the 
distance from a point 0 on the arc, shew that its centroid divides the 
diameter through 0 in the ratio 3:1. 


5. Find the centre of gravity of the wire of a cork-screw, of given 
length, radius, and pitch, supposing the thickness of the wire at any point 
to be 6 + 712 , where z is the distance of a point, measured parallel to the 
axis, from one end. 


145. Centre of gravity of any plane area. In Cartesian 
coordinates the element of area is Sxoy, and if p be its density 
the weight w is proportional to p8x8y; the fundamental 
formulae thus become 


* _ SpSxSy . x _ ff pxdx dy _ _// pydxdy 

ZpSxSy Sfpdxdy ’ anQ y ~ Updxdy ’ 

the limits being chosen so as to include all the area considered. 

If the area be of uniform density, and the ordinate at 
distance x cut the curve in points whose ordinates are y x and y a , 
we may take as the element of area (y x — y s ) 8x, whose centre 

of gravity has as coordinates a and y - , in the limit when &r 
is very smalL 
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The fundamental formulae then give 

^ (,7i - y») . x = Jx(y x - y,) dx 

~ (i/i ~ 2/ a ) S* J (*/. - y-i) ' 
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and 


y = 


S (y, y,) Zx- y \ y ‘ l f w _ y ,) dx 
2 (y» - y%) 2 / (yi - y%) dx 


Hence 


The values of y, and y. t are known from the equation to the 
curve, and the limits for x are such as to include all the area 
considered. 

If the curve be given in polar coordinates, r =/(#), referred 
to 0 as pole, and if P and Q be points whose vectorial angles are 
6 and 6 + SO, the polar element of area is ^ r 2 . SO and its centre 
of gravity is, when SO is very small, at the point whose polar 
coordinates are § r and 0, and whose Cartesian coordinates are 
| r cos 0 and § r sin 0. 

£J?- 2 80. cos# 2/r 3 cos OdO 
* = 'Z^r'.SO ~ 3 J PdO ’ 

where r— f(0), and a similar equation for y, giving the centre 
of gravity of a sectorial area AUB, the limits for 0 being the 

vectorial angles of A and B. 

If this sectorial area be of variable density, or thickness, we 
must take the element of area as «• SO . Sr of density p and then, 
for the sectorial area A OB, 

ZrSOSrp .rcosO fjpr* cos Odd dr 
X ~~ XrSO Srp. 0 JJprdOdr 

and similarly for y. The value of p is given as a function of r 
and 6\ the limits of integration for r are 0 J (0), and the 
limits for 0 the vectorial angles of A and B. 

146. Ex. 1. To find the centre of gravity of the arc, sector and 
segment of a circle. 

Let the arc A CB subtend an angle 2a at 
the centre 0 of the circle, and let C be the 

middle point of the arc. 

Taking OC as the axis of x , then for the 

arc we have 


fds.x 

-JdP 




add. a cos 6 




—a* 


sin a 


ad6 
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For the sector A OB , 


j j * • f jy * 3 - 3 ~ 

Let (7 # be the centre of gravity of the triangle A OB, so that 

00%= § 0N= % a cos a. 

Then the weight of the segment A NBC acting at its centre of gravity 
O together with that of the triangle AOB balance about O x . 

2 a sin a A AO By. 0(7 a +[sector AOB- A JOB]. OO 

• 3 a ** ^ 1 ~ sector AOB 

b a 2 sin 2 a.§gco 3 a + [| a 8 . 2 a - \ a* sin 2 a]. OO 
” £a*.2 a 


This gives 


0oJ% -—. 

3 a —sin a cos a 


Cor. By putting a = ^, we see that the centre of gravity of the arc of 

a 

a semicircle is distant —from the centre, and that the distance of the 

tr 

4d 

centre of gravity of a semi-circular area is distant ^ from the centre 


Ex. 2. Find the centre of gravity of the area hounded by the axi* of y, 
the cycloid , x~a( 0 +sm 0 ), y = a ( 1 —oos 0 ), and iU base. 



We have 


J xd y •% ( (6 + sin 0 )*.sin 0 .dd 

, z a y o _ 

jxafy * = 2 ' T~T „ 


(0 + sin 0 ) . sin 0 . <f 0 


a J^ {0 s sin 0+0(1 — cos 20) + J (3 sin 0 —sin30)}<f0 
2 / o (^in0 + i-i c °s20) < f0 
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Now, by the extended rule for integration by parts, 

f 0 3 sin 0d0 «= — 5 2 cos 5 + 25 sin 5 + 2 cos 5, 
j * cos 25 d6 = \0 sin 20 + 1 cos 20, 

J5sin5c25 ■■ — 0 cos 0 + sin 0, 
and J0 ain 20d6— — £5 cos 25 + 1 sin 20. 

a ^0* ($ - cos 0) + 6 (2 sin 0 — £ sin 20) + * cos 0 - \ cos 20 + ^ cos 30 

|^5 (£ - cos 0) + sin 0 - 1 sin 25^ 

a rr* . — §_9rr*—16 


•’* ■ X== 2‘ 


2 ' 


• 2 


18 tr 


. a. 


Also 


\xdy 


f (5 + sin 5) sin 5(1 — cos 0)dO 

•y Jo _ 


\xdy 


J a (5 + sin 0)s\n0d6 


f W [0 (sin 0 - £ sin 25) + A- £ cos 20 - sin 2 0 cos 0] dQ 
j " [5sin5 + l-l cos 20] d0 


r . sin s 5T- 

6 (Icos25 + i-cos5) + 8in5-|sin25--^— J 0 ^ 7a 

^0(£-cos 5) + sin 5-1 sin 25j 


rr 

0 


3. AW the centre of gravity of the loop of the curve r 
containing the initial line. 

The values of 0 giving the loop are from - g to ^. 

UrV5jrcos5 betwccn limits - J and ^, 

X,B= \±r*dd ’ 6 b 


— a cos 30 


Hence 


2 a 
~3 


5 - 

J 6 C 09 > 3fl. costf.dfl a J" (3 cos 30 + cos 90) cos Odd 


/o ^ 


35. <25 


/> 


+ cos 65) d$ 


a 

6 


/> 


cos 25 + 3 cos 45+cos 85 +cos 105] 


81 J3 _ 

"80 rT‘ 


/:<■ 


+ cos 65) <25 
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Ex. 4. In a semi-circular disc , bounded by a diameter OA> the density 
at any point varies as the distance from 0; find the position of its centre of 
gra vity. 

Here the density p = \r. 

Hence 

. jjrdOdr. Xr. r cos 0 
X= jjrdddr. Xr 

ffr’cos ddrdd , , ffr 3 sin 6drd6 
“ Ijrijrde ~ ! and I)r*drd3 ' 

The limits of the integrations are from r = 0 to r=2acoa0, where a is 

the radius, and from 6 = 0 to 6 = 




Also 


ia\i coa?6de 3a 


3a 
2 ‘ 


4.2 
3a 5.3* 


2 r r^”] 2 acos^ 


/:g 


3j, 


d$ 


! 


TT 

2 


cos 3 $ d$ 


2 ? 

3 1 


/:m 


2 a cos 0 


de 


3a 


f 2 cos 4 6 si 

Jo _ 


sin 6d6 


2acosfl 


d6 


L 


9 a 
20 


co8 s Odd 


6a 

6 


EXAMPLES 


Find the positions of the centroids of the areas of the following curves: 
1. The parabola y i = Aox between the axis of x and the ordinate x=K 


X s v* ^ 

2. The part of the ellipse ^ + ^ = 1 which lies in the positive 

r*-i = ± 1 

La “ 6 “ 3 tt 


quadrant. 


3. The parabola =1 between the curve and the axes. 

La ” b 6 ’ J 

*• (f)’+ (f)*-1. lying m the positive quadrant. [f=| = ^;-] 

5. y«=sinjr between x—0 and x —«■. y = 

6. ayt^x 3 , between the origin and x^h. 
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7. y t {1a—x) = x^ and its asymptote. = ^ J 

r a 3rr - 8 "I 

8. A loop of the curve t/ 2 (a + x) = x 3 (a - x). x=-.^^-^-. I 

Ba 1 

9. The cardioid r=a (1-fcos 5). |x=g-. 

„ T- 128 n /2 a “I 

10. One loop of r — a cos 20. x= ~T05 ’n’\ 

11. One loop of the lemniscate of Bernoulli r* = a* cos 25. |jr = J 

P 18an 4 cos— ~1 

12. One loop of r = a cos nd. 1)^‘J 


13 . = 1, lying in the positive quadrant 


x _y_2 
a~ b 3 


(=)-(!) 


Find the positions of the centroids of the areas enclosed by the 
following curves : 

14. y 2 = ax and x 2 = 6y. |jr.a^=j7. & ^ = 20 a3 

15 v 2 = ax and y* «= 2ax - x 3 on the positive side of the axis of x. 

' v 47 P c i rt '■ 


15 7r 44 


a 

~ 3rr - 8 _ 


16 ^ + V 2-2ox = 0 and ar*+y i -26x = 0 on the positive side of the 

f. a 2 +ab + b 2 . 4 a 2 -fa6 + k 2 ^ 

axis of x. \f = a + 6 * ^ — 3 rr(a + 6) J 


p. 8a _ ,_2a 1 

17. y i = 4ax and y=mx [_* ” 5m 3 5 y in'] 

. . . . r. 1 

18. y 1 = 4oj, y «=4&r, =4cy and x 1 = idy. -j (fr_ a )(rf-c) ' J 

19. The density at any point of a circular lamina varies as the nth 
p 0w er of the distance from a point 0 on the circumference ; shew that the 
Lntro of gravity of the lamina divides the diameter through O m the 

ratio n+2 : 2. 
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20 A circular disc, of radius a, whose density is proportional to the 
distance from the centre, has a hole cut in it bounded by a circle, of 
diameter b, which passes through the centre. Shew that the distance 
from the centre of the disc of the centre of gravity of the remaining 

... GO* 

P° rtlon 13 15,ra 3 -T0£' 

21. The centre of inertia of a circular disc, the density of which varies 
inversely as the fourth power of the distance from an external point 0 in 
the plane, is the inverse point of 0 with respect to the boundary of the 

disc. 

22. The distance from the cusp of the centroid of the area of the 
cardioid r = a (l + costf), when the density at any point varies as the nth 

. (n + 2) (2« +5) 

power of the distance from the cusp, is + + ~ 4 y a - 

23. Find the centre of gravity of a plate in the form of a quadrant 
AOD of an ellipse, the thickness at any point of the plate varying as the 

product of the distances of the point from OA and OB. 

24. Find the coordinates of the centre of gravity of a lamina in the 

shape of a quadrant of the curve (£)* + (|) 3 = 1, the density being given 

l"f 1_128 “I 

by <r = kxy. |_a = 6 — 429‘ J 

25. A chord of an ellipse cuts off a segment of constant area; shew 
that the locus of its centre of gravity is a similar, similarly situated, and 
concentric ellipse. 

26. The locus of the centre of gravity of all equal segments cut off 
from a parabola is an equal parabola. 

27. If O is the centre of gravity of any arc PQ of the lemniscate 
r 3 =a 2 cos2#, shew that 00 bisects the angle POQ. 


L 1 

a ~ 6 — 15 j 


28. A curve it such that the centroid of the arc of it intercepted between 
two radii vectores drawn from, a fixed point always lies on the straight line 
bisecting the angle between these radii; shew that the curve is either a lem¬ 
niscate of BernouiUi or a circle. 


[For all values of /9, we are given that tan ^ = 


/ 


fi 


ds. r sin 0 


l^ds. 

J o 


r cos 6 


Hence, we have J* F(0) sin 6dd=t&n | cos 6d6. 
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Differentiating with respect to /9, 

F(J 3) sin /9 = tan ^ . F(jj) cos ,3 + ^ see 2 ^ f F (0) cos Odd. 

2 2 2 J Q 

ein/3 .F(/3)=f F(0)cosOdd. 

J o 

Differentiating again, we have 

cos /3 . F (£) + sin ,3 . F’ (,3) = F (fi) cos 0. 

Hence F’ (0) = O and hence F{,3) = constant. 


r *J ** + = cons tant = a* 


from which we easily have that cither r is constant or r* = a*cos (20 + y).] 

29. Shew that the circle is the only curve in which the centroid of 
the area included between the curve and two radii drawn from a fixed 
point always lies on the straight line bisecting the angle between the radii. 

147. Centre of gravity of a solid and surface of revolution. 
Let the curve AB revolve round the axis of The volume 

generated by the element of 
area PMNQ between two or¬ 
dinates at distances x and 
x + 8x from Oy is 7r y *. 8x, and 
its centre of gravity is at a 
distance x from 0, when 8x is 
indefinitely small. 

Hence, if the solid be of 

uniform density, , , 

2 Try'Sx. x _ fy'xdx 

* — £ 7 jy 1 8x J y : dx 

where y is known in terms of * from the equation to the curve 

and the limits of x are OK and OL. 

The surface generated by the revolution of the arc PQ 

(= 8s) about Ox is 2 t ry . 8s. Hence, for the surface, 

Z27r y8s.x = I yxds 

127 ru8s fyds * 



Now Tx' 


__ [\ + («*)' , and y are known from the 

CLtc I v \d^ 0 / 
equation to the curve and hence the integrations can be 

performed. 
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If the generating curve be given by the equation r =/(0) 
in polar coordinates, the element rh9.hr describes a circle of 
radius rsin 6, and x for the volume 

' Zrhd.hr. 2irr sin 6 .r cos 6 f f r* sin 6 cos OdrdO 
~ 'fLrhOhr. 27rr sin 6 ff r s sin OdrdO * 

the limits for r being 0 to /(#), and those of 0 depending on the 
part of the curve considered 
So, for the surface, 

_ 'Zhs. 2irr sin 0 . r cos 0 Jr 3 sin 0 cos 0. da 
X = 'Zhs. 2vrr sin 0 ~~ J r sin 0. da 9 

where r = f(0), and =r * + (^) * 


148. Ex. 1. Find the centre of gravity of the turf ace and volume 
of the part of a sphere, of radius a , 
included between parallel planes which 
are at distances b and c from its centre. 

Taking the sphere as formed by the 
revolution of a semi-circle about the 
axis of x, we have x l + y l = a % . 

For the surface we have, since i 


/ 


jyxds j" axdx + 


V 

< 

•• • • 

a 


* A 



P 




> 

o b r 

^ CA ® 


Also g is clearly zero. 


Hence the centre of gravity of a zone of a sphere is half-way between 
its plane ends. 

For the volume, 

\„y'dx.x 

*=—[ 77^“ [ e . a . ^ (6 + c) 3a3-6 2 -6c-ca* 

Jny 3 dx J (a % -x*)dx 


Cor. If we put c«=a and 6 = 0, we have the case of a hemisphere. If 

3o 

2 ’-, „ 8 


it be hollow, then ; if it be solid, x = 
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Ex. 2. Find the centre of gravity of the volume formed by revolving the 
area bounded by the parabolas y i = 4aj.: and x l = 4by about the axis of x. 

We easily see that the point of inter¬ 
section P of the two curves is given by 

zf = 4a?b^ t f = 4 a*b^. 

If ON x =x, N x P x =yu N\P%=y*> then 

rx=xf rv = Vi 

I I dxdy. 2 ny. x 
J r = 0 J y = V\ _ 

/ * = *' ry=v t 

| dxdy. 2 ny 

Z = 0 J 


£ = 


p 

/ 


p, 


f n T 4arr ~i&~H J 

j*W-yndx 


-I-** 


•] 


EXAMPLES 

Find the centroids of the surfaces formed by the revolution of the 
following curves : 

1 Parabola y* = 2ax cut offbyx<=c about its axis. 

r__ (3c —a) (q + 2c)* + a* 

L = 5{(a + 2c) $ -a$} 

2. Cycloid ar=a (5 + sin 0), y**a. (1 — cos 6) about the axis of y. 

* 2 a 1D7T —o 

If " 16 * 3tt- 4 * J 

3. Cardioid r =* a (1 + cos 6) about its axis. j/ = 63 a ‘] 

4. One loop of r» = a> cos 2 0 about the initial line. [\r =| (2 + J2 ).] 

Find the centroids of the volumes formed by the revolution of the 
following curves: 

6. The portion of the parabola y*=4«r, out off by the ordinate x=K 

about the axis of x. L* 3 J 

m + 3n x 

0 # a m *“ about the axis of x. 


[ 


m + 2n 


7. ^-aarj^+^—O about the axis of*. 


•!•] 
[-£•] 
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a A circle of radius a through two right angles about a tangent line. 

[-£] 


9. Cycloid x = a(0 + sin 6\ y = a(l -costf) about the axis of y. 

3371 ” 
9tt 2 


[ 637r a — 64 a ~] 

3 ' = 9tt 2 -16 ’ 6 J 


10. r = a (1 + cos 6) about its axis. 


MF-] 


11. Shew that the centre of gravity of a lune of a sphere, of angle 2a, 


n a SID a * .. 

is at a distance — •- from its axis. 

4 a 


12. Shew that the distance from the centre of the centre of gravity of 
a sector of a sphere, of radius a, is ga (1 + cosa), where a is the angle which 
the radius to any point of the spherical base of the sector makes with the 
axis of the sector. 


13. If the density at any point of a sphere of radius a varies directly 
as the distance from the centre, and a sphere described on the radius as 
diameter be cut out. shew that the centre of gravity of the remainder is at 
a distance a from the centre. 

14. Shew that the centre of gravity of a sphere, the density at any 
point of which varies inversely as the square of the distance from a fixed 
point on the surface of the sphere, bisects the radius through the fixed 

point. 

15. The density of a hemisphere varies as the nth power of the 
distance from the centre ; shew that the centre of gravity divides the 
radius perpendicular to its plane surface in the ratio n + 3 :n + 5. 


16. Taking Laplace’s law for the density of the earth, assumed to 

be a sphere of radius a, viz. p a po—£- » where & — > f° r the density p at 

a distance x from the centre, shew that the distance from the centre of 
the centre of gravity of half the earth, bounded by a plane through its 
centre, is 

(2 - p 2 ) cos p + 2p sin p — 2 
2/i (sin /i — /x cos p) 


17. A portion of an anchor ring is formed by the revolution of a 
circular area of radius a about a line in its plane at a distance c from its 
centre, where c>a. If 2a be the angle through which it revolves, prove 
that the centre of gravity of the solid is at a distance from the line 
equal to 

4c 2 + a 2 sin a 


4c 



15 / 


Centre oj gravity. Volumes 

Id. A uniform solid is bounded by the surface formed by the 
revolution of a cycloid about its base and is then cut in halves by a 
plane through the axis of revolution. Shew that the centre of gravity 

of each half is at a distance ^ from the plane face, where a is the 

on 

radius of the generating circle of the cycloid. 

19. A solid is bounded by half the surface formed by the revolution 

of the cardioid r = a (1 + cos 6) about its axis, and by a plane base through 

its axis ; shew that the distance of its ceutre of gravity from the axis is 

4a 

fifea and its distance from the pole, measured parallel to the axis, is — . 

20. A quadrant of a circle, of radius a, makes a complete revolution 
about a straight line which is parallel to one of the bounding radii of the 
quadrant at I distance b from it and which does not cut it. Shew that 
the distances of the centres of gravity of the curved surface and volume so 

a (26 ± a) , & 86 + 

generated from its plane surface are n ^ + 2a ftUd 2 2nb±4a' 


149. General formulae for the centre of gravity of 
any volume. If P be any point (x, y, z) of the volume and 
(x + Sx y + By z + Bz) a close point Q, the volume of the 
elementary parallelopiped bounded by planes through P and Q 
parallel to the planes yOz, zOx, xOy is Bx.By.8z. Its density 
being p, the fundamental formulae become 

•£ Bx . Bu^Bz^p^x _ / //pxdxdydz 
x ~ TBxByBzp JJJ pdxdydz ' 

fff pydxdydz - /// pzdxdy dz 

S° y-JJJ pdxdydz Si!pdxdydz 

The limits are such as to include all the volume considered. 

Ex. 1. Find the centre of gravity of the positive octant of the ellipsoid 

x 2 ,y 2 = i 


which is of constant density. 

. \\\xdxdydi m 

Here *=' jjjdJdSfdi-w- 

The limits fo r z aro fro m 0 to 
MR, x.e. cj for * 

from 0 to NS, ue. 
and for v from 0 to b. 
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Hence the numerator of (1) 


tr 

J dy= j* %£- cos 3 6. b cos Odd, (if y = b sin 0), 


a 2 bc 3.1 7T n OJ 

T-iirre*- 


1 4 


Also the denominator of (1) = volume of the octant = ^ irdbc. 


tt 3a .... .36 , . 3c 

Hence x= — ; similarly, y — -x- and z= ~o • 

o o o 


Ex. 2. Find the centre of gravity of the volume cut off from the cylinder 
2.r 2 +y 3 =2ax by the planes z = mx, z = nx. 

If we take any element 3x5 y of the 
section by the plane xy, the volume above 
it is clearly 6x. by x (m — 7i)x, and the 
height of its centre of gravity above the 


, - .m + n 

plane of xy is — x. 


Hence x = 


\\dxdy (m — n)x.x 
\\dxdy (m — n) x * 


the limits for y being — \J 2ax — SLr 2 to 
•flax — 2x*, and for x from 0 to a. 



Henoe x — 


f° 

z—h. 


xi fa — xdx 


TT 

2 


j x^\Ja-xdx 


a 


jo sin ' 1 * 


cos 2 0 o?0 


y if jr=asm f 0, 




cos 2 0c£0 


f (sin® 0 — sin 8 0) d<f> ^ 

m=a | = ~8* 
j^ (sin 4 0 — sin® 0) d<f> 

rr j y , \ m + n 

\\dxdy (m — n) x x —-—x 

r 2 ™ + n - Ba, . v 

jfdxdy (m — n)x 2 * ™ 16' m n ^* 

Ex. 3. If the density at any point of an octant of the ellipsoid 


So 


vary as X p y q z r y prove that 


x 3 v 2 * 2 

a 2 + 6 2 + ^~ 1 


x 

a 


(f+O-K^+f) 

(f + i) r (—s— +3 )’ 




Centre of gravity. Volumes 

Consider the cases p = q = r = 0, p = q = r<=\ and p=q=r= 2. 

, . , . , . f ( \dj‘ dy dz . \x r> y^ z r . x 

The density being Xx-y**, tvo have x- ' ■ 

where x, y, z have any positive values subject to the condition 

a a + h* + <? < * 
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Put X=a£^, y = bryl, Z = c(b. £ 


IfjS l.d^drjdC 

a ' r 1 ’ 
JJJ£2 2 rj2 2(2 2d$dt]dC 

where $, r?, ( have any positive values subject to the condition £ + >? + £< 1. 
Hence, by Dirichlet’s integrals, 


x = a. 






V 2 

'P+g 


* j) 


a. 


■■({* i) r ( £± i ±r «) 


„ .. i r(i)r(g ) r(i).j.j.r(* )_» • Ex , 

If p= 2 = r =°. then a “r(4)r(3) r(J). 2 .l.r(l) 8’ 

i r(3) r(4) r(S).3.2.l.r(l)_i6 

If p=j=r=l, then „“ f(T)77J)“ r(l).J.#•?• r(3) 3 5 ‘ 

i r(2)r(V) r( 2 ).M.«.j.r(j) _ 63 

If p = j=r=2, then T(§j7(6) = r(j}).6.4.3.2. r(2) 128' 

150. If the solid have its equation given in polar coordi¬ 
nates so that the coordinates of a point P are (r, 8, (f>), where 
OP = r zOP = 6, and <j> is the angle the plane zOP makes 
with zOx, then the element of volume is Sr. rS8. r sin 8S<h. 
i.e. P sin 8 Sr. S8. 8tf>, and we have 

«;n ■ 8<t-r cos » sing fffr* sin 1 6 cos <f> drd6d< t> 

• “ Iff P sin edrdedt ■ 

v 8 Sr. 89. S<t> ■ r sin <f, sin 8 _ffJP s in* 8 sin <f,drd8d<t> 

55 =- %p s in8Sr.&e. 6$ r((Psin8drd6d<l> 


V 


S P sin 8Sr. S8 ,S4>. r cos 8 _ ff /P sin 8 cos 8drd8d$ 
and z =- ^ psm8Sr.cOM /XT’ 0 sin 6drd8d^> 

the limits being such as to include all the solid. 
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Ex. Find the centre of gravity of a hemisphere whose density varies as 
the distance from a point on its plane edge. 

The equation to the hemisphere is 
(jr- a) 2 +y a + * a = a 8 , 

or, in polar coordinates, r = 2a cos cf> sin 6. 

The limits for r are thus 0 to 

2 a cos <f> sin 6. 


Those for <f> are - ^ to ^, and those 

tr 

for 6 are zero to —. 



If the density at any point is Xr, the element of mass is 

dr ,r8d. r sin 6 8(f >. Xr. 

Hence 

JJjXr 3 sin Bdrdddff >, r cos (ft sin 6 
JJJ Xr 3 sin 6 . drd8d<f> 

\jj (2a cos <f> sin 0) s sin 2 6 cos (bdQdcfr _ 8a JJcos g . sin y Bddd<j> 
^ ijf (2a cos <p sin 6) K sin 6d6d<$> 6 JJ cos 4 </>. sin 6 0ddd<p 


5.3.1 n 6.4.2 
8a 6.4.2 2 *7.5.3 
5 ' 3. 1 rr 4.2 

4.2 2 X 5.3 


8a 

7 


Clearly r? = 0, by symmetry. 
Also 


3 = 


JJjXr 3 sin ddrd6d<f). r cos 0 
JJJ Xr 3 sin 6drd0d<f> 

^ JJ(2a cos </> sin 6)* sin 6 cos 0d 8d(f> 
~~ $JJ(2a cos 0 sin 0) 4 sin ddddQ 


8a JJ cos 8 . sin* 0 cos Qddd<f> 
6 JJcos 4 <p . sin 5 6ddd<p 


4.2 1 

8a 5.3.1*7 128 a 

6 '3.1 -n 4.2 “ 105 7t 

4.2 2 * 6.3.1 


EXAMPLES 


Find the centroids of the volumes included between the following 


surfaces: 

1. x 2 +y a = 2ax, * = rar and *«m. 

2. ^+y 2 = a a , z«=0 and z=or tan a + A 


[ 


5a 5a (m + n) 

T’ 


8 


G 


a 


3 


^ tan a, 0, ^ tan’a + 2- 
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5. 


X 2 

a 1 

+ 

II 

= 1, 2 = 0 aud l-x + my + /12 = 

1 . 






r 

a-l 

b-rn Pa 2 

+ m* 

b- 4- 4 i 




l 

~ ~A » 

4 ’ 

8/t 

•J 

x* 

a 2 

+ 

.V 2 
6 2 “ 

- — = 1, x = 0 and z= ±c 
C* 

r- 

{7 N '2 + 3log(l + n /2)}.J 

J/ 2 

6 2 

+ 

2 2 

c- 

- — = 0, x = 2a, t/ = 0 and 
a 

2 = 0. 

p Aa 

L'3 ’ 

3 

\bjT 

32c “I 
’ 15tr J 


o 


\ 


B 


PQ<> 


S ' a 


• • / V | 

6 . + (y\ + f=1 contained in tbe positive octant. 

\aj \bj \cj 218 , 21c 1 

|_128 ’ 128 128 'J 

7. A body is formed of the portion of a uniform solid sphere, of 
radius a, which is cut off by a circular cylinder, of diameter a, passing 
through the centre of the sphere. Shew that the centre of gravity of the 

portion that lies within the cylinder is at a distance i&jr _ 2o from the 
centre of the sphere. 

151. Centre of gravity of any spherical triangle. 

Let ABC be the triangle, and 0 the centre of the sphere. 

Let OC be the axis of z and Ox, 

Oy two perpendicular axes, Ox 

being in the plane COA. 

Let P be any point on the 
triangle; let the tangent at P to 
the circle CP meet the plane xOy 
in T, and let PF be the ordinate 
to this plane.- Take a small ele¬ 
ment BS of the triangle at P, 
and let its projection on the plane , f 

xOy be 82. 

Then — = cos FTP = sin POT = - , where z is the ordinate 
BS r 

of P and r is the radius of the sphere. 

z.BS=r.8S. 

Hence, if z be the ordinate of the required centre of gravity, 

Zz.BS fr.dX _2 ns 

* = -ZSS = ~rdS - 1 S .* h 

where S ifl the area of the triangle and 2 is the area of its 
projection on xOy. 


" o P' 
<5^: *-■ 


‘•A - 


B' 
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Now 

2 = the projection of the area A CB on xOy 

= the projection of the area A OB on the same plane 
= $r*. Z.AOB x cosine of the angle between AOB and xOy 
= %r 2 .c x sine of the inclination of OC to AOB 
= Ar 3 . c sin p 3 , where p s is the arc drawn from G perpendicular 
to AB, 

= c. sin b . sin A. 

Also S^r 2 . E, where E is the spherical excess ; 

1 rc sin b sin A 

•** Z = 2 E ' 

This gives the distance from 0 along OC of the projection of 
the centre of gravity upon OC; similar formulae give the 
projections on OA and OB. Hence its position is known. 

152. The relation (1) of the previous article is clearly true 
for any area on the sphere, whether a triangle or not. 

Hence the distance of the centre of gravity of any area S on 
the surface of a sphere from any plane xOy passing through the 
centre of the sphere is equal to the radius of the sphere multi¬ 
plied by the ratio of the area of the projection of S upon xOy to 
the area S. 

Ex. Shew that the distance from the plane, through the side AB of a 
spherical triangle ABC and the centre 0 of the sphere, of the centre of 
gravity of the spherical triangle is 

1 r (c — b cos A — a cos B) 

2 E 

153. Theorems of Pappus. If any plane area revolve 
through any angle about an axis in its own plane, then (1) the 
volume generated by the area is equal to the product of the area 
and the length of the path described by the centroid of the area , 
and (2) the surface generated by the area is equal to the product 
of the perimeter of the area and the length of the path described 
by the centroid of the perimeter. 

Let A be the area and S the perimeter of the curve; y the 
distance of the centroid of the area and yf that of the perimeter 
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of the curve from the axis of rotation which is taken to be the 
axis of x. 

(1) Let P be any point of 
the area of the curve whose 7J 
ordinate is y ; then, if the 
rotation be through an angle d, 
the length of the arc described 
by P = y. d. 

Hence the volume described 
by an element dA of area at P 6 
— yd. dA. 

The whole volume described by the area 

-= Zyd.dA = d.'Zy.dA = d.yA (by Art. 145 ) = A.yd 

= the area of the curve multiplied by the length of the arc 
described by the centroid of the area. 

(2) Let P' be a point on the perimeter of the curve whose 
ordinate is y ; during the rotation the length of the curve 
described by P / = y • 

Hence the surface described by an element 8s of the peri¬ 
meter at F = yd . 8s. 

Hence the whole surface traced out by the perimeter 

= 'Zy'd.8s = d.'Zy'.8s=d.yS (by Art 143) = S.i/0 

*= the perimeter of the curve multiplied by the length of 
the arc described by the centroid of the perimeter. 



EXAMPLES 


1 . Find the volume and surface of an anchor-ring or tore. 

An anchor-ring is the surface generated by the revolution of a circle 
about an axis in its own plane. If a is the radius of the circle, and b the 
distance of its centre from the axis of rotation, then in a complete 
revolution the distance described by the centre = 2nb. 

Hence the volume of the anchor ring = na 2 x 2nb = 27r 2 a 2 b, and its 


enrfA/’A c2jrflX2>r6 — 4tT 2 ab. 



. . .a 

curved surface is 4na bid g. 

[Revolve a sector of a circle about one of ito bounding radiL] 
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3. Apply Pappus’ Theorems to find tho surface and volume of a 
frustum of a right cone in terms of its height and the radii of its 

plane ends. 

4. From Pappus’ Theorems deduce the position of the centres of 
gravity of the arc and area of a semi-circle. 

5. A triangle, of area A, revolves about a straight line in its own 
plane the perpendiculars on which from its angular points are p lt pt, 

* 2tt 

and p 3 i shew that the volume generated is -g- A (p>i +P 2 + Pz)- 

6 . By using the results of Ex. 1, page 146, and Ex. 2, page 148, find 
the volume and surface of the solid formed by a complete revolution of a 
cycloid about its base. 



CHAPTER IX 

STABLE AND UNSTABLE EQUILIBRIUM 

154. We have pointed out in Art. 141 that the body in the 
first figure of that article would, if slightly displaced, tend to 
return to its position of equilibrium, and that the body in the 
second figure would not tend to return to its original position 
of equilibrium, but would recede still further from that position. 

These two bodies are said to be in stable and unstable 
equilibrium respectively. 

Consider, again, the case of a heavy sphere, resting on a 
horizontal plane, whose centre of gravity is not at its centre. 



Let the first figure represent the position of equilibrium, 
the centre of gravity being either below the centre 0, as G x , or 
above, as G t . Let the second figure represent the sphere 
turned through a small angle, so that B is now the point of 
contact with the plane. The reaction of the plane still acts 
through the centre of the sphere. 

If the weight of the body act through G lt it is clear that 
the body will return towards its original position of equilibrium, 
and therefore the body was originally in stable equilibrium. 

If the weight act through 6r a , the body will move still 
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further from its original position of equilibrium, and therefore 
it was originally in unstable equilibrium. 

If however the centre of gravity of the body had been at 0, 
then, in the case of the second figure, the weight would still be 
balanced by the reaction of the plane; the body would thus 
remain in the new position, and the equilibrium would be called 
neutral. 

155. Def. A body is said to be in stable equilibrium 
when, if it be slightly displaced from its position of equilibrium, 
the forces acting on the body tend to make it return towards its 
position of equilibrium; it is in unstable equilibrium when, if 
it be slightly displaced, the forces tend to move it still further 
from its position of equilibrium; it is in neutral equilibrium, if 
the forces acting on it in its displaced position are in equili¬ 
brium. 

In general bodies which are “top-heavy,” or which have 
small bases, are unstable. 

Thus in theory a pin might be placed upright with its 
point on a horizontal table so as to be in equilibrium; in 
practice the “base” would be so small that the slightest dis¬ 
placement would bring the vertical through its centre of gravity 
outside its base and it would fall. So with a billiard cue placed 
vertically with its end on the table. 

A body is, as a general principle, in a stable position of 
equilibrium when the centre of gravity is in the lowest position 
it can take up; examples are the case of the last article, and 
the pendulum of a clock; the latter when displaced always 
returns towards its position of rest. 

Again, take the case of a man walking on a tight rope. He 
generally carries a pole heavily weighted at one end, so that the 
centre of gravity of himself and the pole is always below his 
feet. When he feels himself falling in one direction, he shifts 
his pole so that this centre of gravity shall be on the other side 
of his feet, and then the resultant weight pulls him back again 
towards the upright position. 

If a body has more than one theoretical position of equili¬ 
brium, the one in which its centre of gravity is lowest will in 
general be the stable position, and that in which the centre of 
gravity is highest will be the unstable one. 
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156. A body rests in equilibrium upon another fixed body, 
the portions of the two bodies in contact being spheres of radii r 
and R respectively, and the straight line joining the centres of 
the spheres being vertical ; if the first body be slightly displaced, 
to find whether the equilibrium is stable or unstable, the bodies 
being rough enough to prevent sliding. 

Let O be the centre of the spherical surface of the lower 
body, and 0 l that of the upper body. 

Let A x Gi be h. 

Let the upper bod}' be slightly 
displaced, by rolling, so that the 
new position of the centre of the 
upper body is O a , the new point of 
contact is A 2 , the new position of 
the centre of gravity is G 2 , and the 
new position of the point A x is C. 

Hence CG 2 is h. 

Draw A 2 L vertically to meet 0 2 C 
in L, and 0 % M vertically to meet a 
horizontal line through A 2 in M. 

Let Z A 2 OA X = 0, and Z A 2 0 J G = (f>, so that Z G0 2 M= ( 6 + </>). 

Since the upper body has rolled into its new position, the 
arc A X A % = the arc GA it so that 

R.0 = r.<f> .(1), 



where R and r are respectively the radii of the lower and 
upper surfaces. 

The equilibrium is stable, or unstable, according as G 2 lies 
to the left, or right, of the line A 2 L, 

i.e. according as the distance of G 2 from 0 2 M is > or < A 2 M, 
i.e. according as (r — h) sin (0 + </>) is > or < r sin 6, 


i.e. according as (r — //) sin > or < r sin 0 , 


i.e. according as (r — h) j^——— 0 — ^ 


1 / R + r 





168 


Statics 


by substituting the expansion for the sine of an angle in terms 

of the angle, 
i.e. according as 

/ lx [R + r 1 (R-hr 

(r -A) 

i.e., when 6 is made indefinitely small, according as 

R + r 


I P+ ... 


> or < r 




(r - h) 


or < r. 


i.e. according as 
i.e. according as 


rR > or < h(R + r), 

1 1 , 1 

t > or < -t\ + - - 

h R r 


(3). 


Ill, . • Rr 

In the case when ^ -1- —, i.e. when h = ^ + — , we must 

return to equation (2), and the equilibrium is stable or unstable 
according as 




or <r I 0 


6 * \ 
- + ...), 


i.e. according as 

— £ (R + ry 6 J 4- higher powers of 9 > or < — Jr 8 #* 4* ...» 
i.e. according as 

(R q- r) 41 — sqs. etc. of 0 < or > r 3 — sqs. etc. of 0, 
i.e. according as (R 4-r) a < or > r 3 , when 0 is made indefinitely 
small. 

Hence the equilibrium is 
unstable in this case. The 
equilibrium is thus only stable 

In all other 


, 1 1 , 1 

when 


cases it is unstable. 

If the curvature of the lower 
surface be in the other direction 
as in the second figure, then in 
this case the angle 


CO a M = <f>-0 



r 
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and the equilibrium is stable or unstable according as 0 3 is to 
the left or right of A .L, 

i.e. according as 0 a (7 a sin (c£ — 6) $ MA % , 

H — v 

i.e. according as (h — r) sin- 0 $ r sin 


z.e. according as 


(h - r) ^ 


R~ r n 1 (R-r 
— e 'p\-T e 


+...J $ r ^0 — 


V.e. accordin£ as 


(*-••) [V-s(V) v+ -] sr ( l -f + -) > 


i.e. according as (h — r) 


r 

R-r 


r, if 0 be indefinitely small, 


- ^ Rr . y 1 1 1 

t.e. according as h $ ji — r 9 %6 ‘ accorcIin g as J t <■ ~ ~ p- 

Jiv 

In the critical case when h = 7 ,-we must return to (4) 

and proceed to higher powers. 

(4) then becomes 

R —r 


R 


b[V"-i(V 0 ) ,+ -] Sr (^I + -)' 


i.e. 


r |3 

1 (R - r) a 
6 r 3 


03 +...$- g + ... , 


». e . ^ — powers of 0 $ 1 - powers of 0. 

I 2 # # 

Hence, when 0 is indefinitely small, we see that the equili¬ 
brium is stable or unstable according as (R - r) 3 £ r 3 , 

t.e. according as R % 2r. 


7?r 


In the case when R = 2r and hence A = ^ — = 2r, then 


A = -e=ie, 

'T r 


and 0,0, sin (rj> - 8) = (h — r) sin (cf> - 8) = r sin 0 = always. 

Hence, in this particular case, 0 , always coincides with £; 
and the upper body will always rest through whatever angle 
it be rolled since its centre of gravity is now always vertically 
above the point of contact. 
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Cor. 1. If the upper body have a 
with the lower body, as in the following 
value. Hence the equilibrium is stable if 



i.e.y if h be < R. 


Hence the equilibrium is stable, if 
the distance of the centre of gravity of 
the upper body from its plane face be less 
than the radius of the lower body; other¬ 
wise the equilibrium is unstable. 


plane face in contact 
figure, r is infinite in 



Cor. 2. If the lower body be a plane, so that R is infinite, 
the equilibrium is stable if 


i be > - , i.e.y if h be < r. 
hr 

Hence, if a body of spherical base be placed on a horizontal 
table, it is in stable equilibrium, if the distance of its centre of 
gravity from the point of contact be less than the radius of the 

spherical surface. 


157. If the portions of the surfaces in contact are not 
spheres, but surfaces whose radii of curvature are R and r, it 
is similarly found that the equilibrium is stable or unstable 

v 1 1 , 1 

according as ^ . 

In the neutral or critical case, when ^ + -, the deter¬ 

mination of the stability is a question of some difficulty. For 
its consideration the student may refer to Routh s Analytical 
Statics, or Minch ins Statics. 

It is there shewn that the equilibrium is stable or unstable 
according as 

ds \R) + ds\rj 

is negative or positive. 

If this condition fails, as it does when the points of contact 
are points of maximum or minimum curvature, the.equilibrium 
is found to be stable or unstable according as 

/1\ d? (1\ (R + r)(R + 2r) 

is negative or positive. 



Stable and unstable equilibrium * Examples 171 


EXAMPLES 


1. A body, consisting of a cone and a hemisphere on the same base, 
rests on a rough horizontal table, the hemisphere being in contact with 
the table ; show that the greatest height of the cone, so that the equilibrium 
may be stable, is v /3 times the radius of the hemisphere. 

2. A hemisphere rests in equilibrium on a sphere of equal radius ; 
shew that the equilibrium is unstable when the curved, and stable when 
the flat, surface of the hemisphere rests on the sphere. 

3. A uniform beam, of thickness 26, rests symmetrically on a perfectly 
rough horizontal cylinder of radius a ; shew that the equilibrium of the 
beam will be stable or unstable according as 6 is less or greater than a. 

4. A heavy uniform cube balances on the highest point of a sphere, 
whose radius is r. If the sphere be rough enough to prevent sliding, and 

if the side of the cube bo ^, shew that the cube can rock through a right 

angle without falling. 

5. A lamina in the form of an isosceles triangle, whose vertical angle 
is a, is placed on a sphere, of radius r, so that its plane is vertical and one 
of its equal sides is in contact with the sphere; shew that, if the triangle 
be slightly displaced in its own plane, the equilibrium is stable if sin a be 

less than —, where a is one of the equal sides of the triangle. 

6. A solid homogeneous hemisphere of radius r has a solid right cone 
of the same substance constructed on its base ; the hemisphere rests on 
the convex side of a fixed sphere of radius R, the axis of the cone being 
vertical. Shew that the greatest height of the cone consistent with 
stability for a small rolling displacement is 


-fr -— ['/(3/2 + r) (R — r)~ 2r\. 
Ji + r 


7 A weight IT is supported on a smooth inclined plane by a given 
weight P, connected with IF by means of a string passing.round a fixed 
pulley whose position is given. Find the pos.t.on of equilibrium of IK on 

the plane, and show that it is stable. 

8 A rou"h uniform circular disc, of radius r and weight p >, is movable 
. o r\mnt°distant c from its centre. A string, rough enough to prevent 

a V ^intr haners over the circumference and carries unequal weights 
“"andw Lt its ends. Find the positions of equilibrium, and determine 

whether they are stable or unstable. 

o A solid sphere rest* inside a fixed rough hemispherical bowl of 
twice its radius. Shew that, however large a weight is attached to the 
highest point of the sphere, the equilibrium is stable. 
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10. A thin hemispherical bowl, of radius 6 and weight TP, rests in 
equilibrium on the highest point of a fixed sphere, of radius a, which 
is rough enough to prevent any sliding. Inside the bowl is placed a 
small smooth sphere of weight v>. Shew that the equilibrium is not 
stable unless 



11. Shew that a sphere partially immersed in a basin of water cannot 
rest in stable equilibrium on the summit of any convex part of the base. 

12. Three equal particles repelling each other with forces proportional 
to the nth power of the distance are connected together by three equal 
elastic strings. Find the position of equilibrium and shew that it is 

stable if n < ^ - , where a is the unstretched and p the stretched length 

p —a 

of any string. 

13. A solid ellipsoid, whose axes are of lengths 2a, 26, 2 c t rests with 
the “c-axis” vertical on a rough horizontal plane. The centre of gravity 
is on the vertical axis at a distance A from the bottom vertex. Shew that 

a 2 6 a 

the equilibrium is stable if A is less than both — and — . 

14. A heavy cone rests with^ the centre of its base on the vertex of a 
fixed paraboloid of revolution, and the height of the cone is equal to twice 
the latus rectum of the generating parabola. Prove that the equilibrium 
is neutral to a first approximation, but that it is really stable. 

15. A heavy body, the section of which is a cycloid, rests on a rough 
horizontal plane and has its centre of gravity at the centre of curvature of 
the curve at the point of contact; show that the equilibrium is unstable. 

16. A solid frustum of a paraboloid of revolution, of height A and latus 
rectum 4a, rests with its vertex on the vertex of a paraboloid of revolution, 
whose latus rectum is 46; shew that the equilibrium is stable if 

, 3a6 

^ j r • 

a + 6 

17. A lamina in the form of a cycloid, whose generating circle is of 
radius a, rests on the top of another cycloid whose generating circle is of 
radius 6, their vertices being in contact and their axes vertical. If A be 
the height of the centre of gravity of the upper cycloid above its vertex, 

shew that the equilibrium is stable only if A < a ^- j J and is unstable if 

4a6 

h > a + 6' 

18. A parabolical cup, whose weight is IT, stands on a horizontal 
table and contains a quantity of water, of weight n W ; if A be the height 
of the centre of gravity of the cup and the contained water, shew that the 
equilibrium is stable provided that the latus rectum of the parabola is 
> 2(n + l)A. 
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158. Suppose that we have a body, or system of bodies, 
under the influence of no forces except their weights, and 
supported by reactions with smooth fixed surfaces or by other 
forces which do not appear in the equation of virtual work. 
Then, if w lt w 2 , ... be the weights of the different bodies and 
z lt z 2 , ... the heights of their centres of gravity above some fixed 
plane, the equation of virtual work becomes 

— u\ . Bz x — w 2 . Bz 2 — w t • & z 8 + ... =0. 

If W be the total weight of the system and z the height of 
its centre of gravity, this becomes 

- W. Bz = 0. 

But Bz = 0 is the first condition that the height of the 
centre of gravity may be a maximum or minimum. 

If the height of the centre of gravity is a true maximum, 
then, for any small displacement of the system, the centre of 
gravity is lowered ; if, after any such displacement, the system 
be momentarily held at rest and then let go, it is clear that it 
would not go back to its position of equilibrium, for that would 
be contrary to the dynamical principle that the kinetic energy 
of any such system must be equal to the work done. 1 he 
system would therefore not go back to its position of equilibrium 
but would depart still more from it. The equilibrium in this 
case is said to be unstable. 

If the height of the centre of gravity is a true minimum, 
then, for any small displacement, the height of the centre of 
gravity is increased ; in this case, if the system be momentarily 
held at rest after any such small displacement and then be let 
go, it would return to its position of equilibrium; in this case 

the equilibrium is said to be stable. 

Hence the equilibrium of a body or system of bodies can 
often be found as follows : let the height z of its centre of gravity 
above a fixed plane be expressed as a function of some one 

. dz . 

independent variable 6. Solve the equation ^ = 0 in the form 
0 = a , % .... If the value 0 = a, when substituted in the 

value of , makes it positive, so that z is a true minimum, 
ad 2 

then the value 6 = a gives a position of stable equilibrium. 
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d~z 

If the value 0 = a, when substituted in the value of 

makes it negative, so that z is a true maximum, then the corre¬ 
sponding position is one of unstable equilibrium. 

As the system moves into its different positions the centre 
of gravity will describe some curve, and we know that in such a 
curve the maximum and minimum ordinates occur alternately. 
It follows that the positions of unstable and stable equilibrium 

occur alternately. 

159. Ex. 1. A square lamina rests in a vertical plane on two smooth 
veas which are in the same horizontal line. Shew that there is only one 
position of equilibrium unless the distance between the pegs is greater than 
one-quarter of the diagonal of the square, but that,, if this condition is 
satisfied , there may be three positions of equilibrium and the symmetrical 
position will be stable, but the other two positions of equilibrium will be 

unstable. 



Let A BCD be the square, and P and Q the pegs. Let the diagonal 
A C= 2d, and let it be inclined at an angle $ to the horizontal Ax. The 
height ON (= i) of the centre of gravity O above PQ is given by 

l = A O sin $ - A P sin ($ - 45*) 

= d sin $ — c cos ($ — 45°) sin ($ — 45*), if PQ—C , 

(i); 
•( 2 ), 
.(3). 







Stable and unstable equilibrium. Examples 175 

Now, since the pegs are smooth, the equation of virtual work reduces 
to IF. 6j = 0, Hence, by (2), the positions of equilibrium ure given by 

cos <f> (d - 2c sin <£) = 0 .(4). 


The solutions of this equation are </> = 1 ) 0 ° and sin $= —. 

This latter equation has real roots only when 2 c>d, i.e. when 
PQ>\AC. 

Take the case when 2 c>d. 

There are then three positions ; the first when AC is vertical and the 
other two when AC ia inclined at either side of the vertical at an angle 

sin -1 — to the horizontal. 

2 c 

d 2j 

When (£ = 90 °, then, by ( 3 ), -j—., = -d + 2c = positive. 

Therefore z is a minimum and the equilibrium is stable. 

When a ^ a 

sin d> = ^ , then ^-4.= -c/sin<£-2c + 4csiu 2 <£ =—— =negative. 

2 c c/ 0 - zc 

In this case * is a maximum and the equilibrium ia unstable. 

Next take the case when 2c <d. 

In this case there is only one position of equilibrium given by <0 = 90°, 

i ft- 

and then ^-4. = -d + 2c = negati ve. ^ 

. / 


t is now 


a maximum and the equilibrium is unstable. 


Ex. 2. A rod SII , of length 2c and whose centre of gravity G is at a 
distance d from its centre , has a string , of length 2c sec a, tied to its two ends 
and the string is then slung over a small smooth peg P; find the position oj 
equilibrium and shew that the position which is not vertical is unstable. 

Since SP + PU — 2c sec a, the peg P must be somewhere on an ellipse 


of foci S and II and semi-major axis 
c sec a. 

Also its semi-minor axis 
— (p S ec 2 a — CLJ 2 — c tan a. 

Hence the equation to the ellipse 
is x 2 sin 2 a +y 2 = c 2 tan 2 a, or, referred 
to polar coordinates through G> 

sin 2 a(r cos 6 + c£) 2 + r 2 sin 2 6 

BC*tan*a ...(1)* 

If we find the value of 6 for 
which r is a maximum or minimum, 


P 



and take the corresponding point P 
of the ellipse for the position of the peg, 
have the slant position of equilibrium. 


and make PG vertical, we shall 
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(1) gives 

cos 2 8 . r* cos*a- 2 cos 0. c?r sin 2 n = r»-c* tan 8 a + ^sin* a. 


. cos 6 = 


d sin a tan a + •Jr* — (c 2 - d l ) tan 2 a 


r cos a 


.__ tftana 

The least value of r is clearly vc 2 - d 2 tan a, and then cos 0 = ^ • 

Since in this case r is a minimum the centre of gravity is at its 
minimum depth below the peg, and therefore at the maximum height 
above the horizontal, and the equilibrium is unstable. The other two 
positions of equilibrium are when P is at A or A\ and the rod is then 
clearly vertical. 

If OP is a minimum it is clear that GP must be a normal at P ; so 
that P may also lie found from the fact that its normal passes through a 
known point G on the major axis. 

160. The stability of the question of Art. 156 may also be 
easily considered by this method. For if z be the height, in 
the first case, of G 2 above 0, we have 


7 ? - 4 - f 

i = (R + r) cos 0 — (r — h) cos- 0 


(i); 


% = - (R + r) sin 0 + (r - It) ^±1 s ; n 0 .. .(2), 

au 
<Pz 


r 

R + r''* 


r 

. d*z . .. /R + r\* R + r n /ox 

and ^ = —(.R + r)cos0 + (r —/t) ^—— J cos ——0 ...(3). 

A maximum or minimum value of z is clearly given by 

0=0. The corresponding value of z is then a minimum or 

maximum, and the equilibrium stable or unstable, according as 

dPz ... .. 

^ is positive or negative, 

i.e. according a s — (R + r) + (r — h) (—-— J is positive or negative, 
i.e. according as h 


R + r' 


d*z . 

If h equals this value, then is zero when 0 — 0 and, by the 

rules of the Differential Calculus, we must consider the higher 
differential coefficients. 


In this case 
dJz 

d*z 


■/R + 


d0> 


=(fl + r) £ — cos 0 -f cos ^ 

= (iJ + r) [ sin 0 - ™ (^- r *)]. 


*)]; 

R + r 
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and 


^j, = ( R + r > cos 6 - ( 


R + r\ a (R + r Q 

cos (- 9 


)]■ 


' 3 ? 


d*z . 


When 9=0, is zero and is negative. 

Hence z is a maximum and the equilibrium unstable. 

In the second case if z be the depth of 0 2 below 0 we have 

z — (R — r) cos 0 — (Ji — r ) cos ^ ^ T - 9. 

The equilibrium is then stable or unstable according as z is 
a maximum or a minimum, 

i.e. according as is negative or positive when 6 = 0, 

vR 

i.e., as before, according as h $ 

If h equals this value, then 

jgi = (-R - r) cos 0 + cos (fr~ e ) 


/ R, _ f* 

cos 9 + cos ( - 9 

\ r 


Then 


d*z . 


is zero when 9 = 0, and is negative or positive 
R-r 


according as 1 — ^* 8 ne g at -i ve or positive* 
i.e. according as R $ 2r. 

Hence z is a maximum or minimum, and thus the equi¬ 
librium stable or unstable, according as R $ 2r. 


161. If in the question of Art. 
the position of equilibrium is not 
vertical, the problem may be 
treated as follows, in the case 
where the displacement is such 
that the centre of gravity G 
moves in the vertical plane 
through the common normal. 

Let R and r be the radii of 
curvature of the lower and upper 
bodies at the point of contact A. 
Since there is equilibrium, G 
must be vertically over A; let 
AG = h, and Z GA0 l = a. 


156 the common normal in 
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The equilibrium will be stable or unstable according as G 
moves upwards or downwards when the upper body is slightly 
displaced, i.e. according as the concavity of the path of G is 
turned upwards or downwards, i.e. according as the centre of 
curvature of the path of G is above or below G. 

Now, by the theory of the Curvature of Roulettes, the radius 
of curvature p of the path of G is given by 


so that 


cos a cos a _ 1 1 

p — h + k R + r 


1 


p = 


i i\ 

R + r) 


1 t 1 cos a 

Ti + r ~~K~ 


7 


where p is measured positively from G towards A. 

Hence p is positive or negative, i.e. the centre of curvature 
of the path of G is below or above G, 


11 . cos a 

according as + - is > or < - j — , 

i.e. according as h > or < cos CL 


Hence the equilibrium is stable or unstable according as 


h < or > 


Rr 


cos a. 


R + r 

If along AOi we measure off AK such that —= 1 + - , 

ilil it T 

Rv 

and hence AK = 73 - , and if AG meet in Q the circle on 

j ti + r 


AK as diameter, then AQ = AK cos a = 


Rr 


R + r 


cos a. 


The equilibrium is thus stable or unstable according as 
h < or > AQ, x.e. according as G lies within or without this 
circle, which is therefore called the circle of stability. 

If G lie on this circle, its equilibrium is neutral to the first 
degree of approximation. The radius of curvature of its path is 
then infinite and G is at a point of inflexion of its path. This 
circle is therefore often known as the circle of inflexions. 
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EXAMPLES 


1. A heavy uniform rod rests with one end against a smooth vertical 
wall and with a point in its length resting on a smooth peg. Find the 
position of equilibrium and shew that it is unstable. 

2. Two equal uniform rods are firmly jointed at one end so that the 
angle between them is a, and they rest in a vertical plane on a smooth 
sphere of radius r. Shew that they are in stable or unstable equilibrium 
according as the length of either rod is > 4r cosec a. 

3. A beam rests with its ends upon two smooth inclined planes, 
which are inclined at angles a and fi to the horizon and which intersect in 
a horizontal line ; find the position of equilibrium and shew that it is 

unstabla 


4. A uniform heavy bar AB can move freely in a vertical plane 
about a hinge at A, and has a string attached to its end B which after 
passing over a small pulley at a point C vertically above A is attached to 
a weight. Shew that the position of equilibrium in which AB is inclined 
to the vertical is an unstable one. 


5. A smooth beam AB, of weight ir, rests with one end A on a 
smooth horizontal plane AC and the other end B against a smooth 
vertical wall BC. The end A is connected by a string which passes over 
a smooth pulley at C and is attached to a weight W'. A, B, C being in 
one vertical plane, find the position of equilibrium and shew that it is 

unstable. 

6. Show that the equilibrium of the rod in El. 2 of Art. 56 is stable. 

7 Four uniform rods, each of length 2a, are hinged at their ends so 
as to form a rhombus and the system is bung over two smooth pegs in the 
same horizontal line at a distance a J2, the pegs being m “nta'twi * 
different rods. Shew that the system is in equihbrium when the rhombus 
is a square, but that the equilibrium is not stable for all displacements. 

8 A square lamina rests with its plane perpendicular to a smooth 
wall one corner being attached to a point in the wall by a fine string of 
length equal to the side of the square. Find the position of equilibrium 

and shew that it is stable. 

9. A uniform isosceles triangular lamina ABC rest, in equilibrium 
with its equal sides AB and AC in contact with two smooth pegs in the 
same horizontal line at a distance c apart. If the perpendicular AD upon 
BC is h, shew that there are three positions of equilibrium, of which 
the one with AD vertical Is stable and the other two are unstable, if 
k < 3c cosec A ; whilst, if h £ 3c cosec A, there is only one position of 

equilibrium, which is unstable. 
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10. A square board is hung flat against a wall, by means of a string 
fastened to the two extremities of the upper edge and hung round a 
perfectly smooth rail ; when the length of the string is less than the 
diagonal of the board, shew that there are three positions of equilibrium. 

Shew that the position of symmetry is unstable. 

11. A rectangular picture hangs in a vertical position by means of a 
string, of length l, which after passing over a smooth nail has its ends 
attached to two points symmetrically situated in the upper edge of the 
picture at a distance c apart. If the height of the picture be a, shew that 
there is no position of equilibrium in which a side of the picture is 

inclined to the horizon if la > c *Jc 2 + a 2 , whilst if la < cs/c? + a 2 there are 
two such positions which are both stable. 

Shew also that in the latter case the position in which the side is 
vertical is stable for some and unstable for other displacements. 


12. A smooth ellipse is fixed with its axis vertical and in it is placed 
a beam with its ends resting on the arc of the ellipse ; if the length of the 
beam be not less than the latu? rectum of the ellipse, shew that when it is 
in stable equilibrium it will pass through the focus. 


13. A uniform rod, of length 21 , is attached by smooth rings at both 
ends to a parabolic wire, fixed with its axis vertical and vertex downwards, 
and of latus rectum 4a. Shew that tho angle 6 which the rod makes 
with the horizontal in a slanting position of equilibrium is given by 


cos’ Q = 


2a 

T 


and that, if these positions exist, they are stable. 


Shew also that the positions in which the rod is horizontal are stable 
or unstable according as the rod is below or above the focus. 


14. A solid hemisphere rests on a plane inclined to the horizon at an 
angle a, < sin -1 § , and the plane is rough enough to prevent any sliding. 
Find the position of equilibrium and shew that it is stable. 


15. If a body rest with a plane face in contact with a perfectly rough 
sphere of radius a at a point at which the normal makes an angle 6 with 
the vertical, and if the centre of gravity be at a distance A vertically above 
the point of contact, prove that the equilibrium will be stable if A <acos 6, 
and unstable if A a cos 6. 


16. Shew that the half of an ellipse cut off by any diameter will 
always have one position of stable equilibrium when resting with its 
curved surface in contact with a horizontal plane, if the eocentricity be 

less than 

17. An elliptic cylinder is placed with its axis horizontal on a rough 
plane inclined to the horizon at an angle less than the angle of friction; 
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prove that the cylinder cannot rest if the inclination of the plane exceeds 
^ ; and if the inclination ia equal to sin -1 
equilibrium is neutral to a first approximation. 

18. An elliptic disc, of semi-axes a and 6, slides in a vertical plane so 
as always to be in contact with two smooth rods, OP and OQ, which are 
in the same vertical plane and at right angles. Shew that in the 
stable positions of equilibrium the major axis of the ellipse is jmrallcl to 
one or other of the rods, whilst in the unstable position it is inclined at 

an angle Q to OP given by sin 2 0=-a s -6*-» w ^ ere a 19 

inclination of OP to the vertical. 


19. A smooth elliptic cylinder of semi-axes a and b slides between 
two planes each inclined at an angle a to the vertical. If tan a lie 

between and shew that in the position of stable equilibrium 

the major axis of the cylinder is inclined to the vertical at an angle 

-i / a sin 2 a ~ & °° a *g > an( j when tan a does not lie between these limits 

V aci " 


tan 


cos 2 a — b sin 2 a 


fiud the positions of stable and unstable equilibrium. 


20. Four equal masses, attracting according to the law of the inverse 
square of the distance, are placed at the corners of a rectangle; shew that 
a particle at the centre of the rectangle will be in unstable equilibrium for 
all displacements in the plane of the rectangle if the ratio of the length to 

the breadth of the rectangle is less than J2. 

If this ratio is equal to J'2, shew that there is stable equilibrium for a 

displacement parallel to the breadth of the rectangle. 



CHAPTER X 

FORCES IN THREE DIMENSIONS 

162. To find the resultant of any given system of forces 

acting at given points of a rigid body. 

Take any convenient origin or base point, 0, and axes of 

coordinates Ox, Oy, Oz. 

Let (x Xi y x , z x ) be the 
coordinates of any point P x 
of the body at which acts one 
of the given forces R, whose 
components parallel to the 
axes are X x , Y lt Z x . 

Draw P X M X perpendi¬ 
cular to the plane xOy, M X N X 
perpendicular to Ox, and 
Q X N X S X parallel to Oz. 

Along the lines Oz, Oz', 

N x Q x , N X S X let forces, each 
equal to Z x , be introduced. These, being in equilibrium among 
themselves, do not alter the effect of the given forces. 

Now the forces Z x along P X Z X and N X S X form a couple of 
moment Z x . M X N X , i.e. Z x . y x , in a plane perpendicular to Ox and 
in the positive direction about Ox ; they are therefore equiva¬ 
lent to a couple whose axis is along Ox and is positive. 

The forces Z x along N X Q X and Oz' form a couple whose 
moment is Z x . 0N X , i.e. Z x x x , in a plane perpendicular to Oy and 
in the negative direction, about Oy. 

Hence the force Z x at P x is equivalent to 

a force Z x at 0 along Oz, 
a couple of moment + y x Z x about Ox, 
a couple of moment — x x Z x about Oy, 



and 
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Similarly the force X x at P, is equivalent to 

a force X x at 0 along Ox, 
a couple of moment -t- z t X, about Or/, 
and a couple of moment — y x X t about Oz. 

Also the force F, at P, is equivalent to 

a force F, at 0 along Oy, 
a couple of moment + x x Y x about Oz, 
and a couple of moment — z x F, about Ox. 

Hence finally the three component forces X lt Y lt Z x acting 
at P x are equivalent to 

forces X x , F,, Z x along Ox, Orj, Oz respectively, 
a couple y x Z x — z x Y x about Ox, 
a couple z x X x — x x Z x about Oy, 
and a couple .r, F, — y x X x about Oz. 

In a similar manner we may replace the force, acting at 
another point (x a , y if z x ) and whose components are X 2 , 1 a , Z 2 , 
by forces along Ox, Oy, Oz and couples about these lines as axes. 

Hence finally the whole system of forces is equivalent to 



a force along Ox = X x 4- A a 4- ... = S (A,) = X, 

a force along Oy = Y x + F a 4* ... = £(},) = Y, 

a force along Oz = Z x 4- Z. x 4- ... = — (Z ,) = Z, 

a couple about Ox = ~ (y x Z x — z x Y x ) = L, 


a couple about 0y= ~ (z x X x x x Z x ) M, 
a couple about Oz = ~ (x x I i y x X x ) = F. 


These three forces are equivalent to a single force R acting 
through 0, such that P 3 = A' 3 4- F 3 4- ^ 3 , along a line whose 

direction cosines are , -js > • [Art. 26.] 


The three component couples are, by Art. 49, equivalent to 
a couple of moment Q, such that G'=L' + M' + N \.whose 

r L M N 

axis is along a line whose direction cosines are ^g • 


Hence the system of forces has been reduced to a single 
force acting through an arbitrarily chosen point 0, and a 
couple whose axis passes through 0. 
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163. This combination of a force and a couple is often 
called a dyname, and the quantities X, Y, Z, L, M, N are its 
components. 

The system of forces and couples along and about the 
axes of coordinates may, for brevity, be called the system 

{X, V, Z; L, M, X). 

164. General definition of the moment of a force about a 
line. 

The moment of a force P about a given line is obtained 
thus; resolve P into two components, Q parallel to the line 
and S perpendicular to it; the product of S and the shortest 
distance between the line of action of S and the given line 
is the required moment about the given line. 

In the figure of Art. 162 the moment of the given force R 
about the axis of x is equal to the component V>V + ^ 1 J multi¬ 
plied by the shortest distance between its line of action and Ox, 

and is thus equal to the moment of the component fY x 2 + Z x 2 
about N lt which again, by Art. 38, is equal to the sum of the 
moments of its two components Y x and Z x about N x , and this 
sum finally is equal to y x Z x — z x Y x . 

165. General conditions of equilibrium of a rigid body. 

A force R and a couple G together cannot produce equili¬ 
brium. For the couple G can be replaced by two equal and 
opposite forces one of which acts through the point 0 where R 
meets the plane of the couple. This force and R can be 
compounded into a single force which passes through 0 and 
does not meet the other force of the couple; and hence we 
cannot have equilibrium. 

Hence there can be equilibrium only when the force R and 
the couple G separately vanish. 

But, by Art. 162, R 2 = X 2 + F 2 + Z* and G 2 = L 2 + M 2 + N 2 . 

Hence for equilibrium we must have 

X = 0, F = 0, Z = 0 ; 

L = 0, M = 0, and N = 0; 

i.e. the sums of the resolved parts of the system of forces parallel 
to any three axes of coordinates must separately vanish, and also 
the sums of their moments about the three axes must separately 
vanish. 
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EXAMPLES 


1. Two equal forces R act on a cube, whose centre is fixed and whose 
edge is 2a, along diagonals of adjacent faces which do not meet ; shew 
that the moment of the couple which will keep the cube at rest is either 
lia or Ra according to the directions of the forces. 


2. Six forces, each equal to P, act along the edges of a cube, taken in 
order, which do not meet a given diagonal. Shew that their resultant is 
a couple of moment 2J3. Pa, where a is the edge of the cube. 


3. 0. 1, OB, OC are edges of a cube of side a and 00', AA', BB', CC 

are its diagonals; along OB', O'A, BC and C'A' act forces equal to P, 
2 P, 3 P and 4 P ; shew that they are equivalent to a force \ 3bP at 0 
along a line whose direction-cosines are proportional to —3, —5, 6 

together with a couple ^-d\\A about a line whose direction-cosines are 

proportional to 7, — 2, 2. 


4. Forces act through the angular points of a tetrahedron perpen¬ 
dicular to the opposite faces and proportional to them. Shew that they 
are in equilibrium if they act either all inwards or all outwards. 


5. In any rectilinear solid figure couples, whose axes are all drawn 
outwards, act one in each face proportional to the area of that face; shew 
that they are in equilibrium. 


6. Four forces act along generators of the same system of a hyper¬ 
boloid. Their magnitudes are such that if they were transferred parallel 
to themselves to act atone point they would be in equilibrium ; shew that 
they are in equilibrium when acting along the generators. 

[The equation to any generator of the hyperboloid 



y 3 

6 2 


z 2 . x — a cos 6 _ y — 6sin Q _* 

<?“ * 18 asintf -6cos0 c‘ 


166. Constrained bodies. A body is said to be con¬ 
strained when one or more points of the body are fixed. For 
example, a rod attached to a wall by a ball-socket has one point 
fixed and is constrained. 

If a rigid body have two points A and B fixed, all the. 
points of the body in the line AB are fixed, and the only way 
in which the body can move is by turning round AB as an axis. 
For example, a door attached to the door-post by two hinges 
can only turn about the line joining the hinges. 

If a rigid body have three points in it fixed, the three points 
not being in the same straight line, it is plainly immovable. 
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167. Conditions of equilibrium of a rigid body with one 
point fixed. 

Take the fixed point as the origin 0 and any three perpen¬ 
dicular lines through it as the axes. Let the external forces 
acting on the body, apart from the force of constraint at A, 
reduce to component forces X, Y, Z parallel to the axes and 
component couples L, M, N about the axes, as in Art. 162. 

Let the force of constraint at 0, which gives equilibrium, 
have as components X', Y\ Z' parallel to the axes. 

Then for equilibrium we have, by Art. 165, 

X + X' = 0, Y+Y' = 0, Z+Z= 0 .(1), 

L = 0, M = 0, N = 0 .(2). 

The equations (1) give only the component reactions at 0 
in terms of the external forces. 

The equations (2) give the conditions of equilibrium,^, that 
the sums of the moments of the external forces about any three 
perpendicular lines passing through the fixed point 0 must 
be separately zero. 

If the external forces all act in one plane passing through 
0, the preceding conditions reduce to the simpler condition that 
the sum of the moments about 0 must vanish. 

168. Conditions of equilibrium of a rigid body which has 
two points , A and B, fixed so that the body can turn about the 
fixed axis AB, 

Take the straight line 
AB as the axis of z and any 
point 0 on it as the origin. 

Let OA —z\ 0B=z'\ and 
let the components at A and 
B of the forces of constraint 
be X\ Y\ Z' and X", Y", Z". 

Let the external forces 
acting on the body apart 
from the forces of constraint 
reduce, as in Art. 162, to 
component forces X, Y, Z at 
0 parallel to the axes and 
component couples L, M, N about the axes. 






Forces in three dimensions 


187 


Then tlie component forces for the whole system of forces 
are X -+- X' + X", Y + V + Y", Z + Z’ + Z" and ’the component 


couples are 

L - Y'z' - F'Y 


M + X'z + X"z" and iV 


Hence the conditions of equilibrium are 

X + X' + X" = 0 .(1), 

Y+ F'+ 1" = 0 .( 2 ), 

Z+Z' + Z' = 0 .(3), 

L - Y'z' - Y"z" = 0 .(4), 

M + XV + X"z" = 0 (5), 

and iV = 0 («). 


(1) and (5) give X' and X "; (2) and (4) give Y‘ and Y" , 
the only relation between Z and Z" is equation (3), so that 
their values are indeterminate. 

Finally the only relation between the external forces is 
equation ( 6 ), so that the condition of equilibrium is that the 
sum of the moments of the external forces about the fixed axis 
AB must be zero. 


169. The reactions Z\ Z" may be expected to be indeter¬ 
minate. For suppose the body to be a gate supported in the 
usual way by supports at A and B. If the staple at A be 
moved a very little higher than the proper position it will 
carry all the weight of the gate; if on the other hand it be 
placed a very little lower than the proper position, then all the 
weight will fall on to B. We should therefore expect the 
distribution of the weight to be an indeterminate one when the 
distance between the two staples of the post is exactly equal to 
the distance between the rings of the gate. 

170. Ex. 1. A circular uniform table , of weight 80 lbs ., rests on four 
equal legs placed symmetrically round its 
edge; find the least weight which hung upon 
the edge of the table will just overturn it. 

Let AE and BF be two of the legs of the 

table, whose centre is O. 

If the weight be hung on the portion of 
the table between A and B the table will, if 
it turn at all, turn about the tine joining the 
points E and F. Also it will be just on the 
point of turning when the weight and the 
weight of the table have equal moments 











188 


Statics 


about EF. Now the weight will clearly have the greatest effect when 

placed at J/, the middle point of the arc AD. 

Let OM meet AD in L, and let x be the required weight. Taking 

moments about EF, we have x. L. l/=80. OL. 

... x (\ 0.4=80 OA, i.e. x= 1031 lbs. wt. 

Ex. 2. A heavy door is hung so that the line joining its hinges is of 
length 2 h and is inclined at 6 to the 
vertical; it is kept in a position 
inclined at an angle <f> to the vertical 
plane through the line of hinges by a 
force P, perpendicular to the door, 
acting at a point ichose distances 
from the line of hinges and from the 
lower edge of the door are b and c ; 
find P and the actions at the hinges as 
far as they can be found, the weight 
of the door being IP. 

Let OA be perpendicular to the 
line joining the hinges, 0 and D , in 
a plane through OD and the vertical 
OV, and let ODCD be the door so 
that LAOD=<f>. 

Let OD, OD and a perpendicular 
to them be the axes of x, z and y. 

The weight IP resolves into - IP cos 8 and IPsin# along OD and OA, 
and hence has components IPsin#cos<£, — !Psiu0sin0, -IP cos 3, 
parallel to the axes, acting at O whose coordinates are (a, 0, A), where 
2 a is the width of the door, and the hinges are supposed symmetrically 
placed with respect to Q. 

The supporting force P at H has components 0, P, 0 parallel to the 
axes acting at a point whose coordinates are (6, 0, c). 

Hence, by Art. 162, 

X = 2 ( Xi) = IP sin 3 cos <f>, 

T= 2 (F t ) = - IP sin 3 sin 0 + P, 

Z=i(Z l )= - IP cos 3, 

L = 2(y x Z 1 — z x Fj)= IPA sin 3 sin 0 -cP, 

M— 2 (z l X l — x x Z x ) =* IPA sin 6 cos (f> -f a IP cos 6, 
and iP«=2 (xiFi -y x — JPa sin 0sin + bP. 

Also, with the notation of Art. 168, /=0and r" = 2A, so that X * 7*, Z 
are the component reactions at O, and X'\ Y", ZT those at the hinge B. 

Equation (6) of that article gives P«= IP ^ sin 6 sin <p. 
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Equations (1) and (5) give 

ir 


X' = ~ ^ cos 6 - sin 6 cos $ J, and X" = — ^ cos 6 + sin 6 cos </>J. 

Equations (2) and (4) give 

r '“T[ 1_ T + S] sinasin ^ and y '' = ^[ 1 -S] 8ini98in0 ' 

Also, (3) gives Z' + Z" = IK cos d. 


EXAMPLES 

1. A square table stands on four legs placed respectively at the 
middle points of its sides ; find the greatest weight that can be put at 
one of the corners without upsetting the table. 

2. A round table stands upon three equidistant weightless legs at its 
edge, and a man sits upon its edge opposite a leg. It just upsets and 
falls upon its edge and two legs. He then sits upon its highest point and 
just tips it up again. Shew that the radius of the table is V 2 times the 
length of a leg. 

3. A door, of weight IP, is free to turn about an axis AB which is 
inclined at an angle a to the vertical ; shew that the couple necessary to 
keep it in a position in which it is inclined at an angle & to the vertical 
plane through AD is H a sin a sin 0, where a is the distance of its centre 
of gravity from AD. 

4. A rectangular gate is hung in the ordinary way on two hinges so 
that the line joining the hinges makes an angle a with the vertical. Shew 
that the work which must be done to move it through an angle 6 from its 
position of equilibrium is IKa sin a (1 - cos tf), where IK is the weight and 
2a the breadth of the gate. 

5. A rectangular table is supported in a horizontal position by four 
legs at its four angles, and a given weight is placed at a given point of it; 
shew that the thrust on each leg is indeterminate, and find the greatest 
and least value it can have for a given position of the weight. 

6. A rigid rectangular table has equal legs at the four corners which 
are slightly "compressible, and the compression in each leg is assumed to 
bo proportional to the thrust on that leg. If the centre of gravity of the 
table lie within the parallelogram formed by joining the middle points of 
the sides, find the thrust in each leg. If the centre of gravity does not 
lie within this parallelogram, shew that the table rests on three legs only. 

[Since the diagonals of the table remain straight, the mean of the 
compressions of each pair of opposite legs is equal to the depth through 
which the centre of the table moves. Hence the sum of the thrusts of 
each pair of opposite corners is the same.] 
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171. If three forces acting on a body keep it in equilibrium, 
they must lie in a plane. 

Let the three forces be P, Q, and R, and let Pi and Q, be 
any two points on the lines of action of P and Q respectively. 

Since the forces are in equilibrium, they can, taken together, 
have no effect to turn the body about the line 
P,Q,. But the forces P and Q meet this line, 
and therefore separately have no effect to turn 
the body about P,Q,. Hence the third force R 
can have no effect to turn the body about P\Qi> 

Therefore the line P& must meet R. 

Similarly, if Q„ Q s , ... be other points on 
the line of action of Q, the lines PiQa, PiQa> ••• 
must meet R. 

Hence R must lie in the plane through P, 
and the line of action of Q, i.e. the lines of action of Q and R 
must be in a plane which passes through P,. 

But Pi is any point on the line of action of P; and hence 
the above plane passes through any point on the line of action 
of P, i.e. it contains the line of action of P. 

Cor. From Art. 54 it now follows that the three forces 
must also meet in a point or be parallel. 

172. If four forces acting on a body are in equilibrium, 
shew that they are gener ators of the same hyperboloid. 

Let the lines of action of the four forces be P, Q, R , S. 
From any point on P draw a line L to meet both Q and R. 
Since the four forces are in equilibrium the sum of their moments 
about L must vanish ; hence S must meet L. Starting with 
any two other points on P we obtain two other lines M and N 
which meet P, Q, R, S. 

Now three non-intersecting lines L, M, N determine a 
hyperboloid of one sheet of which L, M, N are generators of the 
same system. The lines P, Q, R, S which meet L, M, H are 
then generators of this hyperboloid which belong to the other 
system. 

It will be noted that it is assumed that no two of the four 
forces are either parallel or meet in a point; for, if so, they 
could be compounded into a single force and we should fall 
back on the case of the last article. 
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173. If five forces acting on a body are in equilibrium, they 
can be intersected by two straight lines. 

Let the lines of action of the forces be P, Q , R, S and T. 
Through P , Q, R draw a hyperboloid of one sheet, and let S 
meet it in the points A and B. 

Through A there passes one generator of the hyperboloid 
which is of the opposite system to that of P, Q, R and which 
therefore meets P, Q, R ; since this generator meets P, Q, R, S 
the sum of their moments about it is zero. 

But, by taking moments about it for the whole system, we 
see that the sum of the moments of P, Q, R, S and T about it 
is zero. Hence the moment of T about it must be zero, i.e. it 
meets T also. 

Similarly, through B there passes a generator which meets 
all five forces. 

It will be noted that these straight lines are real, coincident, 
or imaginary according as S meets the hyperboloid in real, 
coincident, or imaginary points. 


174. Ex. 1. A heavy rod OA can turn freely about a point O, whose 
distance from a rough wall is h, the 
height of the wall being h ; the rod 
rests with a point of itself upon the 
top edge of the wall. Shew that lice 
greatest angle which the rod can 
make with the perpendicular drawn 
from O to the top edge of the wall is 

* 1>l ~ 1 ( x) ■ 

Let L be the point of the rod 
in contact with the wall, OK the 
perpendicular to the wall and OH the perpendicular to the top of the wall, 
so that OK=k, KH=h , and L.UOK=a. 

Let OM be parallel to II L and OM be perpendicular to OM. 

The direction of the normal reaction R at L is perpendicular to both 
OL and 11L and is thus perpendicular to the plane OLH. 

The friction f±R is opposite to the direction in which L would move 
and is thus perpendicular to OL in the plane OLH. 

Since QM is inclined at a to the horizon, iris equivalent to JFsina 
along GM and IFcos a perpendicular to the plane OLH through the 

point G. 

Taking moments about a perpendicular through 0 to the plane OHL y 



we thus have 


pR . 0L= IF sin a. OG sin HOL 
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Also, taking moments about a line perpendicular to OL in the plane 
EOL, we have 

R.OL= W cos a. 00 .(2). 


sin HOL=\x cot a= . 
Also nL = OEtar\ IIOL = fik AyJ 


+ * 2 


?k- 


, and twice HL is the length 


of the wall on which the rod can rest for equilibrium to be possible. 

Aliter. The question may also be solved by the use of Art. 171. 

For the rod is in equilibrium under three forces, viz. its weight, the 
reaction at the point 0 and the resultant reaction at L, which must thus 
meet in a point. The reaction at L must therefore lie in the vertical 
plane OLN. 

Now the direction, LF X , of the normal reaction at L is perpendicular 
to both OL and //A, i.e. it is normal to the plane OEL, so that it is 
perpendicular to Oil in the plane OUK and thus has as direction cosines 

(-sin a, 0, cos a).(3), 

where OK, OM and a parallel to KH are the axes of coordinates. 

The direction of friction, LF 2 , at L is along the perpendicular to OL in 
the plane OLE. The resultant reaction, which we have seen must lie in 
the plane OLN, must thus be at right angles to LF 3 , the normal to the 
plane OLN, whose direction cosines are 

(sin <f>, -cos (f>, 0) .(4), 

where (f> is the angle KON. 

Also, if the equilibrium be limiting, this resultant reaction makes an 
angle X with LF X . 

Again, since LF X , LF 2 , LF^ are all perpendicular to OL, they lie in the 
same plane. Hence the angle F x LF- i = 'dQf‘ + X. 

Hence, from (3) and (4), — sin sin a = cos (90° + X) = — sinX. 

Now tan 5 = tan IIOL = =cos a tan </> = -, - C ° S - 3 * P ^ ~ 

011 Vsiu 2 a - sin 2 X 

sin 6 =cot a tan X =p cot a, as before. 

Ex. 2. A heavy plug in the shape of a frustum of a cone exactly fits a 
conical hole of the same size, the common axis being vertical. The vertical 
angle of the cone is 2a, and the radii of the circular bases of the frustum 
are a and b. The normal reaction per unit of area being supposed constant, 
shew that the moment of the least couple that will twist the plug is 
2 CL^ ~ | Q I) -}■ l}“ 

3 m ^—a + 6 — coseCa > where IF is the weight of the plug arid p is the 

coefficient of friction. 

The area of the slant surface of the hole 

— it (a+ 6) x slant side*»Tr^-:—— . 


sin a 
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Hence, if R be the constant normal reaction per unit of area, we have 

W=zjr ^zF .R B ina = rr(a 2 -b 2 )R .(1). 

sin a 

If x be the radius of any section of the plug, the area of the hole 
between it and the section of radius x+bx = '2.iTX. -£—■-, and hence the 

oil! G 

moment of the friction on it about the axis 


2nx. 


8x 


R . x 


2/i W 


sin a ' (a 3 — b 2 ) sin a 

Hence the moment of the required couple 
2u IF 


X s dx. 


(a 2 —b 2 ) sin a 


Ji 3 bid a a 2 — b 2 3 a + o 


EXAMPLES 

1. Two smooth planes, each inclined at an angle a to the vertical, 
intersect in a horizontal line. A uniform rod, of weight W and length 2a, 
is placed between them in a horizontal position making an angle 6 with 
their line of intersection. Shew that the horizontal couple required to 
maintain equilibrium is IFa cos 6 cot a. 

2. A uniform straight rod, of length 2c, is placed in a horizontal 
position as high as possible within a hollow rough sphere, of radius a. 
Shew that the line joining the middle point of the rod to the centre of the 

sphere makes with the vertical an angle tan ~ 1 ^ • 

3. A uniform rod, of weight TF, can turn freely about a hinge at the 
end and rests with the other against a rough vertical wall making an 
a„<ri e a with the wall. Shew that this end may rest anywhere on an arc 
of ° a circle of angle 2 tan" 1 [/i tan a], and that in either of the extreme 

positions the normal reaction of the wall is i ir[cot 3 a + ^Y where f± is 

the coefficient of friction. 

4 A thin uniform rod AB , of length 2 a, rests in an oblique position 
with one end A on a rough horizontal table and the other against a rough 
vertical wall, the coefficients of friction at the table and wall being and 

and the distance of the foot of the rod from the wall being k ; shew 
that the rod is on the point of slipping at the lower end if the vertical 
plane in which it lies makes an anglo 6 with the wall given by 

kfii W sin 3 6 - cos* 0 )$=k - 2/i! (4a* sin* 6 - k 2 )t, 
and that the inclination of the tangential action at the upper end to the 
horizon is then sec ^" 1 (j* tan 0). ? 


LS 
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[The resultant reaction at A making an angle X, with the vertical, and 
the resultant reaction at B making an angle ^ with the vertical must meet 
in a point D vertically over the centre of gravity G. Hence, if BL be 
perpendicular to the table and L. LAB = u, we have, by Art. 65, 

2 tan a *= cot X, - cot 4r = -cot \j/. 

hi 

The only forces being in the plane ABDL , the end A must be on the 

point of slipping in the direction LA. 

By projecting BD on the normal to the wall at B , we have 

sin ylr sin fl = c09 X 2 = ■ .-— » 

vl+Mi s 

Also k = 2a sin 6 cos a. Hence the first given result. 

Also, if R be the reaction at B and ^R the friction there at an angle 
X to the horizontal, then, since we have seen that their resultant lies in the 
plane ABL , we have, by resolving in a direction perpendicular to this plane, 

m H cos x sin d = R cos 0.] 

5 . A hemisphere, whose surface is rough and whose centre is 0, is 
fixed with its base on a horizontal plane. One end of a straight uniform 
rod is freely jointed to a fixed point A in the plane and the other rests on 
the surface of the hemisphere at P so that the rod is just on the point of 
slipping. Shew that the plane through 0 and the rod makes with the 
vertical plane through OA an angle tan" 1 (jx cos a cosec /9), where /x is the 
coefficient of friction, a is the angle 'OAF, and /3 is the angle OP A. 

6 A heavy circular cylinder rests with its plane base upon a rough 
horizontal table ; if its weight be W and the normal pressure be supposed 
to be uniformly distributed over the base, shew that the moment of the 
couple about its axis which would just twist it is §/xfPa, where fi is the 
coefficient of friction and a is the radius of its base. 


7 . A right circular cone, of weight IP and vertical angle 2a, is placed 
with its vertex downwards and supported by a circular hole cut in a 
horizontal table. If /x be the coefficient of friction and b the radius of the 
hole, shew that the moment of the least couple that will move the cone is 
/x Wb cosec a. 

8. A smooth pyramidal plug is made to fit symmetrically into an equi¬ 
lateral triangular hole whose side is a and whose plane is horizontal. Prove 
that to retain it in the hole with its axis vertical, so that its section by 
the plane of the hole is an equilateral triangle of side c, a couple must be 

/4c* 

applied of amount Wh ^ — 1, where TP is the weight of the plug and 

A is the depth of the vertex in this position. 

[Let the plug touch the sides BC, CA, A B of the hole in the points 
A\ B\ C'. Then easily 

xe-=^[ a+Av / 4 5f5!] and 


4c 
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Hence, if O be the centre of the equilateral triangle A'B'C\ 


sin 0 = sin OC'A =sin [AC'B’ + 30°] = ^. 

Also, since by symmetry the vertex V of the pyramid is vertically 

OC' c 

below 0, its inclination a to the vertical is given by tan a = — _ . 

h tl 

If C'A, a perpendicular to C'A on the horizontal plane, and the vertical 
be taken as the axes of x, y , z, the direction cosines of C'A are (1, 0, 0), 
and those of the edge are ( — sin u cos d, — sin a sin 6, cos a), i.e. they are pro¬ 
portional to ( — n 'Ac 1 — a-, —a, 2A N /3). Also if the direction of the resultant 
reaction R at C' make an 4. \f/ with the vertical, its direction cosines are 
(0, sin \f/ t cos \j/), since it is perpendicular to C'A. Since it is also perpen¬ 
dicular to the edge, 

2 h J3 


.-. sin ( — a) + cos \j/ (2/i ,/3) = 0, i.e. i&u\^ = 


a 


The horizontal component R x of this reaction 

2 h J3 


n . ?r 

R sin = — tan yj/ 

O 


3a 


IF, 


since the vertical components of the three equal reactions R balance IP. 

Also the direction of R x is perpendicular to DA. Hence the moment 
of the required couple = moment about O of the three components R x at 

A',B',C’ = 3R l . \ cos 0 = the given result.] 

4> — 


9. A uniform triangular table ABC has three equal legs at A\ B, and 
C which rest on a rough horizontal plane. Find the least couple that will 
cause the table to move. 

[Assume that the table is on the point of turning about a vertical axis 
meeting the horizontal plane in O. Then the frictions at A, B, C are 
perpendicular to OA, OB, OC in the same sense and are each equal to 

IP 

JpTP since the thrust of each leg is clearly —. 

If these frictions form a triangle A'B'C' then since they are equivalent 
to a couple only the resultant force must vanish, and each friction must 
be proportional to the sine of the angle between the other two. Hence 
the angles A', B', C' must be equal and hence also the angles AOB, BOC, 
COA. Hence O must be inside the triangle and be such that 

L. BOC—L. C0A=lA0B = 120°. 

Hence O always exists provided no angle of the triangle is greater than 
120°, and is easily found as the intersections of circular arcs on BC, CA as 
bases each containing 120°. 

The moment of the couple required to move the table then 

-e£-[0A + 0£ + 0Cl 
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The table might also begin to turn about A. If so the frictions at B 

and C are each at right angles to AB and AC , so that their resultant 

«> 

is §/i IF cos - . The resultant force of this resultant and the friction at A 
2 

cannot be zero if g/xIFcos^ >^» *'•«• if ^<120°. Thus the table will 

only turn about the angle A, if A W 120° and then the moment of the 
required couple = £/i IF [AB + A C\] 

175. Principle of Virtual Work. Let a system of forces 
P u P it P t , ... act at given points of a material system, and let a 
small displacement be given to the system consistent with its 
geometrical conditions. If Spi be the displacement of the point 
of application of P, along its line of action, and Sp i} ... the 
displacements similarly of the points of applications of P 9 , P,,..., 
then, if the forces P„ P a> ... are in equilibrium, 

P x Sp x + P 9 8p 2 + P 3 Sp 3 + ... = 0 .(1), 

when small quantities of the second order are neglected. 

Conversely, if P x Bp x 4- P a Sp a 4- P»Bp, 4-... = 0, the system of 
forces is in equilibrium. 

We have shewn in Art. 96 that the work done by a force 
during any displacement is equal to the work done by its com¬ 
ponent forces. 

Hence if X x , F,, Z x be the components of P, parallel to the 
axes, and Bx x , By xt Bz x the components in the same direction of 
8p x . then 

P,. 8p x = X x . S#! -f- Y x . Sy x 4- Z x . Sz x , 

with a similar notation for the other forces. 

The relation (1) is thus equivalent to 

(A,. 4" F,. Sy x 4" Z x . 8^) 4- . Sx 2 4* F s . 8y a 4" Z 2 . Bz^) 

4* ... 4" ... 0, 

i.e. to 2X. Bx 4- 2 F. 8y 4- 2F. Bz = 0. 

We shall assume that any rigid body may be moved from 
any position to any other position by a motion of translation of 
any point O' to some other point 0 and by a rotation of the 
whole body about some axis passing through 0. 

This rotation may be resolved into three component rotations 
about the axes of coordinates and we shall assume that these 
can be made in any order provided they are small. 
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[For a proof of these assumptions the reader may refer to 
Dynamics of a Particle and of Riyid Bodies, Arts. 215—218.] 

Let us first consider the effect on the coordinates of any 
point A x of these three component 
rotations, assumed to be through 
small angles 0 X , 0 a , and 0, about 
the axes. 

Draw A X K perpendicular to 
0#, A t N perpendicular to the plane 
xOy, and let Z A X KN — 0. 

The y-coordinate of A x 

= KN = KA X cos Q. 

The rotation about Ox will 
change this into KA X cos (0 + 0 X ). Hence the change in the 

y-coordinate 

= KA X [cos ( 0 + 0 X ) - cos 0] 

= KA X (- 0, sin 0), if squares of 0, are neglected, =- 0 x .z x . 

Similarly the change in the ^-coordinate 
= KA X [sin (0 + 0,) — sin 0] = KA X [cos 0.0,]’= 0 x .y x . 

In the same way it may be shewn that a rotation of 0 2 about 
Q,f w ill produce changes equal to — 0 a . x x and 0*.z x in the z- 
and ^-coordinates, and that a rotation of 0 a about Oz will produce 
changes of - 0 8 .y, and 0 3 .x x in the x- and y-coordinates. 
Hence, neglecting squares of small quantities, we see that the 
resultant changes in the coordinates due to the three rotations 

are 0» . z x - 0 9 . y x parallel to Ox, 

0 9 . x x — 0i. z x parallel to Oy, 

and 0 x .yx-O 2 . x x parallel to Oz. 

If in addition to these rotations the body have been moved 
through small distances a, b, c parallel to the axes, we have, to 
the first order of small quantities, 

Bx x — cz 0 9 . z x 03 • yi* 

By x = b + 0 a . x x 0 X . z Xt 

hz x = c + 0 \. yi — 0% • 



and 
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The virtual work done by the force P x acting at A, during 
the small displacement therefore 
= X l .Sx l + Y l .8y l + Z 1 .8z l 
= aX x + bY x + cZ x 

+ 0 X (y\Z\ — z i Yx) + 0 2 {z\X\ — ^\Z X ) 4- 0, (x x Y 1 -y 1 X 1 ). 
Hence, since a, b, c, 0 X , 0„ and 0, are the same for all the 
points of the system, the virtual work done by all the forces 

= a.2(X) + b.2(Y) + c.2(Z) 

-f 0,2 (yZ — zY) + 0a— (zX — xZ) 4- 0,2 (xY — yX)...( 2). 

By Art. 165 it follows that, if the system of forces is in 
equilibrium, each of the terms of this expression separately 

vanishes, and hence 

P,. Sp, 4- P fl • 4- P,. Sp, + ... = virtual work of the system = 0. 

176. Conversely, let the Virtual Work of the system be 
zero for all displacements. 

Choose a simple displacement parallel to the axis of x, so that 

& = c==0, = 0 a =0, = O, 

but a is not zero. The result (2) of the last article then gives 
2 (X) = 0. Similarly 2 (F) = 0, and 2 (Z) = 0. 

Next choose a simple rotation about the axis of x, so that 

a = b = c = 0, = 0 t — 0, 

whilst 0, is not zero. The result (2) then gives 2(yZ-zY) = 0, 
i. e . the sum of the moments of the forces of the system about 
the axis of a? is zero, i.e. L = 0. Similarly, M — 0 and N = 0. 
Hence, if the equation of Virtual Work holds, all the conditions 
of equilibrium of Art. 165 are satisfied, and the system of forces 
is in equilibrium. 

177. Ex. A regular tetrahedron formed of six light rode , each of length o, 
rests on a smooth horizontal plane. A ring , of weight W and radius 6, is 
supported by the slant sides. Shew that the stress in any one of the horizontal 

Me. * ^ ' 

Give to the system a displacement such that the three slant sides are 
unaltered in length and the vertex descends in a vertical line. When the 
slant sides are inclined at 6 to the vertical, let the lengths of the sides 
in contact with the plane be x t so that 

^^BaBinfl, and thus x=aj3 sin Q. 

- 3 2 
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If y be the height of the ring above the plane, then 

y = a cos 6 — b cot 0. 

If T be the required stress, reckoned positively as a tension, the 
equation of virtual work gives 


- \V8y-3T8x = 0. 


• • 


3 T 
W 


ty 

dx 


a sin 6 - 


sin 2 0 


a J 3 cos 0 


Now in the position of equilibrium x=a and hence sin 0 

a 

T 

*** W 3cz n /2 s 'G[_3 


i 

s/3 


' 13 —- iTl ,3 *1 

3 aJ'2 ./Gl 3 v aj* 


EXAMPLES 

1. A regular octahedron formed of twelve equal rods, each of weight 
xe>, freely jointed together, is suspended from one corner. Shew that the 
thrust in each horizontal rod is § io*/2. 

2. A tripod consists of three equal uniform bars, each of length a and 
weight w , which are freely jointed at one extremity, their middle points 
being joined by strings, each of length b. The tripod is placed with its 
free ends in contact with a smooth horizontal plane and a weight W is 
attached to the common joint; shew that the tension of each string is 

b 

8 (2 W+ 3id) . . 

3 V ' dda* - 126* 

3. Twelve similar and uniform rods are jointed at their ends to form 
an octahedron and are suspended from one of the vertices, being supported 
by a string joining this vertex to the opposite vertex ; the string is elastic 
and such that the total weight of the rods would stretch it to twice its 
natural length, the latter being equal to the length of either rod. In the 
position of equilibrium, shew that the slant rods are inclined to the 
vertical at an angle cos -1 £. 

4. A parallelopiped is formed of twelve weightless rods which are 
freely jointed at their ends, and is in equilibrium under the action of four 
stretched elastic strings which connect the four pairs of opposite vertices. 
Shew that the tensions of the strings and the actions in the rods are 
proportional to their lengths. 

[If T Xt T % , T 3 , T 4 be the tensions of the strings whose lengths are 
x , y, z t u, the equation of virtual work gives 

T x hx + T % Sy + T b bz + T k hu «= 0. 

But it is easy to shew that **+#*+** + u 2 = four times the sum of the 
squares of the lengths of the rods, so that xdx+y8y+zdz+u8u = 0. 
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Since these two equations are true for all values of the quantities 

du > we have T T Ts Tt 

~x~ y = * u ' 

The rest follows by considering the forces acting at any corner.] 

5. A conical tent resting on a smooth floor is made up of an indefinitely 
great number of equal isosceles triangular elements, hinged at the vertex 
and kept in shape by a heavy circular ring placed on it like a necklace. 
Shew that in equilibrium the semi-vertical angle of the cone is 

„; n -i (t 3 W '— ^* where IF, IF'are respectively the weights of the cone 

aiu \h* ip+3 w) y 

and the ring, and r, h are respectively the radius of the ring and the slant 
side of the cone. 

6. Three particles, of equal weight w, are in equilibrium on the outer 
surface of a smooth fixed sphere of radius r; the particles rest symmetrically 
on the surface of the sphere, being connected by equal strings of length l. 
Shew, by means of the principle of virtual work, that the tension of each 


string is w 


sin 8 a sin - 

• 3a 
3810 2 


h 


l 


\S 

, where a is an angle of circular measure -. 


7. A heavy elastic string, whose natural length is 2*0, is placed 

round a smooth cone whose axis is vertical and whose semi-vertical angle 

is a. If IF be the weight and X the modulus of elasticity of the string, 

prove that it will be in equilibrium when in the form of a circle whose 

/ IF \ 
radius is a ( 1 4- cot a 1. 

8. A smooth paraboloid of revolution is fixed with its axis vertical 
and vertex upwards ; on it is placed a heavy elastic string of unstretched 
length 2nc ; when the string is in equilibrium shew that it rests in the 

form of a circle of radius 4*acX where W is the weight of the string, 

4 ira\—c>V 

X its modulus of elasticity, and 4a the latus rectum of the generating 
parabola. 

9. Two equal particles are connected by two given weightless strings, 
which are placed like a necklace on a smooth cone whose axis is vertical 
and whose vertex is uppermost; shew that the tension of each string is 

— cot a, where IF is the weight of each particle and 2a the vertical angle 

TT 

of the cone. 

178. Suppose that at any point (x , y, z) of the path of a 
particle the component forces on it are X, Y, Z. Then, as 
in Art 96, if it undergo a displacement given by 8x, 8y, 8z the 
work done by the forces on it = X&x + Y8y + Z8z. 
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The work done on it as it moves from some standard position 
at ( x 0 , y 0 , z 0 ) to the position ( x lt y lt z t ) 

= the sum of such works as those done in the 
elementary displacement 

( ”’“"*'\xdx+ Ydy + Zdz) .(1). 

(•r.. y 0 . ^*) 

This quantity is called the Work Function and is often 
denoted by IF. 

If X, Y, Z are such that they are the differential coefficients 
of some quantity V with respect to x, y, z, then 


/ 


W 


-/ 


(*i.vi.*,> /dV . dV , dV \ 
I — dx + — dy + —jj dz\ 




— V 


dy 

Vo 


( 2 ), 


(*..!/.,*.) ^dx 

(*i.i/i.*i) 

— V i — 

_ _(ar..yo.*,) 

where V x and V 0 denote the values of V at the points (#,, y lt z x ) 
and y„ z 0 ) respectively. 

The quantity (2) clearly depends only on the values ot V tor 
the initial and final positions of the particle, and not at all on 
the path by which it passed from the first to the final position. 

Such a system of forces, in which the x, y, and z components 
at any point are the differential coefficients with respect to x, y, 
and z of some function, so that X Bx + YBy + ZBz is a perfect 
differential, is called a Conservative System. 

The quantity V is called the Potential of the system. 

179. The Potential Energy of the particle due to the given 
system of forces is the work that the forces would do on it as it 
moved from any position to the standard position. Thus when 
it is at the point (*„ *i) the potential energy K 

{X " , °'“\xdx+ Ydy + Zdz) 

(*,» Vi. *«) 

= v 0 -v x . 


-/ 


180 Coordinates of a system. A body, which is free to 
move in two dimensions, has its position known when we are 
riven the coordinates of some point of it and also the angle that 
a straight line fixed with respect to it makes with the axis of x. 

These three quantities x, y, and 9 may be called the co¬ 
ordinates of the body, and the coordinates of any other pomt of 
the body must clearly be expressible in terms of them. 
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In three dimensions we shall know the position of the body 
if the coordinates of any three given points of it are known. 
But the nine coordinates of these points are connected by three 
relations expressing the invariable lengths of the lines joining 
them. Thus three of these coordinates may be determined in 
terms of the rest. The six remaining independent coordinates 
fix the position of the body and may be called its coordinates. 

Or, again, the position of this body, free to move in space, 
will be given if we know the three coordinates of any point O of 
it, and also the position with respect to the axes of two known 
lines AB and CD of it. The direction cosines (k, m,, n x ) and 
(h, rn i> «,) of these two lines are connected by the relations 
4- = 1, If + mf + nf = 1, and IJ* 4- + n x n 2 = the 

cosine of the known angle between AB and CD, and hence 

reduce to three independent quantities. 

Hence again, six independent quantities will fix the position 
of a body in space and may be called the coordinates of the 

body. 

Thus any independent quantities which, when given, 
determine the position of a body, are called its Coordinates. 

181. T York function of a body. If X x , Y lt Z x be the com¬ 
ponents of the forces acting at any point (#,, 3 /,, z t ) of the body, 
with similar notations for other particles of the body, the total 
work done during any elementary displacement of the body 

= (X l lx 1 + Y 1 By l 4 - Z x Bz x ) + {X 2 Bx 2 + Y 2 8y 2 4- Z 2 Sz 2 ) + ... 

80 ^ STF = 2 (XBx + YSy + ZSz) .(1). 

Let the independent coordinates of the body be denoted by 
£, 77 , £, ... so that the coordinates (x Xt y x , z x ) of each point of the 
body and the component forces X lt Y x , Z x can be expressed in 
terms of £, 1 /, C,.... Then (1) can be expressed in the form 

8 ir=Hd£+ ndr} + Zd£+ .... 

The whole work done as the body moves from some standard 
configuration given by (f 0 , Vo, Co, —) to the configuration given 
by (Ci, V\> Ci» •••) i9 » 83 m fclie case a sin S le particle, 

W= f (H d£ 4 - Hd?; + Z d£ + ...). 

J ((01 •••) 

If as before, these quantities H, H, Z,... can be expressed as 
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the differential coefficients with respect to r/, £, ... of some 
quantity V, this gives W = F, — l r 0 . 

Similarly, if the potential energy K be defined to be the 
work the system can do as it passes from the position given by 
(£,, Vi> £ 1 , ...) to the standard position we have, as before, 

K = Vo- V x . 

182. Position of equilibrium of the system. The position 
of equilibrium is, by the Principle of Virtual Work, given by 
equating 81V to zero for every virtual displacement. In other 
words we find the position of the system for which TF is either a 
maximum or a minimum or stationary. 

The quantities rj, ... being independent, we therefore 
find the position of equilibrium by equating to zero H, H, Z, ... 
which are the differential coefficients of TF with respect to 

(T > • • • • 

Suppose that the position of equilibrium which is thus found 
is one in which TF is a true maximum, and let the body be 
slightly displaced into a neighbouring position, and momentarily 
be at rest. Then the body must (by the principle of Dynamics 
that the kinetic energy generated is equal to the work done) 
move so that the work done by the forces is positive, i.e. it must 
move so that TF is increased and hence must return towards the 
position of equilibrium just found, and so this position of equi¬ 
librium is stable. 

Similarly, if in the position of equilibrium found as above 
TF is a true minimum, the body on being displaced will move so 
that TF is increased and will therefore move further away from 
the position of equilibrium and this position will be unstable. 

Finally if IF be neither a true maximum nor a true minimum, 
i. e . if it be a maximum for some displacements and a minimum 
for others, the equilibrium will be stable for some displacements 
and unstable for other displacements. The position thus found 
is then on the whole not a stable one. 

To sum up. If the work function TF be formed for a body, 
or system of bodies, and expressed in terms of independent 
coordinates £,77, £ ..., the positions of equilibrium are the positions 
for which TF is a maximum, a minimum or stationary, and those 
positions only are stable which are such that the corresponding 
values of TF are true maxima. 
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Since IK = — ST7, the opposite will be the case lfw ® c0n3 ^ er 
the Potential Energy. Only those positions are stab e which 
are such that the corresponding values of the Potential Ene gy 

K are true minima. 

183 Ex Three equal spheres rest on a smooth table and are kept 
in position by a smooth elastic band in the plane of the centres, the bandb f^f 
unstretched 'when the spheres are in contact. A fourth equal sphere is placed 
above hZ Prove that, if m « of equilibrium the line joining the 

centre o}7he upper sp/iere lo the centre of either of the lover spheres is inclined 
at an angle 6 to the vertical, the equilibrium is stable for symmetrical dis¬ 
placements if sin 3 6 < . 



Lot 6 bo the inclination to the vertical of the line joining the centre of 
the upper sphere to that of one of the lower spheres, when the centres of 
the latter are at a distance x apart. Then 

00 x Sx sin 60* x 
Bm0 = ~2a ~ -2a STJZ' 

If X be the coefficient of elasticity, the tension T of the band 

x 3x + 27rg-(6a + 2Tra) 3X fr — <j.a\ 

= * 6a + 2n-a 2(n- + 3)a' 

If Wx be the weight of either sphere, the element S IF"of the work function 
for a symmetrical displacement is given by 

8 \V=* - ir,S (a + 2a cos 6) - 3 Tdx. 

- 2asind-^-3^[v/3sin 0-l]cos5. 

‘ dd *r + 3 

. TP,. 2acos0 — [ J3 (cos’0 -sin’0)+sin 6\ 

The position of equilibrium is given by -^-=0, ^7 

W x sin 6 =[ V3 sin 6 cos 6 - cos $]. 
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For this value of 6, 

l = — v '^ a [( n /3 sin 6 cos 6 - cos 6) cot 6 — (cos 2 # — sin 2 #) - sin #] 

(it) 7T -f- O 


18 v/3Aa x /3 sin 3 # — 1 


TT -f- 3 


sin # 

cf 2 IK . 


Ifsin 3 d<-jg, then ^ 


is negative, the corresponding value of IK is a 


maximum, and the equilibrium is stable. 


EXAMPLES 

1. A solid oblate spheroid is loaded with a weight equal to n times 
its own weight at one extremity of its axis. Find in what diflerent 
positions it can be in equilibrium resting on a smooth horizontal plane, 

and in which of these the equilibrium is stable. Shew that if e ^ < '2n-\-\ * 

there are only two possible positions of equilibrium. 

2. The axis of z being vertically upwards, and the origin being A, a 
uniform square board A UCD , of weight H and side 2 a, is mounted so that 
it can turn freely about A B which is fixed in the direction whose cosines 
are (sin#, 0, cos#). A weightless string, fastened to the board at C, 
passes through a smooth fixed ring at (0, 2a, 0), and carries a hanging 
weight w at its other end. Prove that there is equilibrium when the angle 
$ which the board makes with the plane of xz satisfies the equation 

__ iTain 6 . 

^(3-2^11 \ cf>) 2w 
Investigate the stability of the equilibrium. 

3. A smooth solid circular cone, of height A and vertical angle 2a, is 
at rest with its axis vertical in a horizontal circular hole of radius a. 
Shew that if 16a>3/<sin2a the equilibrium is stable, and there are two 
other positions of unstable equilibrium ; and that if lGa<3Asm2a the 
equilibrium is unstable, and the position in which the axis is vertical is 

the only position of equilibrium. . 

If a weight w be hung on at the vertex of the cone, whose weight is >1. 

prove that the corresponding condition is 1G« ( w+ IKj> 3 IIA sin 2a. 

4. A uniform right circular cone of height k and vertical angle 2a rests 
with its vertex downwards and its axis vertical, between two smooth 
parallel rails at a distance d apart in a horizontal plane. Prove that the 
equilibrium is stable for angular displacements in which the axis remains 
in a vertical plane parallel to the rails, if h<&d cosec 2a. 

5 A right cone, whose vertical angle is a right angle, is placed vertex 
downwards through a square hole in a horizontal plane so as to touch each 
Bide Shew that, if the height h of the cone exceed twice the side a of the 
square, a position of equilibriu m is po ssible with the axis inclined to the 

horizon at an angle ain-y^^- P™ve alao that this poaition ia 

stable. 



CHAPTER XI 

FORCES IN THREE DIMENSIONS ( continued) 

Poinsot’s Central Axis. The Cylindroid. Null Lines. 

184. To shew that any system of forces acting on a rigid 
body can be reduced to a single force together with a couple whose 

axis is along the direction of the force. 

It has been shewn in Art. 162 that any system can he 
reduced to a force R acting at any point 0 and a couple of 
moment G about a line through 0. 



Let OA be the direction of R, OB the axis of the couple G, 
and let Z A OB — 6. 

In the plane A OB draw OC perpendicular to OA, and draw 
OD perpendicular to the plane AOC. 

By Art. 49 the couple G about OB as axis is equivalent to 
a couple G cos 6 about OA as axis and a couple G sin 0 about 
OG as axis. This latter couple acts in the plane AOD, and 
may therefore be replaced by any two equal unlike parallel 
forces of moment G sin Q. 
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Choose for one of these two forces a force R at 0 in the 
direction opposite to OA. Then the other force must be equal 
to R acting parallel to OA at a point O, in OL), such that 

R .00 x — G sin 0, i.e. 00 x = ' 

The forces at O now balance ; also 
the axis of the couple Geos 0 may be 
transferred from 0/1 to 0 X A X . 

We thus have finally a force R 
along 0 X A X and a couple of moment 
G cos 0 about O x A x as axis. 

This axis, 0 X A X . thus obtained is called Poinsot’s Central 

Axis. 

It is easily seen that the Central Axis thus determined is unique. 
For, if possible, let the given system be equivalent to a force along, and a 
couple about, a line 0 X A X and also to a force along, and a couple about, 
another line 6> 2 ,1 2 . by Art. 162, the resultant force is the same in 
magnitude and direction whatever base point, or origin, is taken. Hence 
0 2 A 2 is parallel to 0 X A X and the resultant force It is the same for each. 

Hence the system [R ; O) about O x A x is the same as the system [fi ; O') 
about a parallel' lino 0 3 A 3 . If p be the distance between O x A x and 0,A tt 
then R along 0 2 A 2 is equivalent to R along 0 X A X and a couple R.p about 
an axis perpendicular to O x A x [Art. 59). Hence the second system is 
equivalent to a force R along 0 X A X , a couple O' about O x A x and a couple 
R.p about an axis perpendicular to 0 X A X , i.e. it is equivalent to a force / 
along 0 X A ,, and a couple about an axis which is not O x A Xl i.e. it is not equal 

to the system [R ; O) with O x A x as axis. 

Hence our original supposition is incorrect, and we cannot find1 two 

central axes 0 X A X and 0 2 A 3 , i.e. the central axis found in the preceding 
article is unique. 

185. For any origin 0 the resultant force is the same and 
equal to that along the central axis. But the resultant couple 
is not the same. This latter is clearly a minimum for the 
Central Axis. For if G be the couple for any origin 0 (not 
on the central axis), and if its axis be inclined at 6 to the 
resultant force, then the couple for the Central Axis was shewn 
in the last article to be equal to Geos 0, which is always less 

tha Hence the moment of the resultant couple about the Central 
Axis is less a, an the moment of the resultant couple corresponding 
to any point 0 which is not on the Central Axis. 
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186. A single force R together with a couple K whose axis 
coincides with the direction of the force are, taken together, 
called a Wrench. 

The ratio ^, viz. the moment of the couple divided by the 

force, is called the Pitch and is a linear magnitude. When the 
pitch is zero the wrench reduces to a single force. When the 
pitch is infinite, the wench becomes a couple only. 

The single force R is often called the intensity of the wrench. 

The straight line along which the single force acts when 
considered together with the pitch is called a Screw, so that a 
Screw is a definite straight line associated with a definite pitch 

Five quantities are required to determine a Screw. Four 
are required to give the position of the axis; for example the 
point in which it cuts one of the coordinate planes and its 
inclinations to the axes of coordinates. A fifth is required to 
determine its pitch. 

To completely determine a Wrench on a Screw a sixth 
quantity must be given, viz. the Intensity of the Wrench. 

187. Right-handed and left-handed Screws. 

It is clear that combined with the same translation there 
may be a rotation in either of two opposite directions. When 
the rotation is the same as in the case of a screw-driver when 
screwing in a screw, or as in the case of a corkscrew, the screw 
is said to be right-handed ; when the rotation is in the opposite 

direction the screw is left-handed. 

The general definition is as follows; let an observer stand 
with his body along the axis of the screw, so that the positive 
direction of the translation is from his feet up through his head; 
let him also observe a watch whose plane is in the plane of the 
rotation and whose face is towards him. Then the screw is 
right or left-handed according as the rotation is opposite to or 
in the same sense as that of the hands of the watch. 

Thus in the figures of this book which are drawn according 
to the usual conventions of Solid Geometry we have taken the 
left-handed screw as the positive and standard case. This is 
clear if we apply the above definition to a screw whose axis is 
the axis of x\ for we have assumed (Art. 47) that a positive 
couple would tend to rotate the body from Oy to Oz. 



Invariants 


209 


188. Condition that a given system of forces should com¬ 
pound into a single force. 

By Art. 162 the forces are equivalent to a single force A 
acting at an arbitrary origin 0 and a single couple G. If 6 be 
the angle between R and the axis of G, then R is equivalent to a 
force R cos 6 along the axis OB of the couple, and a force R sin 6 
in the plane of the couple. This force R sin 6, together with the 
parallel forces of the couple, are, by Art. 51, equivalent to a 
parallel force A sin which does not pass through 0 and there¬ 
fore cannot, in general, compound with A cos 6 into a single 

force. 


But, if A cos 6 = 0, i.e. if cos 0 = 0, then we are left with a 
single force A sin 6. 

Hence 0 must be 90°, i.e. the angle between the straight lines 

(X Y Z\ A (L M ±X\ 

whose direction cosines are I \G’ G * G ) mu8 “ 


be a right angle. 


• • 


X ^ ^ .Z X __ 9 qo _ q 

r-g + r-g + rg- c03[)0 


XL + YM + ZN — 0 


is the required condition. ^ 


189. Invariants. Whatever origin, or base point, and axes 
are chosen, for any given system of forces the quantities 

X* + F a + Z a and LX + MY + NZ 

are invariable, where X = 2 ( X x ), etc. and L — £ (y\Z x — z x F,), etc. 

For, by Arts. 162 and 184, X'+ Y'+ Z a is the square of the 
resultant force A corresponding to the Central Axis and is 

therefore invariable. 

Again, if, in Art. 162, (l, m, n) are the direction cosines of 
the resultant force and ( l lt m„ n,) those of the axis of the 
resultant couple, then 


X L 
R'G 


+ 5-S'+|-f = “ 1 + mm, + nrh 


the cosine of the angle between the resultant force and 
the axis of the resultant couple 


= cos 0 (Art. 184). 
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LX + M7+ NZ=R. Q cos 6 = R.K, 

where K is the moment of the couple about the Central Axis. 
Hence I = LX + MY+ NZ is an invariant. 

It follows that if K be zero, that is, if the given system 
reduces to a single force, then LX + MY + NZ = 0. 

This second invariant will be zero also when the resultant 
force R is zero. In this case the first invariant is zero also. 

The pitch, p, of the resultant Wrench of the system = 

= the invariant / of the system divided by the square of the 
invariant R. 

190. To find the equation of the Central Axis of any given 
system of forces. 

With the notation of Art. 1G2, let (/ g, k ) be the coordinates 
referred to the axes Ox, Oy, Oz of any point Q. 

The moment about a line through Q parallel to Ox is clearly 
obtained by putting x x —f, y x — g, z x -h instead of x lt y u z x in 
the results of that article. 

Hence this moment 

= 2[( yi-g)Z l -(z 1 -h) F,] 

= 2 (y x Z x - ZiYx)-gt (Z x ) + hZ ( Y x ) 

= L-gZ+hY, 

with the notation of that article. 

So the moments about lines through Q parallel to the other 
axes are 

M-hX+fZ and N-fY + gX. 

Also the components of the resultant force are the same for 
all points such as Q, and are thus X, Y and Z. 

If Q be a point on the central axis, the direction cosines of 
the axis of the couple corresponding to it are proportional to 
those of the resultant force. Hence 

L-gZ + hY M-hX+fZ _ N-fY+gX 
X ~ Y Z 

LX + MY+NZ K 

" X»+F» + Z a ~ R' 


by Art. 189. 
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Hence the equation of the locus of the point (/, g, h), i.e. the 
required equation of the central axis, is 

L — yZ + z Y Af — zX 4- xZ _ N — xY + yX 

X F F 

= — = the pitch p of the wrench. 


191, Ex. 1. Three forces, each equal to P, act on a body; one at 
the point (a, 0, 0) parallel to Oy, the second at the point (0, 6, 0) parallel to 
Oz, and the third at the point (0, 0, c) parallel to Ox; the axes being 
rectangular, find the resultant wrench in magnitude and position. 

Here X=Y=Z=P, 

L — Pb ; M=Pc; xY=Pa. 

Hence, if R be the force and K the couple of the wrench, then 

R = s/X*+ Y* + Z- = PJ 3, 

and KR = LX+MY+NZ^P 2 (a + b+c) J 

so that K = ~- P (a + b + c). 


By Art. 190, the equations to the central axis are 

b — y + z = c - z + x = a-x+y, 

o + 26 4 -3c 6 + 2c + 3o . c + 2o + 36 

i.e. x+ - 3 - =y+ - 3 -- 3 -* 


so that the central axis is a straight line through the point 

/ o + 26 + 3o 6 + 2c + 3o c + 2 o + 36 \ 

\ -3 » 3 • 3 )' 

inclined at equal angles to the three axes. 


T!t 2. Two equal forces act one along each of the straight lines 

x+acos d y -6 sin 0 = z # 
o sin 0 + 6 cos 0 c' 

shew that their central axis must , for all values of 0 , lie on the surface 


y(i+i)= b {-c +c a)- ^ 

P being the force, then at the point (o cos 0, 6 sin 0, 0) we have a force 
whose components are proportional to a sin 0 . P, -bcos0P, cP, and at 
the point (-acos0,b sin 0 , 0 ) a force whose components are proportional 

to o sin 0 . Py b cos 0P , cP. 

Hence AT =2 (X,) cc 2o sin 0. P, 

F*=0, and Z oc 2 cP, 

L =2 ly\Z\ - z x Y x ) « 26 c sin 0 . P, 

M= 0 , and Ace - 2abP. 
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The equations of Art. 100 then become 

6camg z j L C o -a6+ya«mfl, andMs in g=J & 
asintf c 

Substituting the value of sin 6 from the second of these equations in 
the first we have, as the locus of the central axis, 

»e*3-‘G + 9- 


/ EXAMPLES 

Equal forces act along two perpendicular diagonals of opposite 
faces of a cube of side a ; shew that they are equivalent to a single force 
It acting along a line through the centre of the cube, and a couple \aR 
with the same line for axis. 


\jL OBDC is a rectangle such that 0B = b and 0C=c\ also OA is a 
perpendicular to its plane ; along OA, CD and BD act forces X, Y and Z 
respectively. Shew that the component force R and couple A of the 

resultant wrench are X*+ Y^ + Z 2 and X(Zb — Yc)s-*J X 2 + Y : + Z*. Shew 
also that with OA, OB and OC as axes of x, y, and z the equation to the 

central axis is 

x y ZK z . KY 
X “ 


i+ 


Y XYR XZR’ 


3. OA, OB, 0(7 are the edges of a rectangular parallelopiped of lengths 
6 , 15 and 8 inches respectively, and 00', A A', BB' and CC' are its 
diagonals. Calculate the wrench of the forces—130 from B' to 0, 68 from 
A to O', 50 from C' to A' and 68 from B to C. 

[R= -108, A*=1080, the central axis being a straight line parallel to 

0A through the middle point of BC .] 

n 4 ./\)A, OB, 0C are three co-terminous edges of a cube and A A', BB', 
C0*f00' are diagonals ; along BC', CA', AB' and 00' act forces equal to 
X, Y, Z and R respectively ; shew that they are equivalent to a single 
resultant if ( YZ+ ZX+X Y) J3 + R ( X + Y+ Z) = 0. 

Forces P, Q, R act along three non-intersecting edges of a cube; 
find the central axis. 


\ (Lx'Two forces P and Q act along the straight lines whose equations 
iib<<y=xta.n a, z=c and y= — xtan a, —c respectively. Shew that their 
central axis lies on the straight line 


P-Q, , i P*-Q* 

y x. q tan a and - = p 2+2P Q coa 2a + ^* 


For all values of P and Q, prove that this line is a generator of the surface 

+y*) * sin 2 a ■= 2c xy. 
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7. Equal forces act along the axe 9 and along the straight line 

x-a _ y-$ = z-y _ 
l m n ’ 

find the equations of the central axis of the system. 

^JJ^-Ttnee forces act along the straight lines 

x = 0 t y-z=a; y = 0, z- x —a ; « = 0 , x - y—d. 

Shew that they cannot reduce to a couple. 

Prove also that if the system reduces to a single force its line of action 
must lie on the surface x 3 + y 3 ■+- z 3 — 2yz — 2z.v — 2xy = a 3 . 

\ 9^Forces X, Y, Z act along the three straight lines 
' y = b,z=—c; z = c,x=—a; and x = a,y=-b , 

respectively ; shew that they will have a single resultant if 

X + J r+ Z = ° * 

and that the equations of its line of action are any two of the three 

0 . 


y z «_ n 

Y~ Z~ X~ ' Z X Y 


0 

u * x Y Z 


A single force is equivalent to component forces X , Y and Z along 
t^Te^xes of coordinates and to couples A, if, N about the se axes ; shew 
that the magnitude of the single force is JX 3 + Y 3 + Z 3 and that the 
equation to its line of action is 

yZ-zY zX-xZ xY—yX . 

—E—X N =■ 

If a force (X, F, Z) act along a generator of the hyperbolic 

paraboloid ^ - 1? = 2 and 1)6 eq uivalent an e( l ual force Y » ^ at 
the origin together with a couple (X, if, X), shew that 

aL±bM= 0, bX ± a F= 0 and cN±abZ- 0. 

\ TO-^A^force P acts along the axis of * and another force nP along a 
generator of the cylinder **+y W; shew that the central axis lies on the 

CyliUder n s (nx-z)' + (1 ■ +n*yy*=n*a\ 



Two forces act, one along the line y = 0, 2 = 0 and the other along 
the line * = 0, z = c. As the forces vary, shew that the surface generated 

by the axis of their equivalent wrench is (x^+y 2 ) z=cy\ 

^4 A force parallel to the axis of * acts at the point («, 0, 0) and an 
equal force perpendicular to the axis of * acts at the point (-a, 0, 0). 
Shew that the central axis of the system lies on the surlace 
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15. A force Facte along the axis of «, and a force mF along a straight 
line intersecting the axis of * at a distance c from the origin and parallel 
to the plane of yz. Shew that as this straight line turns round the axis 
of x, the central axis of the forces generates the surface 

{mV + (m 2 -l)i/ 2 } = *V. 

16 Along the normal at every point of an octant of an ellipsoid cut 
off by the principal planes acts a force proportional to the element of 
surface at P. Shew that these forces are equivalent to a single force 

acting along the lino 

a {*-s;)= b V-^) =e V'^)' 


where 2a, 2 b, 2c are the axes of the ellipsoid. 

1/17. Any number of wrenches of the same pitch p act along generators 

of the same system of the hyperboloid ^ + Shew that they will 

reduce to a single resultant provided their central axis is parallel to a 
generator of the cone 


192 To shew that a given system of Jorces can he replaced 
by two forces, equivalent to the given system, in an infinite 
number of ways and that the tetrahedron formed by the two 

forces is of constant volume. . 

Let the given system have Oz as its Central Axis and let 

R, K be the resultant force along Oz and the resultant couple 
about Oz. 



On a line through 0 perpendicular to Oz take any two 
points A t B on opposite sides of 0 such that 0A = a and 

OB = b. 

Assume that the given system is equivalent to a force P 
acting through A in a plane perpendicular to OA at an angle 6 
with Oz, and a force Q acting through 5 in a plane perpen¬ 
dicular to OB at an angle $ with Oz, and let 6 and <f> be 
measured positively in opposite directions. 
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Then the resultants of P and Q along Oz and perpendicular 
to it must be R and zero respectively, and similarly the resultant 
couples about these two lines must be K and zero. 


Hence 

R — P cos 

0 + Q cos 

4>. 

.(1). 

and 

0 = P sin 

0 — Q sin 

. 

. ( 2 ). 

Also K = P sin 

0 a + Q sin 0.6 . 

.( 3 ), 

and 

0 = P cos 

0 .a — Q cos 0.6 . 

.(^)* 


P cos 0 

Q cos 0 

R 

.(5) 

(1) and (4) give 

b 

V 1 ___ 

a 

a + 6 

(2) and (3) give 

P sin 0 = 

Q sin 0 = 

K 

a + b . 

.( 6 ). 


Hence 


P a = 




K* + P a a* 
(a + 6 ) a 

tan0 = ~, and tan = 


K* + R'b* 

(a + by 

K 


Whatever be the values of a and b, we thus obtain real 
values for P, Q, 0, and 0 , so that our assumption is correct. 

Again (5) and ( 6 ) give 

KRa = (a + 6 )* PQ sin 0 cos (f>, and KRb = (a + by PQ cos 0 sin 0. 

Hence, by addition, KR = PQ(a + b) sin (0 + 0) . 0> 

Let AG, BD represent P, Q in magnitude. 

The volume of the tetrahedron ACBD 
= £ area of the A ABC x perpendicular from D upon the A ABC 

= £ x \AB.AC x BD sin (0 4- <f>) 

= £. PQ (<* + b) sin (0 + 0 ) = £K equation (7), 

and it is therefore constant. 

Symmetrical Case. If the forces P and Q are equal and 
at equal distances from the Central Axis, then by equations 

(i), (2), (3), (4) e=<t>. so that theyare ef l ually mchned t0 the 

Central Axis, and 

R = 2P cos 0 and K = 2 Pa sin 0. 


.\P-i 


■j 


K 7 * i? 

R* + -- and tan 0 = 


a 


Ra # 


If, in addition, we make a - Jg, then P = R and 6 = 60°. 
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193. To find the resultant wrench of two given wrenches 

Let AG be the axis of one wrench (Ri, and BD the axis 
of the other wrench (R a , IQ. Let AB(=c) be the shortest 
distance between these two axes, and a the angle between them. 

Assume that the required central axis Oz is perpendicular to 
AB divides it into parts x and c - x, and is inclined at 6 to AG 
and’ hence a - d to BD. Let R and K be the force and moment 


of the assumed Central Axis. 

The conditions of the question then give 

R = R x cos 0 4 R* cos (a — 6) .(1)> 

0 = Ri sin 0 - R* sin (a - 0) .( 2 ), 


K = Ki cos 0 4 - K % cos (a — 0) 4 Ri sin 0 . x -f R? (c — x) sin (a 0), 
and 

0 = K x sin 0 - A', sin (a - 0) - R l cos0.x + R % (c - x) cos (a- 0) 



By (1) and (2) these latter equations are 

K = K x cos 0 4 cos (a — 0) 4 R, c sin (a - 0) .(3), 

and 0 = K l sin 0 — K 7 sin (a - 0) 4 R* c cos (a-0)- Rx. . .(4). 

(1) and (2) give 

R 3 = R, a 4 R* 9 4 2R,R, cos a .(5). 

Also (2) gives 

sin 0 _ cos 0 _ _ 1 

R a sin a R^ + R> cos a R . 

Again, (3) and (G) give 

RK = (K x 4 K % cos a 4 R* c sin a) (R, 4 R 9 cos a) 

4 (if* sin a — R, c cos a). R s sin a 

- R^Ki 4 R 2 R 3 4 (RiK* 4 RJ£i) cos a 4 RA c sin a...(7). 

This gives the value of the Invariant for the given system of 
forces. 
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Also (4) with the help of (6) gives 

R'x = (K x + K-x cos a + R*c sin a) . R 2 sin a 

— (A% sin a — R.c cos a) (A, + R? cos a) 

= (RJC, - R X K 3 ) sin a + R 2 c (A, + A, cos a) .(8). 

(5), (6), (7) and (8) give R, 6, K and x t and hence the 
required wrench and the position of its axis. 

From these equations we easily obtain 

x R.,c ( A, cos a + A 9 )-(A,A r 3 -A 2 A r ,)sina 
' R x c {Ri + It* cos a) + {R X K % - R*K X ) sin a' 

cos 6 _ A, + R> cos a 

a 11 ^ cos _ 0 ) Jl i cos a -f- R , 


194. Resultant wrench of two given forces Rx and A* in¬ 
clined at a given angle a. 

This is a particular case of the preceding article where 

K x = AT a = 0. We thus have _ 

R = </R x 9 + A a a + 2 A»A a cos a, 

A\ A = AAc sin a, 

a _ ik(.Ri cos a 4- A a ) 

c — a; R\ (Aj d" A 2 a ) 

sin 0 _ cos 0 = 1 — , 

anC * A a sin a R\ + Rt cos a R\ + R? + 2 R X R 2 cos a 

cos 6 _ R\ + R* cos a 

so that cos (a - 6) Ri cos a + A* ’ 

195 Geometrical construction for the central axis of two 
forces Rt and Rt acting at points A and B ^n drrecBons AC and 

BD Let BK be the direction of the resultant R of forces X, along 

BD and A x at B parallel to AC, 
and let it make angles 6 and 
a-6 with A, and A., so that 
BK is parallel to the central 
axis as in the figure of Art. 193. 

At jf ABlF-^e aBAF = a - e ■, then FE the perpen- 

dicuUr on AB is ihe central axis, and the couple of the resultant 

wrench = K • ER• 
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For, from the equations of the last article, we easily obtain 

a: _ sin 6 cos (a — 0) = AF cos (a - 0) _ AE 
c — x cos 0 sin (a — 6 s ) BF cos 0 BE 

so that EF is the central axis. 

Also, by the last article, 

K R x R 2 c sin a _ 7?, c s in a 6 c sin (a — 0) sin 6 _ 

R = R? ~R^ain a * sin a 

so that K = R. EF. 


EXAMPLES 


1. If P and Q be two non-intersecting forces whose directions are 
perpendicular, shew that the distances of the central axis from their lines 
of action are as Q 2 to P 3 . 

2. Shew that a system of forces can be replaced in an infinite number 
of ways by a pair of equal forces whose directions make any given angle 
with one another, and find the distance between these forces when the 
angle is known. 

3. Two forces P and Q are such that their central axis is given in 
position and the line of action of P is given. Shew that the locus of the 
line of action of Q is a conicoid. 


4. Shew that the minimum distance between two forces, which are 
equivalent to a given system (K ; R) and which are inclined at a given 

9 K 

angle 2a, is R cot a, and that the forces are then each equal to \R sec a. 


5. Forces act along the edges of a regular tetrahedron, viz. P along 
DC and DA , Q along CA and DD t and R along AD and DC. Shew that 

the pitch of the equivalent wrench istetrahedron. 

[The three shortest distances between pairs of opposite sides of a regular 
tetrahedron are mutually perpendicular and meet in a point.] 


6. Wrenches of the same pitch p act along the edges of a regular 
tetrahedron ADCD of side a. If the intensities of the wrenches along 
ADy DC are the same, and also those along DC t DA and DD, CA, shew 

that the pitch of the equivalent wrench is P + 


7. Prove that the surface, which is traced out by the axis of principal 
moment at points lying on a straight line which intersects at right angles 
the Poinsot axis of a given system of forces, is a hyperbolic paraboloid. 

[Take the given straight line as the axis of x, the, Poinsot axis of the 
system (R ; K) as the axis of z , and a perpendicular to both as Oy. Then 
at the point ( x , 0, 0) the force is R parallel to Oz, and the couple is O at 
an angle 6 to R and perpendicular to Ox such that K=Gcos6 and 
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have - 

z 


y _ 


G sin $= Rx. Hence, if (.r, y, z) be any point on the axis of G, we 
tan 6 = -jl y so that the locus is the hyperbolic paraboloid 

Rxz = Ky. ] 

8. At all points on a given straight line are drawn the axes of 
principal moment corresponding to any given system of forces ; shew that 
these axes lie on a hyperbolic paraboloid and that their ends lie on 
another given straight line. 

[Take the given straight lino as Ox, and the common perpendicular to 
it and the Poinsot axis as Oz. Then clearly there is no component force 
along Oz or component couple about Oz. The component forces along the 
axes are thus (A', Y , 0) and the component couples (A, M, 0), so that the 
component couples at the point (£, 0, 0) are L , if, and — £ Y [Art. 190]. 

Hence the equation to the axis of principal moment there ia 

*-l _ y _ 


Eliminate £, and we have the hyperbolic paraboloid j ( y 2 =*y + y z - 
Also the coordinates (x, y , z) of the end of this axis are given by 

where X ia some constant. 

Eliminating £, we have a straight line as the locus of ( x, y, z ).J 

9 Two wrenches of pitches p, p' have axes at a distance 2 a from one 
another. If the resultant wrench ia of pitch uz and its axis is equidistant 
from the axes of the component wrenches, show that the angle between 

them is «(2^-P"£> 


tan 


a 2 — (c7 — -p') 


10. • On three given screws, whose axes are mutually perpendicular 
and concurrent, there act wrenches of pitches^,, p 2 , and ^ whose 
resultant is on a screw of given pitch p. Shew that the locus of this latter 

screw is the hyperboloid 

( p - Pl )x*Hp-P*)y*Mp-P*)*'+(P-Pi)(P-P*HP-r*')= 0 ’ 

the axes of coordinates being the axes of the given screws. 

11 Shew that a wrench, of which the force is R and the pitch is urc 
L renlaced by forces inclined at an angle 2 6 to each other, the 
shortest distance between them being 2c, and that their magnitudes ar* 

- IVi +w tan 0± Vl cot*]. 

2 L 

196 The axes of two given wrenches intersect at right 
angles; their intensities are X and Y and their pitches are 
p J an d p y ; if the pitches are given, to find the locus of the 

central axis. 
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Let OA be the direction of the resultant R of X and Y 
making an angle 0 with Ox, the 
axis of the first wrench, so that 
cos 0 _ sin 0 _ 1 

~X Y R' 

The resultant couple about 

OA 

= p x . X cos 0 +py . Fsin 0 
= ( p x cos’ 0+p v sin 9 0).R.. .(1). 

The resultant couple about 
a perpendicular to OA in the 
plane xOy 

= - p x . X sin 0 +p y . Fcos 0 = (p y -p x ) R sin 0 cos 0. 

The latter couple is equivalent to two parallel forces in the 
plane zOA and, by Art. 51, these and the force R along OA are 
equivalent to a force R along MP, which is parallel to OA and 

is such that . /ox 

OM = ( p v —p z ) sin 0 cos 0 .(2). 

Transferring the axis of the couple (1) to RfP, we then have 
a wrench, whose axis is MP and whose moment and force are 
respectively (p x cos 9 0 + p v sin 9 0) R and R, and whose pitch is 
therefore given by 

p=p x cos 9 0 + p y sin 9 0. 

From (2), if ( x, y, z) is any point on MP, then 

xy 

*=a*,-p*) ^. 

t.e. MP lies on the surface 

(ic 3 + y 7 ) z = {p y - p x ) xy. 

This surface is known as the Cylindroid. Also p x and p y are 
called its Principal Pitches. 

The equation to this surface follows at once from Art. 190. 
For the equation to the central axis of the system is 

p x . X + zY_ p v . Y—zX _ — xY+ yX_ 

X Y 0 ’ 


giving 

and 


i(i‘+P)=( Pv -riir, 

xY = yX. 
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The Cylindroid 

Eliminating X, Y we have, ;is the locus of the central axis, 

(x a + y 1 )z = (p y -p x )xy. 

197. Geometrical construction for the cylindroid 

(x? + y r ) z = 2 axy. 

In the plane of xy draw a circle of radius a touching the 
axis of x at the origin 0. 

Take OA, a radius vector of this 
circle, at any angle 6 to Ox and draw 
AN perpendicular to Oy. Then 

AN — a sin 2 6. 

The plane y = xt&nO, through 
OA perpendicular to the plane xOy, 
cuts the cylindroid where 
z — a sin 26 = AN. 

Hence, if at A we erect a per¬ 
pendicular AP equal in length to 
AN and through P draw a perpendicular PM to Oz, then PM 

is always a generator of the cylindroid. 

198. Any wrench may he resolved into two wrenches, whose 
axes intersect at right angles, in an in finite number of ways. 

For, starting with any wrench (R ; pR) about MP as axis 
(Fig. Art. 196), on any line MO perpendicular to MP take any 
origin 0 and any two lines Ox and Oy perpendicular to OM. 

Suppose MO — cl and xOA = 6 to be given. 

Then, as in Art. 196, wrenches (X ; p x X ) about Ox and 
(Fj p y F) about Oy are equivalent to (R \ pR)> where 

p=p x cos 3 0 +p y sin 3 6. 
and a = (])„- p x ) cos 6 sin 6. 

These give p x = p — a- tan 6, and p u =p + a cot 6. 

Also X = R cos 6 and Y=R sin 6. 

Hence, R and p being given, we have the values of X , p x 
and Y, p y for any assumed values of a and 9. 

199. Any two wrenches on given screws determine one, and 
only one, cylindroid. 

Let MP and NQ be the axes of the two wrenches, p and q 
their pitches, and a the angle and h the shortest distance, MN, 

between them. 
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N 



M 



.. O' 

•••.a/' 4 — 


Then if on MN we can find a point 0 and perpendicular 
lines Ox, Oy such that when we resolve 
the wrenches about Ox and Oy, the two 
component wrenches about Ox have the 
same pitch and also the two component 
wrenches about Oy, we have proved the 
theorem. For the two wrenches about 
Ox then compound into one wrench, 
and similarly for the two wrenches 
about Oy, and these two resultant 
wrenches, by Art. 19G, give the cylin- 

droid required. . 

Let us assume then that the wrench about MP is equivalent 

to wrenches of pitches p z and p y about Ox and Oy, where OM = z 
and xOA = 0. 

And similarly for NQ, where xOB = 6 + cl 

Then Art. 196 gives 

p = p t cos’ e + p, sin’ 0 COS 20 .. .(D, 


J A 
B 


* = ( Pl/ - Pz ) cos 0 sin 6 = 26 .(2), 

q=p z cos 3 {6 + a) + p v sin 3 (0 + a) 

= Px + Py + PjLZJht cos (20 + 2a).. .(3), 

z z 

and z + h = (p u - p x ) cos (0 + a) sin (0 + a) 

^^LZ^sin (20 +2a) . W- 

Hence we have 

P + 2 =P* +Pv + (Pz-Pv) co9 a cos ( 2 ^ + a ).( 5 )’ 

p—q~ (Px— p,) sin a sin (20 + a).(6), 

and h = [sin (20 + 2a) - sin 20] 

= (Py-Px) COS (20 + a) sin a.(7). 

(6) and (7) give 

tan (20 + a) = ^ -.(8). 

From (5) and (6) we have 

P* +Pv = P + 2 “ (P “ 2) c°k a cot (20 + a)=p-\-q + h cot a, 
and py —p x = (2 —p) cosec a cosec (20 + a) = VA , 3 + (q —p) 2 cosec cl 
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These equations determine p x and p y . 
Also (2) gives 

q-p 


z = \ 


sin 10 


- sin a sin {10 + n) 
i %—£ [cos a — sin a cot ( 20 + <*)] = ^ [(q — p) cot a — K\. 

& r>i»^ rt L 


sin a 


The values thus found uniquely determine the positions of 
Ox and Oy and the corresponding wrenches about them. 



^ IQ) The quantities having been determined as in the 
previous article, if R and R' are the intensities of the wrenches 
about MP and NQ, these two wrenches are equivalent to 

forces R cos 0 + R' cos {0 + a) along Ox, 

R sin Q + R’ sin (0 + a) along Oy, 

and to couples 

p x [R cos 0 + R' cos (0 + a)] about Ox, 
and p v [R sin 0 + R' sin (0 + a)] about Oy. 

These, by Art. 196, clearly compound into a wrench about 
a screw of the cylindroid 

z {a? + y 7 ) = (p y — p x )xy = xy cosec a dh 7 + {q -p) 7 . 

Ex. A screw of pitch 1 in the lino y = 2, r = s /3, and a screw of pitch 
4 in the line (y - 2) J2 = x- 3, * = 2 N /3, determine a cylindroid ; shew that 
its principal pitches are 4 - 2 J3 and 4 + 2 ^3 and that the equations of its 
principal axes are y — 2 = (*/3 + 2) {x — 3). 

201. Resultant wrench of wrenches on screws of the same 
cylindroid. 

The principal pitches of the cylindroid being p x and p y> a 
wrench of intensity R and the proper pitch for an inclination 0 
to Ox is, by Art. 196, equivalent to 
a wench (R cos 0 ; p x R cos 0 ) about Ox, 

and a wrench (R sin 0 ; p v R sin 0) about Oy. 

Hence, if each of the given wrenches is replaced by wrenches 
about Ox and Oy, they are equivalent to a system of forces and 
couples given by 

X = 2(R costf), 

Y=X(R sin 0), 

L = 2 ( p x R cos 0) = p x X, 

M = X{p v R^ 0) = PyY, 


and 
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i.e. to a wrench (X ; p z X) about Ox and a wrench (F; p y Y ) 
about Oy. 

These are wrenches of the same pitch as the principal pitches 
of the cylindroid, and thus equivalent to a wrench [&; g£] on a 
screw of the cylindroid inclined at </> to Ox, where 
^ F l(Rsin9) 
ten ^ ~ X ~ 2 (i? cos (?) ’ 

S= VX- + r> = ^(2 (K cos 0 ))>+(2 (-R sin <?;)*, 
and <l = Pz cos 5 0 + p v sin 5 <f>. 

202. It follows from the previous work that wrenches on 
screws of the same cylindroid are in equilibrium if their forces', 
when transferred to the same point parallel to their original 
directions, are in equilibrium ; for then X and F are both zero. 

In particular, three wrenches on screws of the same cylin¬ 
droid are in equilibrium if the intensity of each is proportional 
to the sine of the angle between the other two. 

203. To shew that the work done by a wrench, of intensity 
R and pitch p about a given screw, when the body is given a small 
twist 8 oj about another screw of pitch p lt is 

R.8co{{p-\- pi) cos 6 — h sin 6), 

where 6 is the angle between the axes of the two screws and h is 
the shortest distance between them. 

Let Ox be the axis of the screw p lt MP the axis of the 
wrench, OM the shortest distance h 
between them; let MK be parallel to 
Ox and ML be perpendicular to MK 
and OM. 

The force R is equivalent to 
R cos 6 along MK and R sin 6 along 

ML. 

The component R cos 9 is equiva¬ 
lent to R cos 9 along Ox and a couple 
R cos 9. h about Oy. 

The component R sin 9 is equivalent to R sin 9 along Oy and 
a couple — R sin 9. li about Ox. 

The couple pR about MP is equivalent to couples pi? cos 9 
and pi? sin 9 about MK and ML, and the axes of these may be 
removed to Ox and Oy. 
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The given wrench is thus equivalent to 

a force R cos 0 along Ox, 
a force R sin 0 along Oy , 
a couple R (p cos 0 — h sin 0) about Ox, 
and a couple R (p sin 0 + h cos 0) about Oy. 

Now the displacement of the body consists of an angular 
displacement 8o about Ox, and a linear displacement p x . 8o 
along Ox. 

Due to the angular displacement the work done by the 
couples is R (p cos 0 — h sin 0 ). Sco (Art. 97) and that by the 
forces is zero. 

Due to the linear displacement the work done by the couples 
is zero and that done by the forces is R cos 0 .p x 8o. 

Hence the total work done in the small displacement 

= R8co j (p +pi) cos 0 — h sin 0). 

This work is not altered if p and p x be interchanged, so that 
the work done is the same as it would be if we had a wrench 
(R ; p x R) about a screw Ox, and the body were displaced through 
the small angle about a screw of pitch p on MP as axis. 


204. From the principle of Virtual Work it follows that 
a body free to move only on a screw of axis Ox, and acted upon 
by a wrench on the screw MP, will be in equilibrium if 

(p + p x ) cos 6 — h sin 0 = 0. 


Screws which satisfy this condition are called Reciprocal 
Screws; they are therefore such that a body acted on by a 
wrench, of any intensity and the proper pitch, about either of 
them will be at rest if free to move only about the other. 

It follows from the above condition that two screws whose 
axes intersect, so that h = 0, are reciprocal either if they are at 
right angles or if their pitches are equal and opposite. 


205. If a screw y is reciprocal to each of two screws a and 
/3, it is reciprocal to any screw 8 on the cylindroid determined 
by a and 

For, by Art. 201, a,/9, and 8 being three screws on the same 
cylindroid, a wrench about 8 is equivalent to two wrenches about 
a and /3 if the intensity of the wrench 8 is equivalent to the two 

8 


LB 
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component intensities of the wrenches a and /3. Replace the 
wrench 8 by these two component wrenches about a and /9. 

Since the screws 7 and a are reciprocal, the virtual work 
of the wrench about a for a displacement about 7 is zero. 
Similarly for the component wrench about /?. 

Hence the total virtual work of the wrench 8 for a displace¬ 
ment about 7 is zero. Hence 8 and 7 are reciprocal. 

206. Nul LINES AND PLANES. Suppose that, corresponding 
to any origin or base point O', the resultant force is R and the 
resultant couple is G. Take any line through 0' perpendicular 
to the axis of G ; then the sum of the moments of the forces of 
the system about this line is zero; for the axis of G has no com¬ 
ponent along it and R meets it. 

For this reason the line is called a nul line, and its locus, 
which is the line perpendicular to the axis of G, is called the 
nul plane of O'. Also the point O' is called the nul point of the 
plane. 

207. To find the equation to the nul plane of a given point 
(f g, h) referred to any axes Ox, Oy, Oz. 

Let X, Y, Z be the component forces along Ox, Oy, Oz, and 
L, M, N the component couples about them. 

By Art. 190 the component couples about lines parallel to 
the axes through (/, g, h) are 

L-gZ + hY, M-hX+fZ, X-fY + gX, 

and these are proportional to the direction cosines of the axis of 
the resultant couple at (/\ g, h), which is the normal to the nul 
plane there. 

Hence the equation to the nul plane is 

(& —f) (A — 9% 4- hY) + (y — g) (M — hX + fZ ) 

+ (z-h)(N-fY + gX) = Q, 

i.e. a(L — gZ + hY) + y(M — hX+fZ) 

+ z(N -fY + gX) =fL + gM + hN .. .(1). 

Conversely, if we want the nul point of the plane 

lx -f my + nz = 1 .(2), 

then on comparing it with ( 1 ) we have 

L-gZ + h Y ~ M-hX + fZ = N-jY + gX = 

l m n ' 9 
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Since the point (f t g, h) also must lie on the plane ( 2 ), we have, 
on solving, 

/ _ 9 __ _ h __ 1 

X-nM+mN Y- IN + nL Z-mL + lM IX+mY+nZ ’ 

giving the nul point of ( 2 ). 

208. Condition that the straight line 

cc- f y - g z -h 
l m n 

may he a nul line for the same system of forces . 

The component couples about lines through (f g, k) parallel 
to the axes are 

L — gZ + hY, M — hX + fZ, and N — fY + gX. 

Hence the moment of the couple about the given line 
= l(L-gZ + hY) + m(M-hX +fZ) + n(N-fY + gX), 
and hence is zero if 

X (mh -ng)+Y ( nf~ Ih) + Z(lg- mf) = LI + Mm + Nn, 
i.e. if X, Y, Z 

l, m, n = LI -f Mm -f Nn. 

f 9> h 

This is therefore the condition that the given line may be a 
nul line of the system. 


Ex. Shew that among the nul lines of any system of forces four are 
generators of any hyperboloid, two belonging to one system of generators and 
two to the other system. 

ho -,+fj—1, and referred to its centre and axes 
a* o* c* 

let the system be given by {X, 7, Z; L, M, N). Any generator is 

x — a cos 6_ y—b sin _ t 
a sin 6 —b cos 6 c ' 

By the previous article this is a nul line of the system if 

X ( — be sin 6)+ Yea cos 6 -f Zab = La ein 6 — Mb cos 6+No, 


Let the hyperboloid 


if Bin « (f+^) - “X " 9 (f+^) ^' which cloariygives t 


of 6 , in general. Hence two generators belonging to one system are nul 
lines. Similarly for the other system. 


8-2 
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209. To shew that a given system of forces may he replaced 
by two forces , one of which acts along a given line OA. 

With 0 as origin, or base-point, let R and G be the resultant 
force and couple. Through OA 
and R let a plane be drawn, and 
let it cut the plane of the resul¬ 
tant couple (i.e. the plane COD 
perpendicular to the axis of G) 
in OB. Resolve R into two forces, 
one, P lt along OA, and the other, 

P,, along OB. 

The force P, along OB, when 
compounded with the two forces 
in the plane BOC which form the 
resultant couple, will give a force P a in this plane which is 
parallel to OB. 

It follows that the given system of forces is equivalent to 
some force P, acting along the given straight line OA, together 
with a second force P # which acts somewhere in the nul plane 
of 0. 

Such forces as P x and P 2 are called conjugate forces, and 
their lines of action are called conjugate lines. 

Whatever point 0 we take on OA the force P 9 will still lie 
in its nul plane, so that, as 0 moves along OA, its null plane 
continually turns round so that it always passes through the line 
conjugate to OA. Hence the conjugate line of OA may be 
determined by taking any two convenient points on it, and 
obtaining the equations to their nul planes by Art. 207. The 
conjugate line is then the intersection of these two planes. 

Thus suppose we require the conjugate line, with respect to 
the system of forces given by (X, Y, Z; L, AI, N), of the line 

«-/ = y—j L _z_—h . 

L m n v ' 





By Art. 207 the nul plane of (f g, h) is 
a (L — gZ + hY) + y (M — hX + fZ) 

+ z {N-fY + gX) = Lf + Mg + Xh...(2). 


Another 


point on (1) is 
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Its nul plane is 

*[ L - 9 z + v -^]+y\M +f z-'^] 

+- [» ~f y + » x + ^r-nr] 

= z(/-3 + J/( ? -^).(3). 

(2) and (3) give the required conjugate line. 

Subtracting (2) from (3), we have 
x[nY — mZ] + y [IZ — nX ] 4- z [mX — l F] 

= LI + Mm 4- iVn...(4). 

(2) and (4) give the conjugate line more easily. 

It is easily 6een that (4) is the nul plane of the point at 
infinity which lies on (1). For the coordinates of this point are 
(Ip, rap, np), where p is infinite. 


EXAMPLES 

1. Examine the case in which the straight line OA of Art. 209 is 
itself a nul line of the system. 

2. A straight line is given by the equations Ax+ By-\-Cz— D, 
A'x + B'y + C'z=D '; shew that its conjugate is given by equating to zero 

any two of the determinants 

L', M\ N\ Lx+My + Nz , 

A, B, C , D 

A\ B, C\ U 

where L\ M’ N' are the component couples at the point (, x , y, e) and 
L, M , N those at the origin. 

3. A system of forces given by ( X , 7, Z; L, M, N) is replaced by 
two forces, one acting along the axis of x, and another force. Shew that 
the magnitudes of the forces are 

LX+Jir+xz md U3rr+A r zy+zt(r*+z*ifi . 

L L 

[Let P be the force along the axis of x; then the components of the 
other force must be X— P t Y, Z ; let it act at the point (/, g , 0). $ince 
these two forces are equal to the given system we have, by Art. 162, 

L=gZ, M= -fZ and N=fY-g{X-P). 

Hence the given results, and also the equation to the line of action of the 
second force.] 

4. Show that the wrench (X, Y, Z ; L, M, N) is equivalent to two 
forces, one along the line x=y = z, and the other along the line given by 

L x 4- My 4- Nz = 0, 

x(Y-Z)+y (Z-X)+z(X- Y) = L + M+N, 
and find the magnitudes of the two forces. 
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5. Show that in general two systems of forces have only one pair of 
conjugate lines in common. 

6. Forces act along generators of the same system of a hyperboloid. 
Shew that two generators of the same system are nul lines of the system 
of forces. 

7. Shew that the nul planes of a series of points which lie in a straight 
line AD pass through a second straight line CD ; and that if the series of 
lines AD be generators of a hyperboloid, the lines CD will also be generators 
of a hyperboloid. 

8. A system of forces is reduced to two forces one of which acts along 
an assigned lino. Shew (i) that the four lines of action of two such pairs 
of forces are generators of the same system of a hyperboloid of one sheet; 
(ii) that lines meeting two such forces and the central axis generate a 
hyperbolio paraboloid, one set of whose generators is perpendicular to 
the central axis. 


9. Referred to the same origin and axes of coordinates two systems 
of forces are given by (X, Y, Z; L, if, N) and (X\ Y\ Z '; L\ AT , N'). 
Shew that, in general, a unique pair of lines can be found such that forces 
along them may be equivalent to either system ; and prove that the 
shortest distance between them is 

- K *)" *, 

where n = LX' + M Y' + NZ' + L'X+ MY+N’Z, 

K=XX'+YY'+ZZ\ 


and /, R, R have their usual significance. 

[Using the equations of Art. 190 for the central axes of the two 
systems, we obtain for the shortest distance £, and the angle a, between 


these central axes, cos a = 


K 

RR' 


A"d f “ (n - ) * ''BMP -*'■=[!- - £] cot a. 

Also, by Art. 192, if AC and DD be the pair of lines to be found, we 
see that A D must be perpendicular to each central axis, and hence must 
lie along the shortest distance £ between them. The equations for Q and <j> 
of Art. 192 become 

“ n6= jk- tan ^ ,= ^ : Ua(ff - a) = 7h(t+ fy 

r 

and tan ($ + a ) = 

Eliminating 6 and <f> from these equations, we see that a and —6 are 
the roots of the equation 


. rn *n * , 

yy U''« 5 J + hf^“ 


/£ cot 
R 2 


1 =0. 


Hence the required distance — the difference of the roots of this 
equation = the given answer, on reduction.] 


10. Shew that the nul lines which are common to three given systems 
of forces are generators of the same system of a hyperboloid of one sheet. 



CHAPTER XII 


MACHINES 

210. In the present chapter we shall explain and discuss 
the equilibrium of some of the simpler machines. 

We shall suppose the different portions of these machines to 
be smooth and rigid, that all cords or strings used are perfectly 
flexible,and that the forces acting on the machines always balance, 
so that they are at rest. In actual practice these conditions are 
not even approximately satisfied in the cases of many machines. 

A machine is always used in practice to overcome some 
resistance; the force we exert on the machine is the Power or 
Effort; the resistance to be overcome, in whatever form it may 
appear, is called the Weight or Resistance. 

211. Mechanical Advantage. If in any machine an effort 

__ , .17 . Resistance . „ , 

jp balance a resistance W, the ratio -p , i.e. Effort 9 18 called 

the Mechanical Advantage of the machine, so that 

Resistance = Effort x Mechanical Advantage. 

The term Force-Ratio is sometimes used instead of 
Mechanical Advantage. Almost all machines are constructed 
so that the mechanical advantage is a ratio greater than unity. 

Velocity Ratio. The velocity ratio of any machine is the 
ratio of the distance through which the point of application of 
the effort or “ power ” moves to the distance through which the 
point of application of the resistance, or “ weight,” moves in the 

same time j so that 

^ . Distance through which P moves 

Velocity Ratio = Distance through which 17 moves' 
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If the machine be such that no work has to be done in lifting 
its component parts, and if it be perfectly smooth throughout, 
it will be found that the Mechanical Advantage and the Velocity 
Ratio are equal, so that in this case 

W Dis tance through which P moves 
~P ~ Distance through which W moves * 

and then P x distance through which P moves 

= W x distance through which W moves, 
i.e. work done by P — work done against W. 

212. The following we shall thus find to be a universal 
principle, known as the Principle of Work, viz., Whatever be the 
machine we use, provided that there be no friction and that the 
weight of the machine be neglected, the work done by the effort is 
always equivalent to the work done against the weight, or resistance. 

It may be regarded as an extension of the Principle of 
Virtual Work, in which, instead of virtual displacements, we 
have actual finite displacements which are consistent with the 
geometrical relations of the machine. 

Assuming that the machine we are using gives mechanical 
advantage, so that the effort is less than the weight, the distance 
moved through by the effort is therefore greater than the 
distance moved through by the weight in the same proportion. 
This is sometimes expressed in popular language in the form: 
What is gained in power is lost in speed. 

More accurate is the statement that mechanical advantage 
is always gained at a proportionate diminution of speed. No 
work is ever gained by the use of a machine though mechanical 
advantage is generally obtained. Some work, in practice, is 
always lost by the use of any machine. 

The uses of a machine are 

(1) to enable a man to lift weights or overcome resistances 
much greater than he could deal with unaided, e.g. by the use 
of a system of pulleys, or a wheel and axle, or a screw-jack, etc., 

(2) to cause a motion imparted to one point to be changed 
into a more rapid motion at some other point, e.g. in the case of 
a bicycle, 

(3) to enable a force to be applied at a more convenient 
point or in a more convenient manner, e.g. in the use of a poker 
to stir the fire, or in the lifting of a bucket of mortar by means 
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of a long rope passing over a pulley at the top of a building, the 
other end being pulled by a man standing on the ground. 

213. The Lever. The Lever consists essentially of a rigid 
bar, straight or bent, which has one point fixed about which 
the rest of the lever can turn. This fixed point is called the 
Fulcrum, and the perpendicular distances between the fulcrum 
and the lines of action of the effort and the weight are called 


the arms of the lever. 

Class I. Here the effort P and 
the weight W act on opposite sides of 
the fulcrum C. 

Class II. Here the effort P and 
the weight W act on the same side 
of the fulcrum C, but the former acts 
at a greater distance than the latter 
from the fulcrum. 

Class III. Here the effort P and. 
the weight W act on the same side of 
the fulcrum C, but the former acts at 
a less distance than the latter from the 
fulcrum. 



214. Conditions of equilibrium of a straight lever. 

In each case we have three parallel forces acting on the 
body, so that the reaction, R, at the fulcrum must be equal and 

opposite to the resultant of P and W. 

In the first and third classes we 6ee that R and P act in 
opposite directions; in the second class they act in the same 
direction. In all three classes, since the resultant of P and W 


passes through C, we have, as in Art. 31, P. A.C — W. BG. 
Sinoe £ = ^ • we ° bserve that S enerally 


Class I, and always in Class II, there is mechanical advantage, 
but that in Class III there is mechanical disadvantage. 


215. Examples of the different classes of levers are: 

Class I. A Poker (when used to stir the fire , the bar of the 
grate being the fulcrum ); A Claw-hammer (when used to extract 
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nails ); A Crowbar (when used with a point in it resting on a fixed 
support) ; A Pair of Scales ; The Brake of a Pump. 

Double levers of this class are: A Pair of Scissors, A Pair 

of Pincers. 

CLASS II. A Wheelbarrow; A Cork Squeezer; A Crowbar 
(with one end in contact with the ground) ; An Oar (assuming the 
end of the oar in contact with the water to be at rest). 

A Pair of Nutcrackers is a double lever of this class. 

Class III. The Treadle of a Lathe; The Human Forearm 
(when the latter is used to support a weight placed on the palm of 
the hand. The fulcrum is the elbow, and the tension exerted by 
the muscles is the effort). 

A Pair of Sugar-tongs is a double lever of this class. 

The practical use of levers of the latter class is to apply a 
force at some point at which it is not convenient to apply the 

force directly. 

In the previous article we neglected the weight of the lever 
itself. If this weight be taken into consideration, we obtain the 
conditions of equilibrium by equating to zero the algebraic sum 
of the moments of the forces about the fulcrum C. 

The principle of the lever was known to Archimedes who 
lived in the third century B.c.; until the discovery of the 
Parallelogram of Forces in the sixteenth century it was the 
fundamental principle of Statics. 

216. Bent Levers. 

Let AOB bo a bent lever, of which 0 is the fulcrum, and let OL and 
OM be the perpendiculars from 0 upon the lines of action AC and BC of 
the effort P and resistance IF - . 

We have, by taking moments about 0, 

P OM perpendicular from fulcrum on di rection of resistance 
~\y a OL, — perpendicular from fulcrum on direction of edort 

To obtain the reaction at 0 let the directions of P and W meet in C, 
Since there are only three forces acting on 
the body, the direction of the reaction R at 
0 must pass through C, and then, by Lami’s 
Theorem, we have 

R P w 

sin ACB sin BCO = &\n A CO' A 

The reaction may also be obtained by 
resolving the forces R , P, and W in two 
directions at right angles. 
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In the above articles we have neglected any friction at the fulcrum ; 
we have also assumed the forces acting on the lever to be in a plane which 
is perpendicular to the axis about which it can turn. If the forces act in 
any other directions the consideration of the equilibrium would be an 
example of Chap. X. 

217. Pulleys. A pulley is composed of a wheel of wood, 
or metal, grooved along its circumference to receive a string or 
rope; it can turn freely about an axle passing through its centre 
perpendicular to its plane, the ends of this axle being supported 
by a frame of wood called the block. A pulley is said to be 
movable or fixed according as its block is movable or fixed. 

The weight of the pulley is often so small, compared with 
the weights which it supports, that it may be neglected ; such a 
pulley is called a weightless pulley. We shall always neglect 
the weight of the string or rope which passes round the pulley. 

We shall also consider the pulley to be perfectly smooth, 
so that the tension of a string which passes round a pulley is 
constant throughout its length. 

218. We shall discuss three systems of pulleys and shall 
follow the usual order; there is no particular reason for this 
order, but it is convenient to retain it for purposes of reference. 

First system of pulleys. Each string attached to the 
supporting beam. To find the relation between the effort or 
“power ” and the weight. 

In this system of pulleys the weight is attached to the lowest 
pulley, and the string passing round it 
has one end attached to the fixed beam, 
and the other end attached to the next 
highest pulley ; the string passing round 
the latter pulley has one end attached 
to the fixed beam, and the other to the 
next pulley, and so on; the effort is 
applied to the free end of the last 
string. 

Often there is an additional fixed 
pulley over which the free end of the 
last string passes; the effort may then 
be applied as a downward force. 

Let A lt A t , ... be the pulleys, be- 
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ginning from the lowest, and let the tensions of the strings 
passing round them be 2\, T, . Let W be the weight and 

P the effort. 

For the equilibrium of the pulleys A x , A 9 , ... we have, if 
w x , w a , ... be their weights. 



TF «/_, 

2 + 2 ’ 


_ W w, w 2 

2"* = h (Ti + iv 3 ) = 4- sj+ 2 


W to, w-x w* 

T t = $(T 7 + u> 3 ) = ~ + 2? + 2 1 + ~2 * 


If there were n movable pulleys, we should have finally 

W w x Wj . 

n — 2^ + 2^ -r 2«-i ^ 2 * 

2 n P = W + w x 4- 2u/ a + 2*w 8 + ... + 2 n ~'w n 
If the weight of each pulley is w, then 
2 np = W + w( 1 + 2 + 2 a + ... 4- 2 n_1 ) = IF 4- w (2 n - 1). 

T7 

It follows that the mechanical advantage, p, depends on 


the weight of the pulleys. 

Let R be the stress on the beam. Since R, together with the force P , 
supports the system of pulleys, together with the weight W t we have 

R + P= \V+w x +w % + + 


219. Verification of the Principle of Work. If the 

weight W be raised through a distance x, the pulley A % would, 
if the distance A t A 7 remained unchanged, rise a distance x \ but, 
at the same time, the length of the string joining A x to the 
beam is shortened by x y and a portion x of the string therefore 
slips round A x ; hence, altogether, the pulley A 9 rises through a 
distance 2x. 

Similarly, the pulley A s rises a distance 4x, the pulley A 4 
a distance &r, and finally the pulley A n a distance 2 n ~ l x. 

Since A n rises a distance 2 n ~ l x, the strings joining it to the 
beam and to the point at which P is applied both shorten by 
2 n_1 . Hence, since the slack string runs round the pulley A n , 
the point of application of P rises through 2 n x. 

Hence the work done on the weight and the weights of the 
pulleys = ‘W . x + w x . x 4- . 2x 4- w 9 . &x 4 w A . 8x 4 - ... 4 -w„ . 2 nr ~ i x 

«= 2 n x . P, by the last article, = work done by the effort. 
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220. Second system of pulleys. The some string passing 
round all the pulleys. To find the relation between the effort and 
the weight. 

In this system there are two blocks, each containing pulleys 
the upper block being fixed and 
the lower block movable. The 
same string passes round all the 
pulleys as in the figures and is 
fastened to either the upper or 
the lower block. 

In either case, let n be the 
number of portions of string at 
the lower block. Since we have 
only one string passing over 
smooth pulleys, the tension of 
each of these portions is P, so 
that nP = W + w, where W is 
the weight supported and w is 
the weight of the lower block. 

In practice the pulleys of each block are often placed parallel 
to one another, 60 that the strings are not mathematically 
parallel; they are, however, very approximately parallel, so that 
the above relation is still very approximately true. 



221. Third system of pulleys. All 

the strings attached to the weight. To find 
the relation between the effort and the 


weight. 

In this system the string passing round 
any pulley is attached at one end to a bar, 
from which the weight is suspended, and 
at the other end to the next lower pulley; 
the string round the lowest pulley is at¬ 
tached at one end to the bar, whilst at 
the other end of this string the power is 
applied. In this system the upper pulley 

is fixed. 

Let A lf A„ A„ ... be the movable 
pulleys, beginning from the lowest, and let 
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the tensions of the strings passing round these pulleys re¬ 
spectively be T x , T % , T,, .... 

If the power be P, we have clearly T x = P. 

Considering the equilibrium of the pulleys in order, we 
have, if w x , w 7 , ... be their weights, 

T t = 2T X + w x = 2P + w lt 

Ta = 2 Ta + w* = 2 9 P + 2 W x + W,a 
Ta = 2 Ta + 2 S P + 2 3 u/, -4- 2w/ a + 


2 n_1 P + 2 n ~ i w x + 2 n -*w 7 + ... + w»_i. 

If there were n pulleys, of which (n — 1) would be movable, 
we should have, from the equilibrium of the bar, 

w = T n + t„- x + ... + t 9 + t x 

= (2" — 1)P + (2 n_1 - 1) tu x -f (2"-* — 1) w, 4-... 

+ (2 a - 1) Wn-t + (2 - 1) «/,*_, .(1). 

If the weights of the pulleys are all equal to w, this gives 
W = (2 n — \)P + w [2 n_1 + 2"-* + ... 4- 2 - (n - 1)] 

= (2" - 1) P 4- w [2 n - n - 1]. 

Stress on the supporting beam. This stress balances the effort, the 
weight, and the weight of the pulleys, and therefore equals 

P+ 1F+I0| + U7g 4... 

222. In this system we observe that, the greater the weight of each 
pulley, the less is P required to be in order that it may support a given 
weight W. Hence the weights of the pulleys assist the effort. If the 
weights of the pulleys be properly chosen, the system will remain in. 
equilibrium without the application of any effort whatever. 

For example, suppose we have three movable pulleys, each of weights, 
the relation (1) of the last article will become lV=lbP+llw. 

Hence, if llw = \V, we have P zero, so that no power need be applied 
at the free end of the string to preserve equilibrium. 

223. The bar supporting the weight W will not remain horizontal, 
unless the point at which the weight is attached be properly chosen. In 
any particular case the proper point of attachment can be easily found. 

In the figure of Art. 221 let the distances between the points D , E> F t 
and O , at which the strings are attached, be successively a, and let the 
point at which the weight is attached be X. 

The resultant of T u T t , T s , and 7| must pass through X. 

Hence by Art. 34, if the weights of the pulleys are neglected, 

7 , 4 xO+2 rt ,xa+7 T a x2a+7 , ix3a 4P. a + 2P . 2a + P . 3a .. 

Ti+Ts+T^+Tl 6P+4P+2P + P 
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224. This system of pulleys was not however designed in 
order to lift weights. If it be used for that purpose it is soon 
found to be unworkable. Its use is to give a short strong pull. 
For example it is used on board a yacht to set up the back stay. 
In the figure of Art. 221, DEFG is the deck of the yacht to 
which the strings are attached and there is no IF. The strings 
to the pulleys A x> A a , A 3 , A 4 n.re inclined to the vertical and the 
point 0 is at the top of the mast which is to be kept erect. The 
resistance in this case is the force at 0 necessary to keep the 
mast up, and the effort is applied as in the figure. 

225. Verification of the Principle of Work. Suppose 
the weight IF to ascend through a space x. The string 
joining B to the bar shortens by x, and hence the pulley A t 
descends a distance x. Since the pulley A, descends x and 
the bar rises x, the string joining A s to the bar shortens by 2x, 
and this portion slides over A ,; hence the pulley A , descends a 
distance equal to 2x together with the distance through which A , 
descends, i.e. A a descends a distance 2x + x, or 3x. Hence the 
string A 2 F shortens by 4x, which slips over the pulley A a , so 
that the pulley A x descends a distance 4x together with the 
distance through which A a descends, i.e. 4>x -p 3#, or 7x. The 
first, second, third, ... (n-l)th movable pulleys therefore 
descend #, 3x, 7x , ... ( 2 n ~ x - 1) x and the point of application of 
P descends ( 2 n - 1) x, so that the velocity ratio is 2" - 1. 

The work done by the clfort and the weights of the pulleys 
[which in this case assist the power] 

= P.(2"- \ )x +w l (2 nr ~ x — l)x + w a (2 n ~* — 1)# + ... 

+ 3w tl ^ a X + Wn-x CD 

« a:. W, by Art. 221, = work done on the weight W. 

. c 

226. The Wheel and 
Axle. This machine con¬ 
sists of a strong circular 
cylinder, or axle, terminat¬ 
ing in two pivots, A and B t 
which can turn freely on 
fixed supports. To the 
cylinder is rigidly attached 
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a wheel, CD, the plane of the wheel being perpendicular to 
the axle. 

Round the axle is coiled a rope, one end of which is firmly 
attached to the axle, and the other end of which is attached to 
the weight. Round the circumference of the wheel, in a direc- 
tion opposite to that of the first rope, is coiled a second rope, 
having one end firmly attached to the wheel, and having the 
“ power,” or effort, applied at its other end. The circumference 
of the wheel is grooved to prevent the rope from slipping off. 

If a be the radius of the axle, and b be the radius of the 
wheel, the condition of equilibrium is, by taking moments 
about the fixed axis, P.b = W.a .(1). 


Hence the mechanical advantage = 


W_ 
P ~ 



radius of the wheel 
radius of the axle ‘ 


Verification of the Principle of Work. Let the 
machine turn through four right angles. A portion of string 
whose length is 2irb becomes unwound from the wheel, and hence 
P descends through this distance. At the same time a portion 
equal to 2ira becomes wound upon the axle, so that W rises 
through this distance. The work done by P is therefore P x 2irb 
and that done against W is W x 27 ra. These are equal by the 
relation (1). Also the velocity ratio (Art. 211) 


= a = mechanical advantage. 


Theoretically, by making the quantity — very large, we can 

CL 


make the mechanical advantage as great as we please; practi¬ 
cally however there are limits. Since the pressure of the fixed 
supports on the axle must balance P and W, it follows that 
the thickness of the axle, i.e. 2 a, must not be reduced unduly., 
for then the axle would break. Neither can the radius of the 
wheel in practice become very large, for then the machine would 
be unwieldy. Hence the possible values of the mechanical 
advantage are bounded, in one direction by the strength of our 
materials, and in the other direction by the necessity of keeping 
the size of the machine within reasonable limits. 


227. In Art. 226 we have neglected the thicknesses of the ropes. If, 
however, they are too great to be neglected, compared with the radii of the 
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wheel and axle, we may take them into consideration by supposing the 
tensions of the ropes to act along their middle threads. 

Suppose the radii of the ropes which pass round the axle and wheel to 
be x and y respectively; the distances from the line joining the pivots at 
which the tensions now act are (a + x ) and (&+y) respectively. Hence 
the condition of equilibrium is P(b+y) = If r (a + jr), so that 

P _ sum of the radii of the axle and its rope 
W sum of the radii of the wheel and its rope' 

228. Other forms of the Wheel and Axle are the Windlass, 
used for drawing water from a well, and Capstan, used on board 
ship. In these machines the effort instead of being applied, as 
in Art. 22G, by means of a rope passing round a cylinder, is 
applied at the ends of a spoke, or spokes, which are inserted in 
a plane perpendicular to the axle. 

In the Windlass the axle is horizontal, and in the Capstan 
it is vertical. In the latter case 
the resistance consists of the ten¬ 
sion T of the rope round the axle, 
and the effort consists of the forces 
applied at the ends of bars inserted 
into sockets at the point A of the 
axle. The advantage of pairs of 
arms is that the strain on the 
bearings of the capstan is thereby 
much diminished or destroyed. 

The condition of equilibrium may 
be obtained as in Art. 226. 

229. Differential Wheel and Axle. A slightly modified 
form of the ordinary wheel and axle is the differential wheel 
and axle. In this machine the axle consists of two cylinders, 
having a common axis, joined at their ends, the radii of the two 
cylinders being different. One end of the rope is wound round 
one of these cylinders, and its other end is wound in a contrary 
direction round the other cylinder. Upon the slack portion of 
the rope is slung a pulley to which the weight is attached. The 
part of the rope which passes round the smaller cylinder tends 
to turn the machine in the same direction as the effort. 

As before, let b be the radius of the wheel and let a and c 
be the radii of the portions A G and CD of the axle, a being the 
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smaller. Since the pulley is smooth, the tension jP of the string 
round it is the same throughout its length, and hence, for the 
equilibrium of the weight, we have T — 


A 


W 

Taking moments about the line AB for the equilibrium of 
the machine, we have P.b + T.a=T.c. 

2 b 

c — a' 

By making the radii c and a of the two portions of the axle very 
nearly equal, we can make the mechanical advantage very great 
without unduly weakening the machine. 

230. Weston’s Differential Pulley. 

In this machine there are two blocks; the upper contains 
two pulleys of nearly the same size which turn 
together as one pulley; the lower consists of 
one pulley to which the weight W is attached. 

The figure represents a section of the 
machine. An endless chain passes round the 
larger of the upper pulleys, then round the lower 
pulley and the smaller of the upper pulleys; 
the remainder of the chain hangs slack and is 
joined on to the first portion of the chain. The 
effort P is applied as in the figure. The chain 
is prevented from slipping by small projections 
on the surfaces of the upper pulleys, or by de¬ 
pressions in the pulleys into which the links of 
the chain fit. 



W c — a . W 

P = —- y — , and the mechanical advantage = -p- 
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If T be the tension of the portions of the chain which support 
the weight \V , we have, since these portions are approximately 
vertical, on neglecting the weight of the chain and the lower 

pulley, 2 T = W .(1). 

If R and r be the radii of the larger and smaller pulleys of 
the upper block, we have, by taking moments about the centre 
A of the upper block, 

P.R + T.r = T R. 

Hence 


\y ji _ r 27 ? 

R = - j£— . and the mechanical advantage = ~p — j^ — 


Since R and r are nearly equal, this mechanical advantage is 
therefore very great. 

The differential pulley-block avoids one great disadvantage 
of the differential wheel and axle. In the latter machine a very 
great amount of rope is required in order to raise the weight 
through an appreciable distance. 


231. Wheel and Axle with the pivot resting on rough hearings. 

Let the central circle represent the pivots A or B of Fig., 
Art. 226 (much magnified) when 
looked at endways. 

The resultant action between 
these pivots and the bearings on 
which they rest must be vertical, 
since it balances P and W. Also it 
must make an angle X, the angle of 
friction, with the normal at the 
point of contact Q, if we assume 
that P is just on the point of over¬ 
coming W. Hence Q cannot be at 
the lowest point of the pivot, but 
must be as denoted in the figure, where OQ makes an angle X 
with the vertical. The resultant reaction at Q is thus vertical. 


Since R balances P and W, .\ R — P + W .(I)- 

Also, by taking moments about 0, we have 

P.6 — R.c sinX = W , a .(2), 


where c is the radius of the pivot and 6, a the radii of the wheel 
and the axle (as in Art. 226). 
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Hence 


P = W 


a 4- c sin X 


b — c sin X * 

If P be only just sufficient to support W, i.e. if the machine 

be on the point of motion in the direction then, by changing 

. ^ a — c sin X 

the sign of X, we have P, = W b + cs ^- 

In this case the point of contact Q is on the left of the 
vertical through 0. 


232. The Common Balance. The Common Balance con¬ 
sists of a rigid beam AB, carrying a scale-pan suspended from 
each end, which can turn freely about a fulcrum 0 outside the 
beam. The fulcrum and the beam are rigidly connected and, 
if the balance be well constructed, at the point 0 is a hard steel 
wedge, whose edge is turned downward and which rests on a 
small plate of agate. 

The body to be weighed is placed in one scale-pan and in 
the other are placed weights, whose magnitudes are known; 
these weights are adjusted until the beam of the balance rests 
in a horizontal position. If OH be perpendicular to the beam, 
and the arms IIA and HB be of equal length, and if the centre 
of gravity of the beam lie in the line OH, and the scale-pans be 
of equal weight, then the weight of the body is the same as the 
sum of the weights placed in the other scale-pan. 

If the weight of the body be not equal to the sum of the 
weights placed in the other scale-pan, the balance will rest with 

the beam inclined to the horizon. 

In the best balances the beam is usually provided with a 
long pointer attached to the beam at H. The end of this 
pointer travels along a graduated scale and, when the beam is 
horizontal, the pointer is vertical and points to the zero gradua¬ 
tion on the scale. 


233. To find the position of equilibrium of a balance when 
the weights placed in the scale-pans are not equal. 

Let the weights placed in the scale-pans be P and W, the 
former being the greater; let S be the weight of each scale-pan, 
and let the weight of the beam (and the parts rigidly connected 
with it) be W, acting at a point K on OH. 

[ The figure is drawn out of proportion so that the points may 

be distinctly marked; K is actually very near the beam.] 
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When in equilibrium let the beam be inclined at an angle 
$ to the horizontal and let OH = h, OK = k and AH = HB = a. 
Let the horizontal through 0 meet the verticals through A, K 
and B in L> 0 and M. 



Taking moments about 0, we have 

(P + S) OL = (W + S) OM + TP'. 00, 

i.e. (P-j-&)(acos0—Asm 0)=(W + S)(aco9d+h&in0)+ W'.ksmd. 

(P - TP) a 

tan 6 — + _|_ 2S)h‘ 

234. Requisites of a good balance. 

(1) The balance must be truo. This will be the case if the arms of 
the balance be equal, if the weights of the scale-pans be equal, and if the 
centre of gravity of the beam be on the line through the fulcrum perpendi¬ 
cular to the beam ; for the beam will now be horizontal when equal weights 

aro placed in the scale-pans. ... . , 

To lest whether the balance is true, first see if the beam is horizontal 
when the scale-pan is empty, and then make the beam horizontal by 
putting sufficient weights in one scale-pan to balance tho weight of a body 

placed in the other; now interchange the body and the weights; if they 

still balance one another, the balance must be true ; if in the second case 
the beam assumes any position inclined to the vertical, the balance is not 

trU (2) The balance must be sensitive, i.e. the beam must, for any 
difference, however small, between the weights in the ecale-pans, be 

inclined at an appreciable angle to the horizon. . , 

For a qiven difference between P and IF, the greater the mcI.nat.on ol 
the beam to the horizon the more sensitive is the balance; also the less 
the difference, P- W, between the weights required to produce a given 
inclination 9, the greater is the sensitiveness of the balance. 
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The sensitiveness is therefore appropriately measured by 

p^rw' **• b7 Wk+(P+ w+2S)h’ ( Art233 -) 

Thus the sensitiveness of a balance will be great if the arm a be fairly 
long in comparison with the distances A and k and the weight IF' of the 
beam be as small as is consistent with the length and rigidity of the 
machine. 

If A is not zero, it follows that the sensitiveness depends on the values 
of P and IF, i.e. depends on the loads in the scale-pans. In a balance for 
use in a chemical laboratory this is undesirable. Such balances are 
therefore made with A zero, i.e. with the point 0 in the figure coinciding 
with H. The sensibility then varies inversely with k, the distance of the 
centre of gravity of the beam below 0 or H. 

But we must not make both A and k zero ; for then the points 0 and K 
would both coincide with H. In this case it is easily seen that the 
balance would either, when the weights in the scale-pans were equal, be in 
equilibrium in any position or else, if the weights in the scale-pans were 
not equal, that it would take up a position as nearly vertical as the 
mechanism of the machine would allow. 

(3) The balance must be stable and must quickly take up its position 
of equilibrium. 

The determination of the time taken by the machine to take up its 
position of equilibrium is essentially a dynamical question. We may 
however assume that this condition is best satisfied when the moment of 
the forces about the fulcrum 0 is greatest. When the weights in the 
scale-pans are each P t the moment of the forces tending to restore 
equilibrium 

«=(P + S)(a cos0+Aain 0) —(P-f-iS) (acos#— A sin 6)+ W’ ,kein6 
•^(P+^A-f IF'.*] sin 6. 

This expression is greatest when A and * are greatest. 

Since the balance is most sensitive when A and k are small, and most 
stable when these quantities are large, we see that in any balance great 
sensitiveness and quick weighing are to a certain extent incompatible. In 
practice this is not very important; for in balances where great sensi¬ 
tiveness is required (such as balances used in a laboratory) we can afford 
to sacrifice quickness of weighing; the opposite is the case when the 
balance is used for ordinary commercial purposes. To ensure as much as 
possible both the qualities of sensitiveness and quick, weighing, the 
balance should be made with fairly light long arms, and at the same time 
the distance of the fulcrum from the beam should be considerable. 

235. By the method of double weighing the weight of a body may be 
accurately determined even if the balance be not accurate. 

Place the body to be weighed in one scale-pan and in the other pan 
put sand, or other suitable material, sufficient to balance the body. Next 
remove the body, and in its place put known weights sufficient to again 
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balance the sand. The weight of the body is now clearly equal to the sum 
of the weights. 

This method is used even in the case of extremely good machines 
when very great accuracy is desired. It is known as Borda’s Method. 

236. The Steelyards. The Common, or Roman, Steelyard 
is a machine for weighing bodies and consists of a bar, AB, 
movable about a fixed fulcrum at a point 0. 

At the point A is attached 
a hook or scale-pan to carry 
the body to be weighed, and 
on the arm CB slides a mov¬ 
able weight P. The point at 
which P must be placed, in 
order that the beam may rest 
in a horizontal position, de¬ 
termines the weight of the 
body in the scale-pan. The 
arm CB has numbers en¬ 
graved on it at different 
points of its length, so that 
the graduation at which the 
weight P rests gives the 
weight of the body. 

Let W' be the weight of the steelyard and the scale-pan, and 
0 be the point of the beam through which W acts. The beam 
is usually constructed so that G lies in the shorter arm AC. 

When there is no weight in the scale-pan, let 0 be the point 
in CB at which the movable weight P must be placed to balance 
W\ Moments about C give W* . GC = P . CO .(*)• 

This condition determines the position of the point 0 which 

is the zero of graduation. 

When the weight in the scale-pan is W (= nP), let X n be the 
point at which P must be placed. Taking moments, we have 

nP.CA + W'.GC = P. CX n .(ii). 

From (i) and (ii), OX n = n.CA. 

Hence, to graduate the steelyard, we must mark off from 0 
successive distances CA, 2CA t 3 CA, ... and at their extiemities 
put the figures 1,2,3,.... The intermediate spaces can be 
subdivided to shew fractions of P lbs. 



A GCO Xi Xq X a Xj 


*W W# 


3 


X 

T 
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237. The Danish Steelyard consists of a bar A B, terminating 
in a heavy knob, or ball, B. At A is attached a hook or scale- 
pan to carry the body to be weighed. 

The weight of the body is determined by observing about 
what point of the bar the machine balances. This is often done 
by having a loop of string, which can slide along the bar, and 
finding where the loop must be to give equilibrium. 

Let P be the weight of the bar and scale-pan, and let 0 be 
their common centre of gravity. When a body of weight W 
(= t?P) is placed in the scale-pan, let C be the position of the 
fulcrum. By taking moments about G, we have 

AC.nP = AC. W = GG .P — (AG — AC). P. 



AG=^-^.AG. 

n + 1 



Hence, to graduate this steelyard, we must mark off from A 
distances equal to \ AG, { AG, ± AG, ... and at their extremities 
put the figures 1, 2, 3, .... 

Similarly, for fractional weights, take distances equal to 
'{AG, lAG, {AG, ..., and at the ends mark 

The point G is easily determined since it is the position of 
the fulcrum when the steelyard balances without any weight in 
the scale-pan. 

238. The Screw. A Screw consists of a cylinder of metal 
round the outside of which runs a protuberant thread of metal. 

Let ABGD be a solid cylinder, and let EFGH be a rectangle, 
whose base EF is equal to the circumference of the solid cylinder. 
On EH and FG take points L, N, Q ,... and K, M, P ,... such 
that EL, LN ,... FK, KM, MP ,... are all equal, and join 
EK, LM, NP . 
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Wrap the rectangle round the cylinder, so that the point E 
coincides with A and EH with the line AD. The point F will 
coincide with E at A and the lines EK , LM, NP, ... will now 
become a continuous spiral line on the surface of the cylinder 
and, if we imagine the metal along this spiral line to become 
protuberant, we shall have the thread of a screw. 



It is evident that the thread is an inclined plane running 
round the cylinder, and that its inclination to the horizon is the 
same everywhere and equal to the angle KEF. T-his angle is 
often called the angle of the screw, and the distance between two 
consecutive threads, measured parallel to the axis, is often called 
the pitch of the screw. The pitch is also defined by other 
writers as the distance advanced along the axis of the screw for 

KF 

an angular turn equal to unit angle, so that the pitch = 


with this definition. 

, „ x FK 

Also tan (angle of screw) = -p-p 

distance between successive threads _ 

circumference of a circle whose radius is the distance from 

the axis of any point of the screw. 

The section of the thread of the screw has, in practice, various 
shapes. The only kind that we shall consider has the section 

rectangular. 


239. The screw usually works in a fixed support, along the 
inside of which is cut out a hollow of the same shape as the 
thread of the screw, and along which the thread slides. The 
only movement admissible to the screw is to revolve about its 
axis, and at the same time to move in a direction parallel to its 
length. If the screw were placed in an upright position, and a 
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weight placed on its top, the screw would, in general, revolve and 
descend. Hence, if the screw is to remain in equilibrium, some 
force must act on it; this force is usually applied at one end of 
a horizontal arm, the other end of which is rigidly attached to 
the screw. 

240. In a smooth screw, to find the relation between the effort 
and the weight. 

Let a be the distance of any point on the thread of the screw 
from its axis, and b the distance, 

AB, from the axis of the screw, 
of the point at which the effort v 

is applied. W * 

The screw is in equilibrium 
under the action of the effort P, 
the weight W , and the reactions 
at the points in which the fixed 
block touches the thread of the 
screw. Let R, S, T, ... denote 
the reactions of the block at dif¬ 
ferent points of the thread of the 
screw. These will all be perpen¬ 
dicular to the thread of the screw, 
since it is smooth, and therefore 
do no work as the screw revolves. 

For each revolution made by the effort-arm the screw rises 
through a distance equal to the distance between two consecu¬ 
tive threads. Hence, during each revolution, the work done 
by the effort is 

P x circumference of the circle described by the end of the 
effort-arm, 

and that done against the weight is 

W x distance between two consecutive threads. 

These are equal by the Principle of Work, and hence the 

W _ 27 rb 

P ‘lira tan a 

circumference of a circle whose radius is the effort-arm 
distance between consecutive threads of the screw ' 


mechanical advantage 




The Screw 


261 


241. Equilibrium of a rough screw. To find the relation 
between the ejfort and the resistance in the case of a screw, when 
friction is taken into account. 

With the same notation as in Art. 240, let the screw be on 
the point of motion downwards, so that the 
friction acts upwards along the thread. 

The vertical pressures of the block are 

R (cos a + p. sin a), S (cos a + a* sin a), ... 

and the horizontal components of these 
pressures are R (sin a — jj, cos a), S (sin a — /x cos a), .... 

By resolving vertically, and taking moments about the axis 
of the screw, we have 

IF = (R + S + T+ ...)(cos a -f- p sin a) .(1), 

and P . b = a (R + S+ T+ ...) (sin a — p cos a) .(2). 


f.. R 



Hence 


J \_6 
W 


sin a — a cos a 

= a-^- 

cos a 4- ft sin a 



sin (a — X) 
cos (a — X) 


P a . . x 

^ j tan (a - X). 


Similarly, if the screw be on the point of motion upwards, 
we have, by changing the sign of p, 


W~ 


sin« + MCQS« tt tan (a + x) . 

cos a — a sin a b 


If the effort have any value between P and P„ the screw 
will he in equilibrium, but the friction will not be limiting 
friction. It will be noted that if the angle a of the screw be 
equal to the angle of friction, X, then the value of the effort P 
is zero. In this case the screw will just remain in equilibrium 
supported only by the friction along the thread of the screw. 
If a < X, P will be negative, i.e. the screw will not descend 

unless it is forced down. 


242. • Theoretically, the mechanical advantage in the case of 
the screw can be made as large as we please, by decreasing 
sufficiently the distance between the threads of the screw. In 
practice, however, this is impossible; for, if we diminish the 
distance between the threads to too small a quantity, the threads 
themselves would not be sufficiently strong to bear the strain 

put upon them. . 

By means of Hunter's Differential Screw this difficulty 
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may be overcome. In this machine we have a screw AD working 
in a fixed block. The inside of the screw AD is hollow and is 
grooved to admit a smaller screw DE. The screw DE is fastened 


at E to a block, so that it can¬ 
not rotate, but can only move in 
the direction of its length. 

When the effort-arm AB has 
made one revolution, the screw 
AD has advanced a distance 
equal to the distance between 
two consecutive threads, and at 
the same time the smaller screw 
goes into DA a distance equal 
to the distance between two 
consecutive threadsof thesmaller 
screw. Hence the smaller screw, 
and therefore also the weight, 
advances a distance equal to the 
difference of these two distances. 

Hence, just as in Art. 240, if 
by the Principle of Work 


V w 





the screw be smooth we have 


W _ 2 t rb _ 

P 27ra tan a — lira tan cl 

circum. of the circle described b y the end of the power-arm 
difference of the distances between consecutive threads of 


the two screws. 

By making the distances between consecutive threadsof the 
two screws nearly equal, we can make the mechanical advantage 
very great without weakening the machine. 

243. The Wedge is a piece of iron, or metal, which has 
two plane faces meeting in a sharp edge. 

It is used to split wood or other tough 
substances, its edge being forced in by 
repeated blows applied by a hammer to 
its upper surface. 

The problem of the action of a wedge 
is essentially a dynamical one. We shall 
only consider the statical problem when 
the wedge is just kept in equilibrium by 
a steady force applied to its upper surface. 
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Let ABC be a section of the wedge and let its faces be 
equally inclined to the base BC. Let the angle CAB be a. 

Let P be the force applied to the upper face, R and R the 
normal reactions of the wood at the points where the wedge 
touches the wood, and fiR and fxR the frictions, it being 
assumed that the wedge is on the point of being pushed in. 
Let P be applied at the middle point of BC in a direction 
perpendicular to BC, and let the weight of the wedge be 
negligible in comparison with P. 

Resolving along and perpendicular to BC, we have 

fiR sin | — R cos | = fxR' sin | - R cos | .(1), 

and P = ( R + R) cos ^ + (R + R ) sin ^ .(2). 

2 R 1 cosX 

Hence R = R', and -p = 

if \ be the coefficient of friction. 

The splitting power of the wedge is measured by R. For a 
given force P this splitting power is therefore greatest when a 
is least. Theoretically this will be when a is zero, i.e. when the 
wedge is of infinitesimal strength. Practically the wedge has 
the greatest splitting power when it is made with as small an 
angle as is consistent with its strength. 


/x cos g + sin g 


sin 


+ 


244. If the force of compression exerted by the wood on the wedge be 
great enough, the force P may not be large enough to make the wedge on 
the point of motion down; in fact the wedge may be on the point of being 
forced out If i>, be the value of P in this case, its value is found by 
changing the sign of M in Art. 243, so that we should have 


P x = 2/2 


( 


S1D - - M C03 2 


i) 


2 R sec X sin 



If - be > X, the value of P x is positive. 

2 

If - be < \ Pi is negative and the wedge could therefore only be on 
the pofnt of slipping out if a pull were applied to its upper surface. 

If ‘-'=X, the wedge will just stick fast without the application of any 


force. 
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245. The Inclined Plane. The Inclined Plane, considered 
as a mechanical power, is a rigid plane inclined at an angle to 
the horizon. 

It is used to facilitate the raising of heavy bodies. 

The equilibrium of a particle on an inclined plane has already 

been considered in Arts. 78—80. 

To find the work done in dragging a body up a rough 
inclined plane by means of a force parallel to the plane. 

As in Art. 78 the force P l which would just move the body 
up the plane is W (sin a + p cos a). 

Hence the work done in dragging it from A to C = P. AC 

t= W. A C sin a + pW. AC cos a = IF. BC + pW. AB 

= work done in dragging the body through the same vertical 
height without the intervention of the plane 

+ the work done in dragging it along a horizontal distance equal 
to the base of the inclined plane and of the same roughness 
as the plane. 


246. From the preceding article we see that, if our inclined 
plane be rough, the work done by the power is more than the 
work done against the weight. This is true for any machine; 
the principle may be expressed thus: 

In any machine, the work done by the power is equal to the 
work done against the weight, together with the work done against 
the frictional resistances of the machine, and the work done against 
the weights of the component parts of the machine. 

The ratio of the work done on the weight to the work done 
by the effort is, for any machine, called the efficiency of the 
machine, so that, during any small displacement, 


Efficiency = 


Useful work done b y the machine 
Work supplied to the machine 


Let P 0 be the effort required if there were no friction, and P 
the actual effort. Then, by Art. 211, 


Work done against the weight 

= P„ x distance through which its point of application moves. 


and work supplied to the machine 

— P x distance through which its point of application moves. 
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Hence, by division, 

_ „ . P 0 Effort when there is no friction 

Efficiency = y - -Actual effort-' 

We can never get rid entirely of frictional resistances, or 
make our machine without weight, so that some work must 
always be lost through these two causes. Hence the efficiency 
of the machine can never be so great as unity. The more nearly 
the efficiency approaches to unity, the better is the machine. 

There is no machine by whose use we can create work, and 
in practice, however smooth and perfect the machine may be, we 
always lose work. The only use of any machine is to multiply 
the force we apply, whilst at the same time the distance through 
which the force works is more than proportionately lessened. 


247. Friction exerts such an important influence on the 
practical working of machines that the theoretical investigations 
are not of much actual use and recourse must for any particular 
machine be had to experiment. The method is the same for all 
kinds of machines. 

The velocity ratio can be obtained by experiment; for in all 
machines it equals the distance through which the effort moves 
divided by the corresponding distance through which the weight, 

or resistance, moves. Call it n. 

Let the weight raised be IF. Then the theoretical effort P 0 , 

TF 

corresponding to no friction, is—. Find by experiment the 

actual value of the effort P which just raises IF. The actual 

TF 

mechanical advantage of the machine is jj , and the efficiency 


of it is, by Art. 246, 


P. 

P* 


248. As an example take the case of a class-room model of a differential 
wheel and axle on which some experiments were performed. The machine 
was not at all in good condition and was not cleaned before use, and no 
lubricants were used for the bearings of either it or its pulley. 

With the notation of Art. 229 the values of a, 6, and c were found to be 

1 $, 6^, and 3 inches, so that the value of the velocity ratio n = —-=9. 

This value was also verihed by experiment; for it was found that for 
every inch that W went up, P went down nine inches. 
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P was measured by means of weights put into a scale-pan whose 
weight is included in that of P; similarly for IF. The weight of the 
pulley to which IF is attached was also included in the weight of IF. 

The corresponding values of P and IF, in grammes’ weight, are given in 
the following table; the value of P was that which just overcame the 
weight IF The third column gives the corresponding values of P 0 , i.e. 
the effort which would have been required had there been no frictional 
resistances. 




„ w 

„ P 0 

,, W 

w 

P 

*>=» 

e= t 

M= P 

60 

28 

655 

•2 

1-79 

100 

36 


•31 

2-78 

150 

45 


•37 

3-3 

250 

60 


•46 

417 

450 

90 

50 

•66 

5 

650 

119 

72-22 

*61 

5-46 

850 

147 

94-44 

•64 

5-78 

1050 

175 

11667 

*67 

6 

1250 

203 

138-88 

•68 

6-16 

1450 

232 

161*11 

•694 

6*25 


The fourth column gives the values of E, the corresponding efficiency, 
and the last column gives the values of M, the mechanical advantage. 

On plotting out on squared paper the above results, the points giving 
P are found to roughly be on a straight line going through the third and 
last of the above. Hence the relation between P and IF is of the form 
P=a IF+6, where a and b are constants. 

Also P =45 when IF=150, and P= 232 when IF=1450. 

Hence a = *144 and b = 23'4 approximately, so that P=‘144 FF+23‘4. 

This is called the Law of the Machine. 


Also 

Hence 


P 0 —& !F=*111 IF. 

P 0 -111 IF W_ IF 

P~ -144 IF+ 23 4 ® M ~ p - . 144 } y+ 234 * 


These give E and M for any weight IF. 

The values of E and M get bigger as IF increases. Assuming the 
above value of A 1 to be true for all values of IF, then its greatest value is 
when W is infinitely great, and is then about *77, so that in this machine 
at least 23 % of the work put into it is lost. 

So the greatest value of the mechanical advantage = about 7. 

If the machine had been well cleaned and lubricated before the 
experiment, much better results would of course have been obtained. 
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249. Just as in the example of the last article, so, with any other 
machine, the actual efficiency is found to fall considerably short of unity. 

There is one practical advantage which, in general, belongs to machines 
having a comparatively small efficiency. It can be shewn that, in any 
machine in which the magnitude of the effort applied has no effect on the 
friction, the load does not run down of its own accord when no effort is 
applied provided that the efficiency is less than Examples of such 
machines are a Screw whose angle is small and whose “ Power" or effort 
is applied horizontally as in Art. 241, and an Inclined Plane where the 
effort acts up the plane. 

In machines where the friction does depend on the effort applied no 
such general rule can be theoretically proved, and each case must bo 
cono dercd separately. But it may be taken as a rough general rule that 
where the effort has a comparatively small effect on the amount of friction 
then the load will not run down if the efficiency be less than h. Such 
a machine is said not to “ reverse ” or “ overhaul.” 

Thus in the case of the Differential Pulley (Art. 230), as usually 
constructed the efficiency is less than i, and the load If does not run 
down when no force P is applied, that is, when the machine is left alone 
and the chain lot go. This property of not overhauling compensates, in 
great measure, for the comparatively small efficiency. 

In a wheel and axle the mechanical advantage is usually great and the 
efficiency usually considerably more than | ; but the fact that it reverses 
does not always make it a more useful machine than the Differential 
Pulley. 

The student, who desires further information as to the practical 
working of machines, should consult Sir Robert Ball’s Experimental 
Mechanics or other works on Applied Mechanics. 


EXAMPLES 

1. If the centre of gravity of a wheel and axle be at a distance a from 
the axis, shew that the wheel can rest with the plane through the axis and 
the centre of gravity inclined at an angle less than 6 to the vertical, where 

sin 0 = ^sin <£, b being the radius of the axle, and (f> the angle of friction. 

2. The arras of a balance are equal in length but the beam is unjustly 
loaded ; if a body be placed in succession in each scale-pan and weighed, shew 
that its true weight is the arithmetic mean between its apparent weights. 

3. The arms of a balance are of unequal length, but the beam 
remains in a horizontal position when the scale-pans are not loaded ; shew 
that, if a body be placed successively in each scale-pan, its true weight is 
the geometrical mean between its apparent weights. 

Shew also that if a tradesman appear to weigh out equal quantities of 
the same substance, using alternately each of the scale-pans, he will 
defraud himself. 


LS 
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4. If a balance be unjustly weighted, and have unequal arms, and if a 
tradesman weigh out to a customer a quantity of some substance by 
weighing equal portions in the two scale-pans, shew that he will defraud 
himself if the centre of gravity of the beam be in the longer arm. 

5. A common steelyard is graduated on the assumption that its weight 
is Q and the movable weight is IF, both which assumptions are incorrect. 
If two masses whose real weights are P and R appear to weigh P+X and 
R + F, shew that the weight of the movable weight and the steelyard are 

less than theirassumed values by ^-(X- F) and ^ (X— Y) — ^^PY—RX) t 

where D**=P— R+ X - F, and b and a are the distances (both measured in 
the same direction) from the fulcrum to the centre of gravity of the bar 
and to the point of attachment of the substance to be weighed. 

Shew also that a body whose real weight is S appears to weigh 

« . S(X-Y) + PY-RX 

^ ' U u • 


6. Shew that the efficiency of a screw is greatest when its angle is 



The force required to lift the weight W , when there is friction, is 

JFg tan (a + X), and, when there is no friction, it is W ^ tan a. 

As in Art. 247 the efficiency, E, =the ratio of these 

tana sin(2a + X) —sinX 2sinX 

""tan (a+X) = sin(2a + X)+sin X "" sin(2a + X)+sin X* 

E is greatest when 2a + X = 90°. 


7. An ordinary block and tackle has two pulleys in the lower block 
and two in the upper. What force must be exerted to lift a load of 
300 lbs. ? If on account of friction a given force will only lift *45 times as 
much as if the system were frictionless, find the force required. 

[76 lbs.; 166§ lbs.] 

8. In a block and tackle the velocity ratio is 8 :1. The friction is 

such that only 65°/ 0 of the force applied can be usefully employed. Find 
what force will raise 6 cwt. by its use. [l^. cwt.] 

9. In some experiments with a screw-jack the values of the load W 
were 160, 180, 210, 240 and 270 lbs. wt. and the corresponding values of 
the effort P were found to be 20*9, 22-7, 2676, 28 4 and 31-4 lbs. wt.; 
assuming that P«»a+6fF, find the approximate values of a and b. 

[6 3 j 097.] 
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10. In some experiments with a model block and tackle (the second 
system of pulleys), the values of IF (including the weight of the lower 
block) and P expressed in grammes weight were found to be as follows: 

JF=75, 175, 275, 475, 675, 875, 1075; 

P = 25, 48, 71, 119, 166, 214, 264. 

Also there were live strings at the lower block. Find au approximate 
relation between P and IF, and the corresponding values for the efliciency 

and mechanical advantage. Draw the graphs of P, P 0 , E y and M. 

[/>=7-3+ 236 IF] 

11. The following table gives the load in tons upon a crane, and the 
corresponding effort in lbs. wt. • 

Load 1, 3, 6, 7, 8, 10, 11. 

Effort 9, 20, 28, 37, 42, 61, 56. 

Find the approximate law of the machine, and calculate the efficiency 

at the loads 5 and 10 tons, given that the velocity-ratio is 500. 

[i > =4-3 + 4-7 IF; *8 and 88.] 

12. A woight is lifted by a screw-jack, of pitch £ inch, the force being 
applied at right angles to a lever of length 15 inches. The values of the 
weight in tons, and the corresponding force in lbs., are given in the 

following table: 

Weight 1, 2-5, 6, 7, 8, 10. 

Force 24, 32, 46, 67, 63, 73. 

Find the approximate law of the machine, and calculate its efficiency 
for the weights 4 and 9 tons. [P= 18-6+ 6-6 IF; *59 and -79.] 


✓ 
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CHAPTER XIH 

EQUILIBRIUM OF STRINGS AND CHAINS 

250. A perfectly flexible string is such that the action 
across any normal section of it is a single force whose direction 
is along the tangent to the string. This section is supposed to 
be so small that the string may be treated as a curved line. 
The string offers no resistance to being bent at any point and 
hence possesses no rigidity of shape. A chain, whose links are 
very small and perfectly smooth, may be treated as a flexible 
string. 

In the case of a string which is not perfectly flexible, or of a 
wire, the actions across any normal section do not reduce to a 
single tangential force, but to a single force and a couple as we 
have already seen in Chapter VII. 

251. A uniform heavy inextensible string hangs freely under 
the action of gravity; to find the equation of the curve which it 
forme. 
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Lefc C be the lowest point of the curve, P any point of the 
string such that the arc CP = s ; let T be the tension at P and 
T 0 the tension at C. 

Then the portion CP of the string J9 in equilibrium under 
the action of T, T 0 , and its weight, which is ws, where w is 
the weight of the string per unit of length. 

If yfr be the inclination of the tangent at P to the horizontal. 


we then have 

T cos \fr = T 0 .(1), 

and Tsin\fr = ws .(2). 


Let the tension at the lowest point be equal to the weight 
of a length c of the string, so that T 0 = wc, and hence 


tan y\r = 




i.e. f = £ 
dx c 

vertical. 


, if the axes of x and y be respectively horizontal and 
Differentiating, we have 


= 1 /TTT^Y*. 

dx 1 c dx c V ^ \dxj 


fry 

dx * 


• • 




1 

o 


■J 


If the axis of y be taken to pass through C, we have ^ 
when x = 0, and hence this constant vanishes. 


= 0 




Now 


v 


1 + 





= e o. 


Hence, by subtraction. 


dy 

dx 




( 4 ). 
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On integration, y 


c 

2 


+ ^ 


+ A. 


If the origin 0 be taken at a depth c below C, we have 
y = c when x = 0, and hence -4 = 0. 

The equation to the curve with the axes so chosen is thus 




= c cosh - 
c 



This curve is known as the Common Catenary, and Ox is 
called its Directrix. 

Equations (3) and (4) give 


8 = c tan yjr = 





From these two equations we have 


y* = c* + s 3 



This, together with equation (3), gives 

y = c 6ec yfr and 8 — c tan yjr .(8). 

If PN be the ordinate at P and NY be drawn perpendicular 
to PT, then the angle YNP = yfr and hence, from (8), we have 

NY=c = OC , 


and 


PY — 8 = the arc CP, 


(1) now gives T = wc sec yfr = wy, 

i.e. the tension at any point P of a Catenary is equal to the weight 
of the portion of the string whose length is the vertical distance 
between P and the directrix. 

The quantity c, which defines the size of the Catenary, is 
called its Parameter. 


252. For all values of c, an approximation to the form of the 
curve for small values of x is 2 c {y — c) = sc 1 ', this is seen from 
equation (5) of the last article by expanding the right-hand side 
in powers of x. Hence, in the neighbourhood of the lowest point 
of the Catenary, the curve approximates in form to a parabola. 

X 

For large values of x compared with c, the value of e ° is 
negligible, and the Catenary then approximates in shape to the 
Exponential Curve. 
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i 


253 . Ex. 1. A uniform chain , of length 2 1, has its ends attached, to 
two points in the same horizontal^ line at a distance 2a apart. If l is only 
a little greater than a, shew that the tension of the chain is approximately 

equal to the weight of a length ^ J g ^ of the chain , and that the “ sag ,” 

or depression of the lowest point of the chain beloio its ends , is £ f 6a (l — a) 
nearly. 

Since l is very little greater than a, the tension of the chain must be 
very great and hence e must be large. 

Equation (6) of Art. 251 then becomes —e 

The Exponential Theorem gives, on expanding, 

c cl "1 nfi 

2L 2 ' c +2, C? +••• J = ° + 6c* + l20c* + “** 

A first approximation is then l-a*=^ t and hence c=» \f q * 

so that the tension at the lowest point is equal to a weight of this length 
of the chain. 

The ordinate of the end of the chain is, by equation (6) of Art. 251, 
given by 

ytt= l[ e<,+tf °] = l[ 2 + 2 ‘^ +2 *24? + *”] =C + ^ + 24^ + **” 

Hence the sag of the lowest point 

a* a* /6 (l - a) , ---- 

" y_C = 2^ apprOX-= 2 V a’ " “ i VGa (l - a). 

It follows easily that if d be the sag of the lowest point, then the 

2 * 

tension there is approximately equal to a length ^ of the chain. 

Ex. 2. A box kite is flying at a height h with a length l of wire paid 

out and with the vertex of the catenary on the ground ; shew that at the kite 

9 ^ 
the inclination of the wire to the ground is 2 tan- 1 j, and that its tensions 


P + h * 


P — h* 


there and at the ground are w — and w , where w is the weight of 

the wire per unit of length. 

With the figure of Art. 251, P is the kite and C is on the ground, so 
that JVP = h+o and hence, from the triangle NYP, 

(A+c)*«iVT*+ TP*=c'+P. 

P-h* A JO P . i ^ + 

••• CE= ~2Ji~ ftnd NF =c+ h*= —24“ • 

0 P—h * ylr h 

Also cos yfr - jpr «= pjjp, 80 that tan---. 

Also the required tensions at P and C are w . PN and w. o. 
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Ex. 3. A heavy uniform string 90 inches long hangs over two smooth 
pegs at different heights. The parts which hang vertically are of lengths 30 
and 33 inches. Trove that the vertex of the catenary divides the whole string 
in the ratio 4 : 5, and find the distance between the pegs. 

Let and s 2 be the arcual distances of the two pegs from the vertex C 
of the catenary, so that s x + s 2 = 27. If c be the parameter of the catenary 
then, by equation (7) of Art. 251, *, a + c 2 = 30 2 and s 2 2 +c 3 = 33 2 ; for the ends 
of the strings must lie on the directrix of the catenary by the last property 
of Art. 251, since the tension of the string is unaltered by its passing round 
a smooth peg. 

Hence, easily, s x = 10, « 2 = 17 and c = 20«/2, so that^-_^ = 

Also, from equation (5) of Art. 251, we have 

y -f- s'iff - c 1 
x = c\og e - ---. 

0 

Hence, when y = 30 or 33, a;=l(V2 log, 2, or 10v/2log e 2 ^. 

.-. x, + x 2 = 20 s /2 log, 2-5 = 28-284 x -9163=25-92, 

so that the horizontal and vertical distances between the pegs are 2592 
and 3 inches. 

Ex. 4. A uniform chain , of length 2 1 and weight W t is suspended from 
two points, A and B , in the same horizontal line. A load P is now suspended 
from the middle point D of the string if AB = 2a, find the depth below AB 
of the final position of D. 

Let C be the lowest point of the catenary of which DA is a part; let 
its parameter be c, let the arc CD=s and let the ordinate of D bey. Then 

P= vertical component of the tensions at D=1T sin^ (Art. 251) 




Also, by equation (7) of Art. 251, 

« a +c*=y a , and (« + 0 2 + c*=(y + A) 2 
if A be the required depth. 


0 ), 


IP 


These equations give s— ^ , and y = ST 


P W+2P h 


( 2 ). 


2A W 2 . 

Also, if x be the abscissa of D, then by equations (5) and (6) of Art. 251, 

* x +o 


we have 


y+$=ce c 9 and y+h+$+l=ce 


a 

c 


e=l + 


h+l 

y+* 


On substitution from (1) and (2), we have an equation to give A. 

Ex. 5. A chain, of length 2 1, is hung over two small smooth puUeyt 
which are in the same horizontal line at a distance 2 a apart; to find the 
positions of equilibrium arid to determine whether they are stable. 
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Since the tension of the chain 
is unaltered by passing over the 
pulley, and since on one side it is 
equal to the weight of the free part 
AN, and on the other it is equal to 
the weight of the chain that would 
stretch vertically down to the 
directrix (Art. 251), it follows that 
N and also N' lie on the directrix 
of the catenary. 


Hence 


1 = arc CA+line AN = 

A 



where c is the parameter of the catenary. 

Equation (1) cannot bo solved algebraically, but a graphic solution 
may be obtained as follows when a and l are given numerically. 

Put - = X; then - X .(2). 

c a 


Draw the curve Y — e and 
the straight line Y=> ^ X. 

The points, Q and R , in which 
they cut give, on measurement 
of their abscissae, approximate 
solutions for X and hence for o. 
It is clear that there will be two 
real, coincident or imaginary 
solutions according as 


i i tan POX, 

where OP is the tangent from O 
to the curve. 

Now P is given by 


^ = tan POX 

jSl 


d¥ 

dX 


and is therefore the point (1, e), 
so that tan POX = e. 



There are therefore two, one, or 
no possible catenaries according as 

l ^ ae. 

One catenary will be somewhat as 
drawn in the first figure and the other 
as in the annexed one. 

The parameter c of the first case is 
clearly greater than in the second. 
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Stability or instability. By Ex. 2 of Art. 144 the height of the 


cx+ys 


centroid of the catenary above its directrix = —^ 



its depth below AA'*=y- 


cx-\-ys ys — xo 
2s ~ 2s * 


Hence the depth below A A' of the o.o. of the whole chain 


ys-xo y 

2s +z V-2 = y*+ys-xo 
2s+2y 2 {y +<) 


Now in the above case x=a; y 



a 

and l=y-\-s*=ce c . 

depth below A A' of the centre of gravity of the whole chain 


a 

y.e*-a 

a 

2e c 


i 

c'2\_c + ~l a P + c* —2 ac (P — a 2 )+(c — a) % 

2.1 " " " 42 

c 


Hence, the greater c, the greater is the depth of the centre of gravity 
below A A’. Hence the first form of the possible curves is the stable one, 
and the second is the unstable. 


Ex. 6. A uniform heavy string of given length l is attached to two 
points P and Q, the latter point being at horizontal and vertical distances , 
h and k, from P ; to find the parameter c of the catenary in which it rests. 

Let P be the point ( x , y) referred to the directrix Ox and the vertical 
line through the lowest point of the Catenary (Art. 251). 

Then the equations of that article give 


X X 



Z + h 

Z+h 


....(IX 


xo i 

+ 

© 

_1 

O l<N 

II 

"V 

+ 

5* 

'•]. 

X+h z+h X 

z 

....( 2 ), 

and 

<=’Q-*p=i 

Z+h X 

p' 

X h 


...(3). 


l+k=>ce ° — ce c «=ce c (e c —l) . 

X + h XT /# 


. (4), 

and 

° +M "=« “(l-. C ) ... 

A 

••••( 5 ). 

« 

• • 

P-lc l =c i [<s°-2+d giving ± »fP-i* = c [a 2 *- 


-(e)- 
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This equation cannot be solved algebraically. A graphic solution 
may be obtained by putting ^ = X, so that (6) gives 


sinh A = + - z -X 

n 


(7), 


and henco X is given as the point in which the straight lines 

F=± xL_^-X 

tl 

meet tho curve X=sinh X. 

On drawing the curve we obtain two equal and opposite values for X, 

ijl% - Ji* 

and henco two equal and opposite values for c , provided that - -r — >1> 

i.e. provided that l is greater than the length PQ. 

The value of c being now known to any degree of approximation, 
equation (4) gives x and then equation (1) gives y. Tho solution is 
therefore complete. It is clear that only the positive value of c need be 
taken. For a negative value of c would make y negative. 

Supposing that a value X t as an approximate solution of (7) has been 
obtained by graphic methods, a further approximation may be obtained 

*Jl% _ £3 

by analysis. For, taking the upper sign in (6) and putting — -r — =X, 

we have to solve sinh X=XX, where X\ is an approximate solution. 
Putting X=X, + £, where £ is small, we have 

sinh (X| + £)=X (Xj + £), 

».«. sinhX 1 + £coshX', + ... = X(X 1 + £), by Taylor’s theorem. 

Hence, neglecting squares of £, we have 


* = 


XX,-sinh X, _ *JP- k 2 X t — h siph X x 
cosh Xi — X A cosh X x - - Jc* 


so that Xi + £ is a second approximation. 


EXAMPLES 

1. Shew that tho maximum tension in a wire which weighs T5 lb. 
per yard and hangs with a sag of 1 foot in a horizontal span of 100 feet 
is about 62£ lbs. wt. 

2. A telegraph is constructed of No. 8 iron wire which weighs 7*3 lbs. 
per 100 feet; tho distance between the posts is 150 feet and the wire 
sags 1 foot in the middle. Shew that it is screwed up to a tension of 

about 205 lbs. wt. 

3. A trolley-wire is carried on poles round a curve of 1200 feet radius. 
The poles are 40 yards apart, and in tho middle of each span the wire 
sags down 6 inches below the points of support If the wire weighs l£ lbs. 
per yard, shew that the resultant horizontal pull on each pole is very 

nearly 180 lbs. wt 
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4. From statical considerations shew that the tangents at any two 
points P and Q of a Common Catenary intersect on the vertical through 
the centre of gravity O of the arc PQ. 

5. A uniform heavy chain, of length 155 feet, is suspended from two 
points in a horizontal plane which are 150 feet apart; shew that the 
tension at the lowest point is nearly 108 times the weight of the chain. 

6. If a uniform chain be fixed at its ends, and any number of its 
links bo free to move along smooth horizontal wires in the same vertical 
plane as the chain, shew that the parts of the chain between these 
successive links are all arcs of the same catenary. 


7. If the velocity of the wind be the same at all heights, and its 
effect on the string attached to a kite be negligible, shew that as the kite 
ascends the force required to hold it diminishes. 


8. A uniform chain, of length 2 1 and weight IF, is suspended from 
two points, A and B, in the same horizontal line. A load P is now 
suspended from the middle point D of the chain and the depth of this 
point below AB is fouud to be A. Shew that each terminal tension is 


1 

2 




h*+p 1 

2 hi _ * 


9. An inelastic string, of length 2 1 and weight to per unit of length, 
is suspended from two points at the same level and at a distance 2d apart. 
Find equations to determine the lowest point of the string below the 
[joint of suspension. 


10. A heavy uniform string, of length l , is suspended from a fixed 
point A, and its other end B is pulled horizontally by a force equal to the 
weight of a length a of the string. Shew that the horizontal and vertical 


distances between A and B are a sinh” 1 - and \/£ 3 +a 8 -a. 

a 


11. A uniform chain, of length l, is to be suspended from two points, 
A and B t in the same horizontal line so that either terminal tension is 
n times that at the lowest point. Shew that the span AB must be 

^=log. 1]. 

If l ™ 100 feet and n = 3 shew, from tho Tables, that the length is 
about 62 3 feet. 


12. A chain reaches vertically to the ground from the bows of a ship 
about to be launched, and is then laid in a straight line away from the 
ship for a distance of 80 yards. Its end is attached to a heavy anchor 
which requires a horizontal pull of 25 tons to move it. The vertical part 
of the chain is 50 feet long. What must the chain weigh per foot in 
order that, when its whole length is lifted off the ground by the ship 
moving horizontally, the tension may be just sufficient to move the 
anchor! [68 6... lba] 
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13. A barge is tied by a uniform chain, 20 feet long, one end of which 
is attached to the bow B and the other to the top A of a post, A being 
12 feet higher than B\ the stream exerts a force of 7i lbs. weight on the 
barge and the chaiu has a mass of £ lb. per foot; shew that the distance 
of B from the vertical through A is 30 log, § feet. 

14. A wire 140 yards long hangs between two points, 138 yards apart 
horizontally and 50 feet vertically ; shew that the tension at its lowest 
point is about 495 lbs. wt., the wire weighing half a pound per foot. 

15. A string, of length l , hangs between two points (not in the same 
vertical) and makes angles a, 3 with the vertical at the {joints of support. 
Shew that, if k is the height of one point above the other and the vertex 
of the catenary does not lie between them, then 

k cos — l cos ^ . 

16. A heavy chain, of length 21, has one end tied at A and the other 
is attached to a small heavy ring which can slide on a rough horizontal 
rod which passes through A. If the weight of the ring be n times the 
weight of the chain, shew that its greatest possible distance from A is 

^ log [X + •Jl + X 5 *], where ^«>*(2n + l) 
and p is the coefficient of friction. 

17. One end of a heavy rough uniform string is fastened to a point P 
at a height h above a table, and a length i [< l-h) of the string rests on 
the table in a vertical plane through P. ' Shew that the string is pulled as 
far away from P as is possible consistent with equilibrium when z is given 
by the equation 

*>-2(J + /Ji)* + P-A 2 =0, 

where n is the coefficient of friction and l is the length of the string. 

[The tension at the lowest point is fi times the weight of the part on 
the table, so that c — ps. Also (4 + c) 1 — c 2 + {l - *)*.] 

18. A heavy chain, of total length l , rests with one end on a rough 

table and the other on a rough floor ; it is stretched out as far as possible 
so that the equilibrium is limiting; if n be the coefficient of friction both 
of the table and floor and b be the height of the table, shew that the 
length on the floor is _ 

4 [ 6 + f - \A + ^] " Pr °'’ idRl tha * l>b+ l ■ 

19. A chain, of length 21 and weight 2 IF, hangs with one end A 
attached to a Gxod [joint in a smooth horizontal wire, and the other end B 
attached to a smooth ring which slides along the wire. Initially A and B 
are together. Shew that the work done in drawing the ring along the 
wire till the chain at A is inclined at an angle of 45* to the vertical is 

W7[l—v/2 + lo gi (lW2)]. 

[Use Art. 89 and the result of Ex. 2 of Art. 144] 
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20. A uniform string, of length 18a feet and weight 3 IF pounds, lies 
on a horizontal smooth table along with a rod, of weight 2 W pounds, to 
the ends of which its ends are attached. When the middle point of the 
string is raised to a height 7a, the pressure on the table just vanishes. 
Show that the length of the rod is 10a log, 2 feet, and that the work done 

is . 

$ Wa (15 + 64 log, 2) foot-pounds. 

21. A telegraph wire is made of a given material, and such a length l 
is stretched between two posts, distant d apart and of the same height, 
as will produce the least possible tension at the posts. Shew that 

l = - sinh X, where X is given by the equation X tanh X = l. 

254. A string hangs under gravity and it is loaded so that 
the weight on each element of it is proportional to the horizontal 
projection of that element; to shew that it will hang in the form 
of a parabola. 

Let T be the tension at any point P and T 0 that at the 
lowest point A. Draw the tangent 
PT and the perpendiculars PN , PM 
to the horizontal and vertical lines 
through A. 

Since the weight of each ele¬ 
ment of the string AP is propor¬ 
tional to its projection on MP, it 
is clear that the abscissa of the 
centre of gravity of AP is the same 
as that of MP, i.e. the vertical line through the centre of 
gravity bisects MP. 

Hence, since this vertical line must pass through T, we have 

AT= TN= 



Now PTN is clearly a triangle of forces for the arc AP . 

If then w be the loading per unit of horizontal span of the 

, T T 0 wt. of AP wx 
string, we have py, — yr^r — pjy ~ y • 

If T 9 be equal to the load on a length c of the horizontal 
span, this gives ~ , i.e. •= 2 cy, so that the curve is a 


parabola of latus rectum 2a 
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Also 


T = w-.PT = w- 

y y 




V 2 cy -f c*. 


Since the vertical through T bisects MP it will also bisect 
the straight line AP. The curve is thus such that the line 
parallel to its axis through the intersection of two of its tangents 
bisects the line joining their points of contact. But this is a 
fundamental property of the parabola; so that it is clear without 
any analysis that the curve is a parabola. 


255. The Catenary , when very tightly stretched, becomes 
ultimately a parabola to a first approximation. 

Since c is the length of the string whose weight is equal to 
the tension at the lowest point, it becomes very large. 

The equation to the Catenary, referred to axes through the 
lowest point C, is 

y + c = \\e° + e *] = | [2 + 2. ^ + 2 . ...] , 


by the Exponential Theorem, =c + 2 ^ + 24 ^ + 


• • > 


x* 


i.e. 


= *■ +12^+ 


• • • • 


When c is made very large, a first approximation to the form 
of the Catenary is therefore the parabola a? = 2 cy. We 
should expect this result from another point of view. For 
when the Catenary is very tightly stretched its inclination to 
the horizontal is very small, so that the load on any element, 
viz. its weight which is proportional to the length of the 
element, is therefore very nearly proportional to the projection 
of the element on the horizontal. The case of this article is 
then very nearly that of the last article. 


256. Suspension Bridges. In the case of a suspension 
bridge we have two chains hung up so as to be parallel, their 
ends being firmly fixed to supports. From different points of 
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these chains hang snpporting chains or rods which carry the 
roadway of the bridge, these supporting rods being usually at 
equal horizontal distances from one another. 

The weight of the chain itself and the weights of the 
supporting rods may be neglected in comparison with the weight 
of the roadway. The weight supported by each of the rods may 
then be taken to be the weight of equal portions of the roadway, 
so that we have the case of Art. 254. Thus the figure of the 
chain of a suspension bridge will approximate very closely to 
that of a parabola; the closer the supporting bars, and the 
lighter they and the chain are in comparison -with the roadway, 
the more nearly will this figure approach to a parabola. 


Ex. 1. The whole load of a suspension bridge is 200 tons evenly 
distributed over its horizontal span, which is 150 feet, and its height is 
20 feet; shew that the tensions at the lowest point and at the points of 
support are 187$ and 212£ tons weight respectively. 

Ex. 2. Shew that the tensions at the ends of a chain whose span is 
30 feet, the depth at its lowest point below the level of the supports 10 feet, 
and the load, which is uniformly distributed across the span, half a ton 
per foot run of the span, are each 9 375 tons wt. 


Ex. 3. If a chain, of length l and weight T7, is stretched tightly 
between two points A and B which are not in the same horizontal and 
k is the vertical depth of the middle point C oi the chain below the line AB t 

Wl 

shew that the tension of the chain is approximately . 

W 

[Draw ac, cb vertical each to represent —; through a and b draw aO, 

bO parallel to the tangents at A and B. Then aO, bO, and cO represent 
the tensions T, T\ and T x at A, B, and C. 

Since 0a 2 + 0b* = 20c* + 2cb\ T*+ 2 I '« = 27 T 1 * + 

T+ T 9 W 

Also T x = —- - 1 ^ fr° m tb 0 properties of the Catenary. 

Eliminating T l9 we have 27 TS + 27 , '*= (t+T 1 - + WK 

But in the limit T= T\ so that this equation gives 


ua. 


„ Wl tW Wl . 

2 — gj- + -yj- *= approximately, since k is small.] 
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257. General equations of equilibrium of a string which 

rests under the action of any given forces. 

Suppose the string to be in one plane in which the forces 

act. Let P be any point 
(x, y) of the string, whose 
arcual distance from a fixed 
point C is s. Let Q be a 
point very close to P, so 
that PQ = 8s, and hence Q 
is the point ( x + 8x, y + 8y). 

Let T and T+ 8T be 
the tensions at P and Q. 

Let the forces per unit 

of mass of the string at P_ 

be X and Y, so that on the ° x 

element PQ the components parallel to the axes are m8s. X and 

m8s . Y, where m is the mass per unit of length. 

[Strictly speaking these components do not act at P, but at 
the various points between P and Q; we are however ultimately 
taking PQ very small, so that no error is introduced by making 

them act at P.] ^ 

The tension at P resolved parallel to the axis of # is T ^ , 

and this is clearly equal to some function, f (s), of the arc 8, 

since it depends on the position of P. 

The tension at Q, resolved parallel to Ox, similarly 

=f(s + 8s) =/(s) + 8sf (s) + ..., by Taylor’s theorem, 

- ! C + '4( T *) + '~ 

Equating the forces on PQ in the direction of the axis of «, 
we then have 

gj = mSs. X + T + Ss ^ (T 

+ terms containing squares and higher powers of 8s. 

After cancelling and dividing by 8., make 8s very small, i.e. 
make Q approach indefinitely close to P, and we have 

S .(„. 




274 


Statics 


Similarly, resolving the forces parallel to the axis of y, we 
have 

U T %) +mT =° . (2) - 

If the forces, X and F, and also the mass m, be known for 
every point P of the string, the two equations give T at any 
point and also a differential equation for the form of the string. 


258. Ex. 1. Suppose the string to be uniform and to hang freely 
under gravity as in Art. 251. Then, the axes being horizontal and vertical, 
we have JT=0 and Y= — g. 

Hence (1) and (2) become 

■° and 


d( dx\ 
d*\ ds) 


mg. 


dx 


i.e. 


The first gives T = const. = mgc (say), and hence the horizontal 
tension is constant throughout the string. 

On substituting for 7* in the second equation, we have ^ (f*^) = 

<Py = \ds f / dy \* 

dx 3 cdx c v \dxj ’ 

which is the differential equation of Art. 251. 

Ex. 2. Let the string be, as in the case of tho Suspension Bridge, so 
loaded that on each element the weight is proportional to the horizontal 
projection. 

Then X=0 and Ybs= — X&r. 

Hence (1) and (2) give 


£('D- - £(*•$)-»"£• 


T dx 

ds 


const. = C and 


*(*a&-*»*. 


i.e. C 


<Py 

dx 3 




On integrating we see that the curve is a parabola, as in Art. 254. 

If the mass m of the chain per unit of length vary in any way, we 
have similarly 


ds V 67 dx) ~ 


mg. 


If m be given in terms of the position of the element &s, this equation 
gives the form of the curve. It also gives the variation of the mass when 
the form of the curve of the string is given* 


259. Catenary of uniform strength. Let us find the 
equation of the curve in which a string would hang if its mass 
at each point P were proportional to the tension there, so that 
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the strength of the string is to be everywhere proportional to 
the force it has to exert. 

In this case X = 0, Y = — y, and m oc F, i.e. in = XT’, where 

\ is some constant. 

The equations of Art. 257 then give 

dx 


T 


ds 


= <?■ U Td i) = xT9 . (1) ' 


, d (di/\ _ ds 

Substituting for T, we have ^ dx * 


x.e. 




dx? 


d'y 

da? 


• • 




) 


- = \g. 


On integration, this gives tan 1 = ty* + C x . 

If we choose the lowest point of the string as origin, then 

dy. _ o when x = 0, and hence = 0. 
dx 

. d y _ 


• • 


^ = tan (X^rx) = tan (^) , if ~~ x 9- 


X 


Integrating, we have 

y = — a log cos ^ = a log sec - , 

the constant of integration vanishing since * and y vamsh 
together. ^ 

The curve has two vertical asymptotes when x = a. 

Law of variation of the mass o f the strin g, 


From (1), T=G 


£ = cf \/ l+ © ,=Csec5 - 


a 


TT „ w ton + if a is measured from the 

Hence 8 = a log tan ^ + 2 a) 

lowest point. 

= = tang + ^) + c °tg + £)=2^5- 


e a + e 


T=C.H* +« a > 
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Hence the mass per unit of length at any point distant 8 

i 

from the lowest point varies as ^ {ef* -+■ e °), i.e. varies as 

00311 © • 

260. If the string does not necessarily lie in one plane, and 
X, Y, Z are the component forces parallel to the axes, the 
equations of equilibrium are, similarly as in Art. 257, 

£( r S + ^=°- 

s( r S +mF =°- 

i( T t) + mZ =°- 

tt m d x d^O dx tt /«v 

Hence T j-r + -j- + mX = 0.(1), 

ds* ds ds v 7 

+ S +mF =°. < 2 >' 

and T % + d ^Ts +mZ = ° .< 3 >' 

Multiply these equations by “ and add; 

then, Bince (J)* + g)‘ + (£)* -1, and 

dx<Px dyd}y dzd}z _\d L r(dx\* (dy\* /dz \*1 _ 

ds ds 3 ds ds* ds ds* 2c&L\(£s/ \ds J \ds) J — ’ 

ive have §+ m (x g + Y g + .Z g) = 0. 

T =1 C — j m {Xdx + Fdy + Fcfo). 

Hence, if the external forces have no component along the 
tangent to the string, the tension is constant. 
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dT 


Again from (1), (2), and (3) eliminating T and ^ , we have 


Vdy d'z dzd*yl y [~dz d*x dx d*z ~1 

* ds* ds c^J \_ds ds* ds 


\d_xd*y_dyd*x\ = 

ds ds* ds ds* J 


t.g, 4- 4- Zv — 0, 

where (X, /*, v ) are the direction cosines of the binormal of the 
curve in which the string lies. 

Hence the resulting external force at any point P of the 

string is perpendicular to the binormal at P, i.e. it always lies 

in the osculating plane at the point P of the string. 

, d*x d*y j d*z , 
If we multiply (1), (2), and (3) by ^^ , and ^ and 

, T ( v d*x v d*y 7 o 

add, we have - 4- m ^ ^ + Y ds* + Z ds*) 


i.e. 


T 

—h mR = 0, 

P 


where p is the radius of curvature, and R is the resolved part of 
the external force along the principal normal whose direction 

cosines are , 

d*x d*y d}z 

Pd?’ P d?’ P ds?' 

Once more, integrating the first three equations of this 
article, we have 

T ^ + JmXds = A, T^+jmYds^B, 


and 


T^- + f mZds — G. 
ds J 


Hence the equation of the curve in which the string lies is 
given by , 

A-JmXds B-jmVds C-jmZds 


dx 

ds 


dy 

ds 


dz 

ds 


where A, B, and G are constants 
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^261. String on a given smooth surface under given forces. 
Let R be the pressure of the surface at any point of the 
string and (l lt m Xi n- x ) the direction cosines of the normal drawn 
inwards. The equations of equilibrium are then 

Ss ( T sD + mX ~ ^ =0 . (1)> 

3 s { T< cu) +m7 ~ Rm, = ° . (2) ’ 

~£nd £ { T S) + mZ ~ Rn ' = 0 . (3) ' 

Also the equation of the surface is known, say 

fi.cc, y, z) = 0.(4). 

Since + ni ^f is P ro P ortional to 

df dx df dy ^ df dz 
dx ds dy ds dz ds 

and is therefore zero, we have, as in Art. 260, on multiplying 
(1), (2), (3) by ^^^ > adding and integrating, 

T=G-Jm(Xdx+Ydy+Zdz) . (5) 

= G— V, if the external forces are given by a potential function V. 

dT 

Again, if from equations (1), (2), (3) we eliminate ^ and R, 
we have 

(t S * ) (^f 7lx ~^s m ‘) + ^ w0 s ^ m ^ ar terms = 0. 

Substituting the above value of I 7 in this we have a differential 
equation which, with (4), gives the curve in which the string rests. 

J 262. If in the previous article the string rests under the 
action of no external forces, then X = Y = Z = 0, and hence, 
from (5), T = const. = G. 

Hence (1), (2), and (3) give 

d?x d*y d*z d?x d?y d?z 

ds 1 _ ds* _ ds* . ds 3 ds 3 ds 3 

li m 1 ~ nj * U6 df df~ ~d£_' 

dx dy dz 
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The curve of the string is therefore such that its principal 
normal coincides with the normal to the surface, so that the 
osculating plane at every point of the string passes through the 
normal to the surface. Such a curve is called a Geodesic of the 
surface, and is such that any element PQ of it is the shortest 

distance on the surface between P and Q. 

EXAMPLES 

L In the catenary of uniform strength, prove that 
x =a+ t . = alog(8ec* + tanvH, cos * cosh £-1, and p«=acosh^, 
where p is the radius of curvature and * the inclination of the tangent 

^ Hen^shewthat the mass per unit length at any point varies as the 
corresponding radius of curvature. 

2 A catenary of uniform strength has a span of 60 feet and its total 
. J . . fi00 ip g . the density of the material is 80 lbs. per cubic foot 

. , f V — W oac —- * 16 cot and 15 cosec ^ sq. ins. 

highest points. I ^ = lo S. 860 36 * 36 36 , J 

, •* i. rtf a cord vary as.the radius of curvature 

* l r: -• - “ - 

uni form strength. . , ., . _ 

, , 1 L e ^ Af the curve of a suspension bridge when the 
4. Shew that the form of weight of the rest of 

the^brid^ Delected.*i^h© 0 orthogonal projection of a catenary, the rode 

“7 r;^ - 

• hv see* - To being the tension at the lowest point and * being 

glV6D y ga «’ [A circle, of radius a.] 

measured from this P°mh ^ ^ ^ point3 of a straight linB> 

jlas - e fr ; Ta^ e S b ihm:zrr;“: 

td" lur^mthe given hne. 

, j n *u Q form of a parabola, whose focus 
U S *-J: Z'ZZnTnoLl forces oniy. shew that the force at any 

poin't P varies inversely as («>)* and that the tensmn m constant. 
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263. Light inextensible string resting on a smooth plane 
cut've. 

Let PQ be an element 8s of the string, the arc OP being s 
and 0 a fixed point on the curve. 

Let T and T+8T be the tensions at P and Q, the tangents 
at which are inclined at angles yjr and yfr -f &yfr to any fixed line. 

Let 72 be the reaction of the curve per unit of length of the 
element PQ, so that the reaction on the element may be taken 
to be R8s acting along the normal at P drawn outwards. 



Resolving along the tangent and normal at P, we have 

(T+8T)coaty = T | 
and (T + 8T) sin 8yfr = RSs] 

To the first order of we have cos 8yjr = 1, and sin Syjr = Byfr. 
Hence, neglecting squares of small quantities, we have 

8T= 0 .( 1 ), 

T=R^-=B P .( 2 ), 


and 


dyjr 


where p is the radius of curvature at P. (1) gives T= constant. 

Hence the tension of a light string passing round a smooth 
curve is constant throughout. 

Also (2) gives R oc -, i.e. the normal reaction varies as the 

P 

curvature of the curve. 


264. Heavy string resting against a smooth curve. 

If the line from which yfr is measured be horizontal and 
taken as the axis of x we have, in addition to the forces of the 
previous article, a vertical force w8s acting at P. 
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Hence, instead of the equations of the previous article, we 
obtain 

{T+ ST) cos S\fr = T + w. Ss. sin yfr ) 
and (T+ ST) sin Syfr = RSs + w. Ss. cos >//•) 

These give, as before, 

ST = wSs . sin yjr = wSy .(1), 


and 


T —^ = R + w cos \fr 
ds 


( 2 ). 


(1) gives T= C+wy, assuming w to be constant. 

Hence, if T x and T % be the tensions ab two points whose 

ordinates are y, and y it 

T l -T t = w(y l -y i ), 

i.e. if a heavy uniform string rests against a smooth curve the 
difference of the tensions at any two points is equal to the weight 
of a portion of the string whose length is equal to the vertical 

distance between the two points. 

When T is known, then (2) gives 

T 

R = - w cos yfr, 

P 

where p is the radius of curvature at P. 

265 Ex. A heavy uniform string rest, ,ymmetricaUy on a m oolh 
catenary wham axis u vertical and vertex upward.; find the teixexon and 

pressure on the curve at any point. . ... 

V The equations of the previous article become in this case 

—+«jsin \fr = 0.(*X 


ds 


and 


R = — + w cos ^ 
P 


•( 2 ). 


dT 


sin \fr 


But tan yp, bo that ^ = - vc cos2 ^ • 


. _ 


wc 


COS t/f 


+ A [sec yjr 0 - sec ^], 


where * 0 is the inclination of the tangent at either of the fee ends. 
Hence (2) gives ^ 

R= Tco&± + w cos sec . cos* y • boc * 0 . 

Hence * varies inversely as the square of the distance hclow the 
directrix of the catenary. 
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266. Light inextensible string resting in limiting equilibrium 
on a rough plane curve under the action of no external forces. 

Let PQ be an element of the string; let the arc OP be 8 , 
where 0 is a fixed point; let PQ be 8s, and the angles that the 
tangents at P and Q make with some fixed line be yjr and 

yjr + 



Let the tensions at the points where the string leaves the 
curve be T 0 and T u and suppose the tension T x to be on the point 
of overcoming T 0 , so that the element PQ is on the point of 
motion in the direction PQ and hence the friction acts in the 
direction PT. 

If R be the reaction on PQ per unit of length, the total 
normal reaction on PQ may be taken to be R8s acting at P, 
and the tangential action is pR8s acting in the direction PT. 

Resolving the forces along the tangent and normal at P, we 
then have 

(T + 8T ) cos = T + pR8s, 

and (T -4* 8T ) sin = R8s. 

But cos 5-^ = 1, and sin 8yfr = 8\fr, neglecting squares of Syjr. 

These equations therefore give 

and 
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1 . 0 . 


dT 

Eliminating R, we have -j, = pdyfr. 

log T = /x\/r + constu, 

T=Ae»*. 


• • 


If ^ be measured from a line which is parallel to the Ac¬ 
tion at the point where the string leaves the curve, then T=T 0 

when ylr = 0. . 

Hence A = T 0 and T=T 0 . e»+, giving the tension at any 

point P in terms of the terminal tension and the angle through 

which the tangent at P has turned from the terminal tangent. 

267. As a numerical example, take the case of a rope 
twisted through one complete revolution round a post. For an 
ordinary hemp rope round an oak post, /x is about *. 

Hence — = e= e = (2*718) 31416 = about 23, so that the 

tension of The rope is increased 23 times by its being twisted 

once round the post. . , _ ■, . 

If it be twisted twice round, the ratio becomes about e 

or about 535. 

268 Heavy String. If the string be heavy and w its 
weight per unit of length then, the angle * being measured 
from the horizontal, we have, in place of the equations of the 

previous article, 

(T + ST) cos H = T + nR&s + wSs sin f 1 
and (r + Sr)sin6^ = I?Ss + «'8soos^ ) 

Hence, in the limit, 

^ = uR + vj sin -vjr . 

ds 


T = R + w cos yfr 

ds 


( 2 ). 


• • 


^ __ aT ^r ~ = iv (sin yjr ~ /x cos \Jr). 

ds ds 


ds 


Since in our figure * and * increase together, ^ - p- 

dT 


9 • dyjr 


_ pT — wp (sin yjr — /x cos 


and 
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To integrate this linear differential equation we, according 
to the usual rule, multiply by and have, on integration, 

x . 0-M* =c + Jvjp (sin \fr — p. cos yfr) e~»+ dyjr. 

The curve on which the string rests being known, we can 
obtain p in terms of ^ and the integral on the right-hand side 

can be found. T is thus determined. 

The reaction R is then found from either equation (1) or (2). 


269. F.t. A uniform inextensible string, of length l, hangs in limiting 
equilibrium over a fixed rough cylinder , of radius a, whose axis is horizontal; 
shew that the length of the greater of the two vertical portions w 

l- it a 2 na 

1+<T MW 1+ ^’ 

Let the shorter and longer portions hanging from points A and B, at 
the ends of the horizontal diameter AB, be y, and y % , and let motion be 
about to ensue from A towards B. Then, T being the tension at a point P 
such that AP subtends an angle 6 at the centre, we have, as m the last 

(T+d^cos 60- T-pRbs-mg cos 66s *= 0, 

(T+ST’) 8 * 0 60- Rbs + mg sin 0fi* = O. 

\ 35 -/**+"*«“«• 

T ' 

— = R — mq sin 6. 
a 


article, 

and 

and 


Hence 


dT 

dd 


— pT= mga (cos 6 + p sin 6). 


Te 


— 




d6 


mga\(coa 6 + /isin 6) e 

a (1 — #**) sin 6 - 2/x cos 6 , n 

- M nv + 


mgae 


When 0—0, T~mgy u and when 0 = rr, T=mgy j. 



2/X 

mgy x = mga l+ ^+C, 

and 

mgyi.e -mga^+^e + C. 

Henoe 

y,e y i " = l+ M s( 1+tf 

Also 

y i+ y % + *& ™ 1* 

Hence the result. 
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EXAMPLES 

1. A single movable pulley, of weight n T , is just supported by a 
power P which is applied to one end of a light cord which goes under the 
pulley and is then fastened to a fixed point; shew that, if $ bo the angle 
subtended at the centre by the part of the string in contact with the 

pulley, then P 2 (1 -2 cos </> + e"' 1 *)= ^ a - 

2 A light string is passed over two rough pegs A and B in the 
same horizontal lino at a distance 2a apart. The ends are fastened to 
a weight C, and in the position of limiting equilibrium AB subtends a 
right angle at C. Shew that the horizontal distance of C in this position 

from the middle point of AB is a tenh , where p k the coefficient 

of friction. 

3 A heavy particle is attached to an endless light inextensible string 
which passes over a rough pulley fixed in a vertical plane If the straight 
parts of the string are inclined to each other at an angle a, prove that, 
for limiting equilibrium, their inclinations to the vertical are 


tan -1 


sin a_ 


cos a + e 

4. Four rough circular pegs arc at the angular points of a square in 
a vertical plane with its sides horizontal and vertical. Over each peg 
passes a string supporting a weight IK, and the other ends of these four 
strings are knotted together. Shew that the greatest weight that can be 
attached to this knot, so that it may remain in equilibrium at the centre 


“ / \ 

of the square, is 2 >/2 H e * sinh J . 


5. Three equally rough pegs A, % C of the same circular cross 
section are placed at the corners of an equilateral triangle so that BC is 
horizontal and A above IX/ St*ew that the greatest weight which can bo 
supported by a weight ij&d/o the end of a string, which berried once 

round the pegs and do* Sot completely surround each peg, is IFs , where 

p is the coefficient of motion. 

6 A circle rests In a vertical plane, being pressed against a perfectly 
6 * i wall bv a string fixed to a point in the wall above the 

r£. ITS ^ins a weight 

S'- wall, shew that, if the circle 

is on the point of sliding, then f>(l + cos0)^ = W+*P. 

, , ofrptched in one plane across a rough 

sphL $ ritlwL the distance tfth.. plane from the centre 

cLnot exceed a sin where . is the angle of friction. 
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8 If a heavy uniform string passes round various smooth curves in 
the same verticaTplane and its ends hang vertically, shew that they are 
in the same horizontal straight line. 

9. A uniform heavy string rests on a smooth parabola, whose axis is 
vertical and vertex upwards, so that its ends are at the extremities of 
the latus rectum. Shew that the pressure on the curve, at the point 
■where the tangent makes an angle <p with the horizontal, ia 


— (2 cos 3 <£ -f cos <£), 

where w is the weight of the string per unit of length- 

10. Upon a rough circle fixed vertically is placed a string which 
subtends an angle 0 at the centre. If the string is on the point of slip¬ 
ping ofl', prove that the angular distance a of its upper end from the 
highest point of the circle is determined by the equation 

COS (q + ff-2<) _ fl 0tAii€ 
cos (a — 2c) * 

whero c is the angle of friction and a is measured in the direction towards 
which the string is slipping. 

11. A uniform heavy string rests on the upper surface of a rough 
vertical circle of radius a, and partly hangs vertically. Prove that, if one 
end be at the highest point of the circle, the greatest length that can hang 

„ , . 2/xa + (/x*- l)ae 2 

freely is -- * 

12. A heavy chain, of length l, rests partly on a rough table and the 
remainder after passing over the smooth edge of the table, which is 
rounded off in the form of a cylinder of radius a, hangs freely down. If 
the coefficient of friction is n, shew that the least length on the table is 

. rilC'-T*-]' 

13. A heavy uniform chain rests on a rough cycloid, whose axis is 
vertical and vertex upwards, one end of the chain being at the vertex and 
the other at a cusp; if the equilibrium be limiting, shew that 

(l+V)* 2 =3. 

14. A heavy uniform string is placed upon a rough catenary, whose 
axis ia vertical and vertex upwards; the coefficient of friction being given 
by — 4, shew that the string will be in limiting equilibrium with one 
end at the vertex if its length is equal to the parameter of the catenary. 

15. A string rests on a rough semicircle, being acted on by a constant 
attractive force towards one of its extremities, and the friction is just 
sufficient to prevent motion. Shew that the coefficient of friction is given 

r - A- 
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16. An inextensible string, whoso length is 2 l, passes over two equal 
smooth circular pulleys whoso centres aro in tho same horizontal lino and 
at a distance 26 apart. If a be tho radius of the pulleys, and ^ the angle 
subtended at tho centre of one of the pulleys by tho portion of string in 

contact with it, prove that 6 + a cos \j/ = cot ^ (a sin \fs + l- a\J/) log tan ^. 


17. A string, whose length is l , is hung over two small rough pegs at 
a distance 2a apart in a horizontal line. If one free end of the string is 
as much as possible lower than tho other, the inclination, $, of the tangent 
to tho vertical at either peg is given by tho equation 

l 0 

— sin 6 log cot - <= cos Q + cosh (»r - d)}. 

2a 

Show also that the lengths of tho vertical portions are in tho ratio 
«*** . an d that the part of the string between the pegs is of length 

Q 

2a cot 6 -T- log cot -. 

2 


270. Central Forces. An inextensible string is in equi¬ 
librium in one plane under the action of forces, which vary 
according to some function of the distance from a given point 0, 
and act either towards or from 0; to find the curve of equilibrium. 

Let PQ be an element 8s of the string, where 8 is the arc 
CP measured from some fixed 
point C of the curve. Let T and 
T + 8T be the tensions at P and 
Q, and yj/ and -vjr + 8yfr the angles 
which the tangents at P and Q 
make with some fixed line Ox. 

Let F be the force at P per 
unit of length in the direction 
0P, so that F= some function of r 
= (f> (r). The resultanb of the 
forces from 0 to the different 
points of the arc PQ may be 
taken to be F8s along OP \ for 
in the limit we shall take 8s to 
be very small. 


Resolving the forces on the element PQ along and perpen¬ 
dicular to the tangent at P, we have 

(T+ 8T ) cos 8yfr — T+ Fm8s cos </> = 0.(1), 

and (P+ 8T) sin 8^- Fm8s sin <£ = 0 .(2), 


where m is the mass of the string per unit of length. 
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Putting cos 8^ = 1 and sm8f = 8f, and taking 8* *> be 
indefinitely small, these give in the limit 


= — Fm cos <f> = — Fm -r- 


and 


r = P mp sin 4> = Fm . r j- p . ^ - Fm ■ P dp 


(3), 

•(4), 


where p is the perpendicular from 0 upon the tangent at P. 

(3) gives T = -SmFd.r+A . (5). 

and, dividing (3) by (4), we have 

dT _ dp 

T p ’ 

and hence T.p = const. = B .-(6)- 

The equation (6) may be more easily obtained by considering 

the equilibrium of the finite portion, CP, of the string. 

Take moments about 0 for all the forces acting on CP. All 
the central forces acting on it pass through 0, and thus have no 
moments about 0. Hence the moments about 0 of the tensions 
at P and C are equal. Hence 

T .p = T 0 .po= constant. 0)> 

where T, is the tension at C and p, is the perpendicular from 0 
upon the tangent at G. 

The equations (5), and (6) or (7), give all the conditions of 

equilibrium. . 

First, let the force F be given; then (5) gives T, and, on 

substitution in (6), we have a relation between p and r. 

Also in any curve we have 


1 _ I * (<t-V 

p 2 r 2 r*\dd) 


Eliminating p between these two relations, we have a differen¬ 
tial equation to give r in terms of 0. 

The result will contain three arbitrary constants. Two of 
them will be found since the two terminal points G and D of 
the string are given; the third will be determined from the 
fact that the length of the string between G and D is given. 

Secondly, let the form of the string be given. We are thus 
given the relation between the p and r of the curve. 
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1 d T 

(6) then gives T in terms of r, and (3) gives F= ^ , 

and hence we have F in terms of r. 

271. Ex. 1. Shew that a string will rest in the form of a portion of a 
cardioid if it be acted upon by a force from its pole varying as 

1 

^ • 

(i distance ) 

The equation to a cardioid is r = a(l + cos0), so that 

Hence equation (6) gives T=B. ^ • 

From equation (3) we then have 

m dr 2m 

Ex 2. An infinite string passes through two small smooth rings A and 
B , and is acted upon by a force from a given fixed point 0 which varies 
inversely as the cube of the distance. Shew that the part of the string 
between the rings is in the form of the arc of a circle. 

Let T x be the tension at 
any point P x of the straight 
portion of the string at a dis¬ 
tance x from the centre 0. 

Then 

(Tt + dTxH^te-Ti** °» 

. . dT x prn 

giving s*' 

and 7\ = g+2T...(l). 



fl7Tl 


Since the string must 
clearly have zero tension at 
infinity, we have K- 0. Hence, if OA -«, the tension at A is—,. Now 
the tension of the string is unaltered by passing through the smooth ring 
at A , so that the tension of the curved part at A is ^- 2 also. 

For the curved part, equation (5) of the lost article then gives 

r-f?*-% + A. 

Also, when r = a, we have seen that T= ^, so that A is zero. 


10 


LS 





290 


Statics 


Equation (6) then gives 

I = where X is some constant 

p 2r*.J3 r-’ 

1 1 fdr\*__ 1__A* 

'•r* + r*\de) p 2 f*' 

f dr -l r . 

Hj;i^r^ ,D ^ 

... r = X sin (0-y), whioh is the equation of a circle. 

If OA be the initial line, if OB = b and L AOB = a, then the two points 
(a, 0) and (6, a) he on the curve, so that the equation becomes 

„ b — a cos a . a 
r = a cos 6 H-=-sin^. 

nin n 


EXAMPLES 

Find the law of force in the case of strings resting in 
following curves under a central force F from the pole : 

1. Parabola, focus the pole. 

_ , . , 0 COt« 

2. Equiangular spiral, r — ae 


the form of the 

[Vocr'i] 

[Far-*.] 


3. 

4. 

5. 


Rectangular hyperbola, centre the pole. 

[/’is constant and attractive.J 

Lemniscate, r 3 = d i cos 2d. [F<cr .] 


r* cos n6 — a*. 


[F ac r*»“* and is attractive if »>!•] 


6. If a string be in equUibrium under any central forces, the resultant 
action of these central forces on any portion FQ of the string is along U , 
where 0 is the centre of force and T is the point of intersection of tangents 


at P and Q. 

7. A homogeneous string rests under the action of a central repulsive 
force varying inversely as the square of the distance ; verify that the form 
in equilibrium is one or other of the curves 

- = 1 + sec a cos (0 sin a), or - = 1 + sech a cosh {6 sinh a). 


8. A string, whose length is infinite, has one end attached to a fixed 
point 0 and after passing through a small smooth fixed ring goes to infinity. 
It is acted upon by a central repulsive force from 0 varying inversely as 
the nth power of the distance. Shew that the curved part of the string is 
eiven by the equation 

r“ - s = a n “ * cos (n — 2) 6. 


If nt= 2, shew that the curved part is an equiangular spiral. 

9. A string rests in the form of a plane curve under the action of a 
central repulsive force; if the force at any point be proportional to the 
curvature, prove that the curve is a parabola. 
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272. Extensible strings. The equations of equilibrium 
for extensible strings are formed os in the previous part of this 
chapter. The tension of any element of the string is connected, 
by means of Hooke’s Law, with the stretched and unstretched 
lengths of the element. It must be carefully noted that a 
heavy elastic string when stretched is not of constant density, 
even if it were uniform when in the unstretched state. 


273. A uniform extensible string, of weight W and natural 
length l, is suspended from a fixed point and at the other end is 
hunq a weight W; if X be the coefficient of elasticity, shew that 

* i rw 

the whole extension of the string is - I j + W'j . 

Let T and T+ST be the tensions of the string at depths 
x and x + Sx, and let <r 0 be the unstretched 
length of the part whose stretched length is 
x. Hence the weight of the part whose 

. * IF j* 

stretched length is Sx = -j • ox,. 

For the equilibrium of this element we have 


W 

T=T+ ST+-j-.dx o, 


6x 


so 


that 


dT 
dx t 


W 

l 


( 1 ). 


Also, by Hooke’s Law, T = X 


Sx — Sx ( 
Sx a 


a, 


fix 0 H 


p 

a 


Po 
Q„ 


x.. 


w 


so that 


*1=1+- 

dx, A. 


( 2 ). 


(1) and (2) give 


d 7 x 

dx, 7 


W 

xr 


• » 


dx _ W , A 


(3). 


Now, when *, = l, T must = W\ and hence then, by (2), 


dx _, 

dx,' X * 


/ 


IO-2 
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W' w 

Hence, from (3), 1 4—r- “ ” T" 


• • 


dx W . , . W + W 


W 4 - W 


W x * j_ (i , 

a = -xlY + { 1 + 


) 


x t 



the constant of integration being zero since x and x 0 vanish 
together. 

(4) gives the stretched length corresponding to any un¬ 
stretched length. When x, = l, we have the whole stretching 


Wl 3 W+W' l 
U2 + \ X- 



274. A heavy uniform elastic string is hung up under 
gravity as in the common catenary. If c be the length of the 
unstretched string whose weight is equal to the tension at the lowest 
point, and k be the ratio of this tension to the modulus of elasticity, 

find equations to give the form of the string. 

Let (x, y) be the coordinates of a point whose arcual dis¬ 
tance from the lowest point is s, and let T be the tension at that 
point; also let s Q be the unstretched length of this arc 8, so that 


i.e. 


T 

\ 

ds 

ds 0 


ds — ds 0 
ds 0 


> 



wc 




where w is the weight of unit length of unstretched string. 
The equations of Art. 257 are then 


and 




and 


ds 


\ 


m dx 
T ds + 


a( r S* + - }=°’ 


- 2 ’£ + { r l / + s(4") Ss + -}=“'- Ss - 

a( r S- 0 .< 2 >' 


£(* 



= w 


ds 0 

da 


(3). 
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These give 


and 


m dx 

T-r = const. = rue 
as 

T Js = WS “ 


since 5 and s 0 vanish together. _ 

Squaring and adding, we have T = w Vc 3 + s*. 
Hence, by (1), 


dx dx ds f 1 , k I , 

It + ™\= k+ 

*y= d J d ± = ws~\l+± ! = -•■ 


ds ds, 


1 

T + wc J 


Vc 3 + 6 

h 7=^= 

Vc 3 + 


(4), 

•(5), 


and, by squaring and adding, 

^ = 1 + - Vc 3 + 5 0 *. 

Integrating these equations, we have 


x = &s 0 + c log 


s 0 4- Vs 0 9 + 


« = *fe + VV + c-- 


( 6 ). 

.(7), 


and 




jj ?0 Vc 3 + So 3 + C 3 log 


5 0 + V 5, 


—] ...( 8 ), 


taking x and y to vanish with s. 

(7) determines s 0 in terms of y and then (6) and (8) give x 

and s as functions of y. 

The equations (4) and (5) give 

, dy s 0 
tan + = di = o' 

and hence, from (8), 

« = ctanf + ^ C [sec ^. tan + log (sec yfr 4- tan yfr)]. 

If we put s 0 = c sinh u, the equations (6), (7), and (8) can be 
written 

- = u + k sinh u, 
c 

y + \ + \ = cosh u + j cosh 2 a, 
c 4 * 

- = sinh u + -Q- + r sfr^h 2a. 

c x * 


and 
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275 Ex. An extensible string is being wound very slowly on to the 
rim of a wheel , rough enough to prevent any sliding and the other end is 
attached to a weight W which is on the ground at a depth l below the centre 
of the wheel, so that then the hanging part is initially vertical and un- 
stretched. Shew that the work done in turning the wheel so as to just lift 
the weight off the ground is 

where the weight of the string is neglected. 

At any instant during the operation let * be the unstretched length of 
the string that is then vertical, and T its tension, so that, by Hooke’s Law, 

T =\— .0>- 

When l becomes l + a . 86, where a is the radius of the wheel, and 86 is the 
angle turned through by the wheel, then 

, l 

1 l + a.86* ;j -" - • - - -a-M 

T+8T=\ - 7 - 


= \ l -±?L so that 5 T=\ 


l + a.86 

Honce the work done during this infinitesimal stretching 

T.xbT IT.8T 


T.a86 = 


X T X 

Hence the whole work done until the weight rises, i.e. until T is equal to W 

WIT.dT r - - 

o 


/ 


T+ X 


iuiivj uuuu vuv •« ^“o --y-- 

^7 T -Xlog(7 7 +X)J^ r =^T7- XZlog 


EXAMPLES 

1. When a uniform elastic string AB is hung up under gravity, prove 

that’the upper half of the string lengthens three times as much as the 
lower half. If P is a point on it such that A P : PB \ : 1, shew also 

that the stretchings of the parts above and below P are equal. 

2. A heavy elastic string of natural length 2 1, which would stretch to 
4 1 if hung up by one end, rests on a smooth table of width 2 a with its ends 
hanging over the sides of the table; find the whole extension of the string, 
and shew that the tension of the part in contact with the table is 

| ^ a times the weight of the string. 

3. An extensible string, uniform when unstretched and of length L, 
lies initially unstretched in a straight line on a horizontal plane. The 
string is then pulled at one end in the direction of its length produced, with 
a gradually increasing force, so that the acceleration is always infinitely 
q ma.ll Shew that when the force is F the extension of the string is 

1 py where W is the weight of the string, X the coefficient of elasticity, 

2 H HA 

H the coefficient of friction and F<p W, 
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4. A heavy elastic string, of weight TV and unstretched length o, 
is placed upon a smooth double inclined plane, the inclinations of whose 
faces to the horizontal are a and a' ; shew that the total extension 
of the string is 

TVc sin a si n a' 

2A sin a 4- sin a’ 


5. An elastic string rests on a rough inclined plane with the upper 
end fixed to the plane ; shew that its extension will lie between the limits 

Wl sin(a±f) where a js thQ i nclinat i on of the plane, « the angle of 

2A C03 e 

friction, W the weight of the string and A its modulus of elasticity. 


6. A D is an elastic cord whose natural length is 10 ft., whose mass is 
5 lbs., and whose modulus of elasticity is 80 lbs. wt. It is suspended 
vertically from its end A, and a mass of 10 lbs. is attached to its end B ; 
find the length to which it stretches if it is allowed to gradually reach its 
final position. Shew also that the density of the material at the middle 
point of AB is in the stretched cord diminished in the ratio 32:37. 


7. If a uniform elastic string fixed at one end be acted upon at each 
point P by a force F in the direction of its length, so that the tension 
at P varies as its distance from the free end, prove that log FJF varies 
os the unstretched distance of P from the fixed end, F 0 being the value 

of F at the fixed end. 

8. A uniform string, of weight id and modulus of elasticity A, is lying 
in a stretched state on a rough horizontal table whose coefficient of friction 
is fx. If it bo everywhere on the point of contracting, shew that its 

stretched length is times it3 unstitched length. 


9 A uniform heavy elastic string, of natural length 2a, is stretched 

as much as possible and lies in limiting equilibrium on a rough inclined 

plane; shew that the direction of the friction changes at a point of the 
. c _ distance from the upper end is a [1 -f tan a cot e], 

iTrl : is° t e he na an g Te eviction and . is the inclination of the plane 
to the horizon. 


10 A uniform beam, of length l, rests along a line of greatest 

. •;* , _ lane whic h is inclined to the horizon at an angle a. Ihe 

• then subiect to an extension from an increase of temperature 

^d m tbent contriTtion from cooling to ita original temperature. Find 

wW noints of the beam remain at rest during each of tbe two operations 

a that on the whole the beam descends through a distance along 

a D d shew ^ ^ ^ x is tho eloDgation of the beam per 

unH P lengt?for the extreme variation of temperature, and . is the angle 

of friction. 
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11. An elastic string, of natural length a and weight nuja , has one 
extremity fastened to a point in a smooth horizontal tabio and 
the table with uniform angular velocity o>; shew that the stretched length 



where X is the modulus of elasticity. 


12 A li"ht elastic band, whose unstretched length is 2a, is placed 
round four rough pegs A, B, C, D which are at the angular points of 
a square of side a. If it be taken hold of at a point P between A and £ 
and pulled in the direction AD, shew that it will begin to slip round both 

lAn 

, . ..AP "T 

A and B at the same tune if 


13. A weight P just supports another weight Q by means of a fine 
elastic string which passes over a rough circular cylinder whose axis 
is horizontal; shew that the extension of the portion of the string in 

contact with the cylinder is ?log|±^, where a is the radius of the 

cylinder, p is the coefficient of friction and X is the modulus of elasticity. 


14. A spider hangs suspended by a light elastic thread from the ceiling, 
the modulus of the thread being equal to half the weight of the spider. 
Shew that, in climbing to the ceiling, the work done by the spider is 
one third less than it would be if the thread were inelastic. 


15. A heavy elastic string, whose unstretched length is l and whose 
mass is pi, lies loosely coiled on a horizontal table. If one end of the 
string be slowly lifted vertically until the whole string hangs just clear of 
the table, shew that the work done is 

t/*p[i+»*£]. 

where X is the modulus of elasticity of the string. 

[When the end has been lifted a distance x , if x 0 be the unstretched 

length of x, then, by Art. 273, x = &x 0 *. Also the tension T at the 

upper end = pgx 0 , so that the work done, whilst x becomes ar + &r, 

= Tdx=pgx 0 ^\ + y x °] * x °’ Inte S ratin g tbis between limits 0 and l , we 

have the given result.] 

16. If a uniform elastic string be at rest on a horizontal piano 
in its natural state with one end fixed to the edge, and if it then be 
allowed to hang freely from the point, prove that the loss of gravitational 

potential energy is J 4 - i ica, where w is the weight of the string, a is 

its natural length, and X is Hooke’s modulus. 
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MISCELLANEOUS EXAMPLES ON STRINGS AND CHAINS 


1. A ring, of weight icb , is attached to the middle point C of a string, 
of length l and weight wl, which hangs symmetrically over two smooth 
pegs in the same horizontal line, the ends of the string hanging vertically. 
Shew that the parameter c of the catenary is given by the equation 

a 

b + l = e c [6 + \ f Ac- + 6 2 ], 

where 2a is the distance between the pegs, and that the least value of 

lt .114 

l for which equilibrium is possible occurs when 

Shew also that the angle 6 which the tangent at C makes with the 

Ub 
b 

that its greatest value is cos -1 j , since a cannot be negative. 

2. A flexible string, of length 2 1 and line-density <r, has a heavy bead 
of mass 2 cr-P knotted to it at its middle point; the ends of the string 
are fastened to two fixed points at a distance 2k apart slightly less than 
21 ; shew that the parameter of the catenary of either half of the string is 

approximately 

l 6(*-*) / • 

3. Two smooth circular cylinders, each of radius o, are placed with 

their axes parallel in a horizontal plane and at a distance 26 (> 2 a) apart. 
A uniform string is placed symmetrically across the cylinders with its 
ends hanging freely. Shew that the least possible length of the string is 
26e + 2a (2 tan" 1 *-*)- [Assume the result of Page 287, Ex. 16.] 

4. A rod, of length 26 , is suspended horizontally and symmetrically by 
two heavy strings attached to its ends and to two fixed points which are 
at a vertical distance a above it and at a distance 2(a + 6 ) apart. If the 
length of each string be l, shew that the tension of the rod is equal to the 
weight of a piece of string whose leugth c is given by the equation 

P = a 8 +4c s sinh* ^ 


vertical is given by the equation 6 tan 6 log ^ 


cos 6 \ _ 2 a anc j hence 
1 + cos &) 


5. 

string, 

weight 

weight 


A bar, of length 2a, has its ends fastened to those of a heavy 
of length 21, by which it is hung symmetrically over a peg. The 
of the bar is n times and the horizontal tension times the 
of the string. Prove that 




|(n + 1 ) cosech ~p~ n 


coth 
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6 . A uniform chain, of length *, hangs from two fixed points A, Bon 
the same level at a distance 2a apart. Shew that,^if « vanes, the 

minimum depth of the directrix of the catenary is ^==» where * 13 

given by *tanhz=l, and that the corresponding value of « is 

2a_ 

Prove also that there are two values of * for which the directrix is 
at any given depth greater than this minimum depth and that if « be 
slightly increased beyond the greater of these two values the directrix 
falls, whilst if it bo slightly increased beyond the least of these two 
values the directrix rises. 

7. A uniform chain has its ends attached to two pegs, one of which is 

distant 2 a horizontally from the other and is at a depth 26 below it. 

Shew that, as the length of the chain alters, the parameter of the catenary 

with the highest directrix is determined by 

a a 6 a a , . a 

- - coth - = cosech 4 -. 
c c c 3 c 

8. A uniform chain, of length 2 1, hangs between two points A , B at 
the same level and the depth of its lowest point below AB is k. If the 
distance AB(->a) be increased by the small quantity 8 a, prove that the 

ic cos ^ 

vertex of the catenary will rise through the height da. a _j CC3 ^ > where 
is the inclination to the horizontal of the tangent at A or B. 

9. A given length l of uniform heavy chain is securely fastened to a 
fixed point at one end, and hangs over a smooth peg in the same horizontal 
at a distance 2a from it. She w that there are two positions of equilibrium 

or none according as ^ J where £ is the positive root of the 


In¬ 


equation 3e 

Shew also that if there are two positions of equilibrium then the one 
for which the parameter of the catenary is the greater is stable. 


10. A uniform chain of given length is fastened at its ends to two 
points in the same horizontal line, and passes over a smooth peg midway 
between these points. Shew that, if the symmetrical position of equi¬ 
librium be the only one, it is stable for displacements in the vertical 
plane; but if an unsymmetrical position also exist, the former is unstable. 

11. If a chain of length a is held at its ends, and swung round, and 
the ends are then drawn apart till the chain is practically straight and its 
tension is equal to the weight of a length A of the chain, shew that the 

number of revolutions per second is 
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12. A heavy uniform string hangs from ono end in equilibrium in a 
wind blowing horizontally with uniform velocity. On the assumption 
that the wind exerts at any point of the string a normal force per unit 
length proportional to Hin-'\//\ shew that the equation giving the form of 
the string is 

p (cos — tan a) 003 a x (cos \fs + cot a)“ 81,1 a «= constant, 
where a is a constant such that the value of ^ at the free end of the 
string is cos -1 (tan a). 

13. Find the velocity at which the power transmitted by a belt is a 
maximum. When this is the case, show that the ratio of the tension on 

the tight side to that on the slack side is 2<? Ma + l : 3, where p is the 
coefficient of friction aud a is the angle of contact between the belt 
and the pulley. 

[If a be the radius of the pulley, m the mass per unit length, and a> 
the angular velocity of the bolt, then, by elementary Dynamics, 

m8xa)*a = (7 , + 87 T )sinS0-A8s, and 0 = (T+bT) cos h8—T-pR 8x. 

Ilenco d ^-pT= -ptn»*a\ so that T= Ae^ + muW. Hence, if T x and 
du 

T 0 be the terminal tensions, we have easily T^et 10 (T 0 -mo) i a 2 ) + mo)' l d i . 
Hence the power transmitted 

= (T l -T 0 ) ao> = (<f a -l) (To - nuJa*) aco, 

and it is thus a maximum, for different values of «, when 3m« , a 3 =7 T 0 , 


and then 

T x 2^“ + l , 

To" 3 J 

14. An endless string hangs symmetrically round a smooth right 
cylinder, of radius a, whose axis is horizontal. If the string have 
contact with the cylinder along three-quarters of the circumference, 
find its whole length and the position of its lowest point. 

15 A heavy uuiform string surrounds a vertical circle, being just 
so stretched that it is on the point of leaving the circle at the lowest 
point • show that the tension at the highest point is three times that 


at the lowest. 

16 A smooth elliptic disc (semi-axes a, b) is fixed in a vertical plane 
with its axes equally inclined to the vertical. A heavy string passes 
tightly round the disc and is gradually loosened. Shew that the eccentric 
an"le d, of the point at which the string leaves the disc is given by 
2 a*b tan 3 (f> — a ( 3 u 3 - & 3 ) tan 3 <t> + b (34 3 - o 3 ) tan 0 - 2 ul 3 = 0 . 

[The point is determined by the fact that at it the pressure of the 
curve is zero and a minimum.] 


17 A uniform string, the ends of which are fastened at a point A, 

a format 0 which repels with a force varying inversely 

™tuShew Tat, if the length of the string i> 
4 0A t the internal angle between the two parts of the string at A is 120 . 
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18. Shew that a nniform string will rest in the form of the arc of a 
circle if it he acted upon by a central force from a point on the cir¬ 
cumference varying inversely as the cube of the distance. 

19. A BCD is a square of side b. A uniform string of line-density <r, 
fixed at B and D, is in equilibrium under a repulsive force ^r" 3 from A. 
If the tangents to the string at B and D are perpendicular to BD, and if 

the tension at each of these points is shew that the shape of the stnng 

is the curve (sin 6 + cos 0). 

20. Shew that an arc of an equiangular spiral is a possible form for 
a catenary of uniform strength, whose ends are fixed, to assume under the 
action of a repulsive force from the pole varying inversely as the distance. 

21. An inextensible endless string of given length is under the action 
of two central forces varying inversely as the cube of the distance from 
two fixed points; shew that a circle is a possible form of the stnng in 
equilibrium, aud find the position of its centre. 

22. Shew that a string can rest in equilibrium in the form of an ellipse 

under the action of two repulsive forces from its foci of magnitude fir t J 

and M r" V"’, where r and ri are the focal distances of any point P, and 
provo that the tension at the point P is proportional to the perpendicular 
from tho centre upon the tangent at P. 


23. A smooth circular cylinder, of radius a, is fixed with its axis vertical 
and a smooth horizontal peg is fastened into it. An endless string, of 
length 21, is then thrown over the cylinder and catches on the peg. Prove 
that in the position of equilibrium the angle between the parts of the 


string at the peg is 2cot“ 1 ^, where csinh ^ = 

[Tho origin being at tho lowest point 0 of the string, the axis of $ 
vertical, and x being the length of the circular arc which is the pro¬ 
jection of any arc OP, we have, by resolving horizontally and vertically, 

*L( T d -^\ = w, and % ( 0, so that «= constant *= wc. Hence 

ds V ds) ds\ ds I ds 


*L /_ 1 ( e _ I — . This is the differential equation of Art 251, 
ds \dx) c * ' dx 3 cdx 

and the same solution holds good. It follows that the string will not 
be disturbed if the cylinder be developed into a vertical plane.] 


24. A uniform heavy string, of length 2 l, hangs in contact with & 
smooth vertical cylinder of radius r. It is fixed to two points, which are 
in a horizontal plane and also in a vertical plane through the axis of the 
cylinder, each being at distance a from the axis, where a>r. Shew that 
the depth y of the lowest point oi the string below either support is given by 


rain -1 
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25. A string rests on a smooth sphere cutting all the sections through 

a fixed diameter at a constant angle. Show that it would so rest if acted 

on by a force varying inversely as the square of the distance perpendicular 

to the given diameter and that the tension varies inversely as that distance. 

[Using polar coordinates («, 6 , 0) the curve of the string cuts the 

, add . a s'\ndd<p . 

meridians at a constant angle a if *=cos p, and -^-= smp. 

Hence easily 

^ = cos 6 cos0 cos3-sin 0 sin £, ~ =■ cos 6 sin 0 cos /9 + cos 0 sin# 

ds di 

and $ — - sin 6 cos /9. Taking moments about the fixed diameter, we 


A 


have T sin 8 . a sin 6 = constant, so that T => . --j. 

Sill o 

The third equation of Art. 2G1 gives 

Rcos ^ = =^-(- ^cos 0) = O, so that R is zero. 

Hence, if F bo the force perpendicular to the given diameter and 
outward, equation (1) of Art. 2G1 gives 

j / dr\ d ( * sind>sin£\ 

^cos 0 - - %) - - A ds ( cos * cot 6c09<t> —) 


A cos 0 , p, 

- -r -^, so that t 


A 


a sin 2 6 


a sin 2 0 


■] 


26. The extremities of a string of length r(e- l)Vl + 0 2 sin* a are 
attached to two points on the surface of a right circular cone at distances 
r and *r respectively from its vertex, where 2a is the angle of the cone and 
0 is the angle between the planes through the axis and each of the points. 
If the string rest in equilibrium on the surface under the action of a 
repulsive centre of force at the vertex varying inversely as the square of 
the distance, then the curve of equilibrium will cut each generator at the 
same angle. [Here * is the base of the Napierian system of logarithms.] 

27. Find the form of a smooth surface of revolution such that when its 
axis is vertical any uniform string resting upon it will cut all the meridian 
curves at the same angle. [The generating curve is a rectangular hyperbola.] 


28. Two scale-pans, of weight Xn, are connected by a weightless elastic 
string, of modulus X, which hangs symmetrically over a fixed rough horizontal 
cylinder of radius a. Initially the string is uniformly stretched throughout. 
If one of the scale-pans is gradually loaded, prove that before the other 
moves, the natural length of the additional vertical portion of the string 

nan 


# a l+ns 

supporting the first la — log 


1+n l+* # 
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29 A heavy elastic string, of length 2a and modulus of elwtidty 

rests in equilibrium on a smooth parabola of latus 

rectum 4a The axis of the parabola is vertical and the free end of t o 
strinc is at the vertex which is the lowest point, Find the point on the 
S to which the upper end is attached and shew that the tension 

there is IP(^/2 —1), where W is the weight of the string. 

30. Ad clastic string, originally uniform and of length 1, is fastentd at 
two given points and is in equilibrium in the form of a port.on of a errde 
under the action of a repulsive force tendmg from a given point in the 

circumference; find the law of foi’ce. 

31. A heavy elastic string, which is uniform when unstretchcd is 
placed round a smooth circular cylinder whose aim is horizontal and is 

ust not in contact with the lowest point of the cylinder, if T be the 
tension at a point the radius to which is inclined at 6 to the vertical, then 
( T + \)* = Acos6 + B, where X is the modulus of elasticity and A and 
D are constants depending on the weight of the string, the modulus of 

elasticity and the radius of the cylinder. . . 

If w be equal to the weight of a length of unstretched string equal in 

length to the radius of the cylinder and if it be also equal to the modulus 

of elasticity, shew that the tension T x at the highest point is given by 


77 9 + Jb 


Ti + ^r = 


ID. 


32. A heavy elastic string, uniform when unstretched, rests on the 
convex side of a smooth vertical circle, one end being fastened to the 
highest point of the circle. If in the position of equilibrium the whole 
length is equal to a quadrant of the circle, prove that the unstretchcd 
length equals a v /2log« (>/2 + l), where a is the radius of the circle, 2u^a 
is the modulus of elasticity, and w is the weight of a unit length of 

unstretched string. 

33. An elastic Btring, uniform when unstretched, lies at rest in a 
smooth circular tube under the action of an attracting force, equal to 
u times the distance, tending to a point on the circumference of the tube 
iust opposite to the middle point of the string. If the string when m 
equilibrium just occupies a semi-circle, shew that the greatest tension is 
J\ (X + 2 upa?) - X, where X is the modulus of elasticity, a is the radius of 
the tube, and p the mass of unit length of unstretched string. 

34. A heavy elastic string, of natural length l, hangs from a fixed 
point in a state of equilibrium, and its total extension is pi. The string is 
now enclosed in a smooth fixed helical tube, the tangent to which at any 
point makes a constant angle a with the horizontal. The highest point of 
the string is attached to the tube, and the string takes up its position of 
equilibrium. Shew that the total extension is now pi sin a. 
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35. A uniform string in one plane is in equilibrium under the action 

of a central force; shew that the latter varies as Jr{p)' 

What is the kinetic analogue 1 

If the string be elastic, shew that, in order that the string may assume 

a given form, the central force must vary as + p) • where a * 

constant for every point of the same string. 

36. Over a fixed sphere, of radius a, there rests horizontally a heavy 
elastic ring of natural radius c. Shew that, in its equilibrium position, the 
angle 2 a which a diameter of the ring subtends at the centre of the 

sphere ia giver, by tan , where c=u sin ft and k times 

the weight of the ring is equal to the modulus of elasticity. 

If the sphere be slightly rough (coefficient of friction M ), shew that, 
before equilibrium is broken, the ring can be lowered till the angle 2a 

siu a — sin fi 

is increased, approximately, by 2/i sin £_ 8 i u s“ • 

37 A rough surface of revolution is fixed with its axis vertical ; an 
endleaa elastic string rests on it lying in a horizontal plane and bemg 
uniformly stretched. If the string be on the point of slipping up 
wherever it is placed, find the equation of the generating curve of 

the surface and shew that it reduces to ir-py =o (1 -lV) log* , where X is 

o i oWiritv and u is the coefficient of friction, 2n\n is the 
^4" «“2Ah of the string, and the y-ax,s is the axis 

of revolution. 

38 An endless slightly extensible strap is stretched over two equal 
pulleys; shew tb^ tto maximum couple which the strap can exert on 

either pulley in 2 a(c+ ,q) 

urr 2 a ' 

C ooth Y + 7 

. xv A- a niftier nulloy, c the distance of their centres, fi the 
coefficient of friction, and T the tension with which the strap is put cm 

39. If a bicycle tyre 

8^2? (sin $ - <t> cos <P) [(ir - <t>) eoe ■#> + ; “» 4 ~ 15/ ’ 
where I is the' unstmtehed length of the band, X is its coefficient of 
elasticity, «os*=^ and the breadth of the wheel is neglected. 
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ATTRACTIONS AND POTENTIAL 

276. The law of attraction between particles of matter, 
known as the Newtonian Law of Gravitation, is as follows: Every 
\particle of matter attracts every other particle of matter with a 
force winch varies directly as the product of the masses of the 
particles and inversely as the square of the distance between them. 

Hence the attraction between two particles, of rr^ and m * 

grammes, placed at a distance of x centimetres is iPS 2 dynes, 

where 7 is a constant whose value will be found in a later 
article. This quantity 7 is called the Constant of Attraction. 

At the present stage of the Student’s reading the above law 
must be looked upon as an hypothesis, and no proof can be given 
here. But he may assume that this law is found to hold good 
throughout the Universe, and that it is sufficient to account for 
the motion of the heavenly bodies. The verification of its truth 
is obtained from Dynamical considerations. 

We shall have a few examples in which some other law of 
attraction, besides that of the inverse square, is assumed, but 
these assumptions do not correspond to any such attractions as 
we meet with in the physical universe. 

277. To find the attraction of a thin uniform rod AB upon 
an external point P. 

Draw PN,{=p), perpen¬ 
dicular to the rod. Let Q 
be any point of the rod such 
that NQ = x and /. NPQ=6, 

and let QR be an element 
Bx. 

H k be the cross section 
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and p the density of the rod, the attraction of the element QR 
on a unit of mass at P 

7 Jcp . 8x _ 7 Jcp . 8x _ 7 Jcp . 89 
~~ PQ 3 p" 1 sec 3 9 p * 

since # = ptan 9 and hence 8x = p sec* 9. 89. 

The direction of this attraction ultimately, when QR is very 
small, is in the direction PQ. 

, i , .. , . r>»r yfcp cos 9.89 

Its components along and perpendicular to rJS are —-——- 

. 7 Jcp sin 9.89 
and '-. 

P 

Hence, if X and Y are the component attractions of the 
whole rod along and perpendicular to PN, and if Z NPA = a 
and Z NPB — (9, we have 

-rr f p 7 ^‘P cos 9(19 7 Jcp r . 7 ^‘Pr • a • n\ 

X = — -= z-t- sin 9\ =-^-Hsin£ - sin 

Jm P P L J- P 

and 

r =r ykp sin — - — r- ««» «t -—[«*« - co. . -( 2 >. 

J* P PL _U P 

If R be the resultant attraction inclined at <f> to PX, then 

R = \/X 3 + F* =V(sin 0 — sin a) 3 + (cos a — cos /?)* 

P 

= V 2 - 2 cos sin ^ 

p V 1 


2ykp sin APB) .(3), 


P 


and 


so that 


Y cos a — cos J3 x __a + /3 

tan = Tr = ~—5 - * - — tan « » 

r X sin — sin a 2 


</> = 


a -f £ 


(4), 


and hence the direction of the resultant attraction bisects the 
angle APB. 

Cor. If the rod AB be infinite in length, then a = — 90° and 
0 = 90°. 

Hence R = , so that the attraction of an infinite rod on 

p 

an external point varies inversely as the distance of the point 
from the rod- 
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278. If in the result (3) of the previous article we put p = 0, 
i.e. take P on the surface of the rod, we have infinity as the 
result. This is clearly impossible. The reason for the apparent 
failure of our analysis is that in our working we assumed each 
element of the cross section at Q to be at the same distance from 
P. Now if P be on the bar, the distances from P of points of 
the cross section through P vary from zero to the diameter of 
the bar and hence cannot be taken to be equal. 

This case is further considered in Ex. 2 of Art. 285. 


279. To shew that the attraction of a rod AB at an external 
point P is the same as that 
of the arc of a circle, of 
like material, with centre P 
and of radius equal to the 
perpendicular from P on 
AB, which is intercepted by 
the lines PA and PB. 

QR being an element of 
the rod, let Q'R' be the corresponding element of the circular arc. 



Yj ien attraction of Q'R' at P _ Q'R' 

nf f) 7? of P PH'i 


= _ QR 

attraction of QR at P PQ '* ' PQ * 


_Q'R’ PQ* QR' QS 
= QR ’PA* ” QS •QR 
where QS is perpendicular to PR, 


. sec* 0, 


PQ' PN 

. cos SQR . sec* 0 = .cos 0 . sec* 0 = 1 , 


PQ 


PQ 


Hence the attractions of corresponding elements of the arc 
and rod are the same and in the same direction. 

The resultant attractions must thus be the same in the two 
cases. 


280. A tlraclion of a uniform 
thin rectangular plate upon a 
unit mo43 situated on a perpen¬ 
dicular to the plate through its 
centre. 

Let A BCD be the plate, of 
thickness k and density p ; let 
AB=2a, AD = 2b, and OP<=h , 
where P is the attracted unit 
mass. 



V 


o 
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If UVbe a section of the plate parallel to A B at a distance x from 0, 
whoso breadth is fix, its attraction on P by Art. 277, if S be the middle 
point of U V, 

2y kp . dx . VPV _ 2y pk . fix a 

PS ~ Mn 2 + x- + a a ’ 

and acts in the direction PS. 

Hence the total attraction X along PO 

f +t> 2y pk. dx a h 

“ i -b jW+a? ' ^ hr + x- + a- * Jh 2 + x *‘ 


x r*> dx 

Aypkah -Jo (A 2 ** 2 ) y/tf+jp+tf ’ 
Put x=h tan 3, so that the limits for 6 are zero and 


, b . . b 

tan -1 T , ».«. sin 1 , — . 

A’ */ 6 *+A» 


. 

* " Aypkah h ) 

sin 

If. , a sin 6 1 

“ aA L 8m 


sin ” 1 


i *_. 

jb*+h* cos 6 dd _ 

JA* + a-- a' £ s'm 2 3 

6 

•Jb*+hi 1 . , 

= —r Sin * ; - - 

ah */(A*+a*)(A’ + P i ) 


. f= H^siu - 1 - g ° , where if is the mass of the plate. 

ab \/(A 2 + a 2 ) (A 2 + A 2 ) 


EXAMPLES 

1 . A triangular framework of three rods, of uniform mass per unit of 
length, attracts according to the law of Nature; shew that a particle will 
be fn equilibrium under their attraction if placed at the in-centre of the 

triangle. 

[Use the theorem of Art 279.] 

2. Show that the attraction of a uniform rod AB on a unit mass at P, 

in the direction parallel to A B t varies as . 

3. Two straight wires, of length l and V and of masses m and m\ are 
placed so that they are in the same straight line and the distance between 
the ends next one another is c; shew that the force of attraction between 

mm ', _(l + c)(l' + c) 

the two wires is y -jjr log c ^ + f + c ) * 

4 Shew that the attraction of a thin uniform straight bar, of line 
density <r end length l, on another uniform thin straight bar of line 
density a> and length V, placed parallel to it and eymmetncally with respect 

to it at a distance A, is {V(f + D ! + 4»- s/(l-0»+4A*. 

Explain the meaning of thie expression when A is zero. 
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5. Two thin straight uniform rods, AB and CD , are pivoted together 
at their middle points. Shew that the attraction between them reduces 
to a couple of moment 2 ymm' (AC ~ BC) cosec a, where m and m are their 
line densities and a is the angle between them. 


6 . Two uniform non-intersecting straight bars, of infinite length and 
of line densities and <r\ attract according to the Newtonian law. Shew 
that the resultant force between the bars is 2yfroV cosec a, where a is the 
angle between the bars. 

[Let 00\ =c, be the shortest distance between the bars; then, by 
symmetry, the resultant force is along OC. Let P be any point on the 
first bar such that OP=$, and p the perpendicular from P on the second 
bar, so that p* = c 3 + sin 2 a. The attraction at P of the second bar, by 

Art. 277, Cor., ■= ) and the resultant of this along 00’ — • 

f+*> 2y ct'c ,, , , 

-TTrt ~—• *«£ = etc -J 


Hence the whole attraction 


281. To find the attraction of a uniform circular plate, of 
radius a and small thick¬ 
ness k, upon a point P 
which is on the axis of the 
plate at a distance p from 
its centre. 

Consider the portion 
of the plate included be¬ 
tween two concentric cir¬ 
cles of radii x and x + 8x. 

The attraction of any 
point Q of it upon a unit 
mass at P is along the 
direction PO 

mass of the element at Q 

= 7- --- cos OPQ 

_ mass of the element at Q p 

~ 7 ' PQ 5 ' PQ' 

The same is true for each point of the elementary area. 

Hence the resultant attraction of this elementary area 

27 rx.8x.kp _ . xSx 

where p is the density of the plate per unit of area. 



line PQ, and its component in the 
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The attraction of the whole plate therefore 

“ iirykpp II = 2 ^ kpp [' - 


0 


= 2irykpp [ ---- r I = 2irykp 

L V {a? + pf- J 


P 


*Ja* 4 - p*\ 


If a be the angle that any radius OA of the plate subtends 
at P, then 

OP p 

cos a — = .. 

PA Va s + p 7 

and the resultant attraction of the plate, which is clearly in the 
direction PO, 

= 2irykp [1 — cos a]. 


Cor. Let the radius a of the plate become infinite, and 
hence the angle a equal to 90°; the resultant attraction then 
is 27 rykp, which is independent of p, the distance of the attracted 
point from the plate. 

Hence the attraction of an infinite thin plate upon a 
point P, situated at a finite distance from the plate, is inde¬ 
pendent of the distance of P and is equal to 2iry x mass of the 
plate per unit of area. 


282. Change in the attraction of a thin attracting surface on 
a unit mass as the latter crosses the surface normally from one 
side to the other. 

Let P and P' be two points, on opposite sides of, and 

indefinitely close to, the surface, so that PP 7 is 

normal to the surface. 

Round PF as axis describe on the surface 

a small circle of area A, and let the rest of the 

plate be called B. 

Then 

Attraction at P = attraction of A at P to¬ 
gether with the attraction of B at P ...(1), 

^Attraction at F = attraction of A at P' together with the 

attraction of B at F .(2). 

Now P and F being indefinitely close together, the attrac¬ 
tion of B at P = the attraction of B at F in the limit. 
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Also A is to P as far as its attraction is concerned as an 
infinite plate is to a point at a finite distance. 

Hence, by the corollary to the last article, the attraction of 
A at P = 2nypk, and the attraction of A at P' = — 2nrypk. 

Hence, from (1) and (2) by subtraction, 

Attraction at P — attraction at P* = Anypk. 

Thus the change in the attraction on the unit mass as it 
passes normally from a position indefinitely close to the attracting 
surface on one side to a position indefinitely close on the other 
side is Anypk, and therefore depends only on the thickness and 
density of the plate at the point of crossing. 


283. To shew that the component attraction in a direction 


normal to its plane of a uni¬ 
form plane lamina , of cLny 
shape,at any point P is ymto, 
where m is the mass per unit 
area of the lamina, and a> 
is the solid angle subtended 
at P by the lamina. 

Let QR be any very small 
element of the lamina which 
subtends an angle 8a> at P, 
and let PQ or PR be r. 

Then, in the limit, the 


P 



attraction of this element on P = ym . ^pg^ • 

Draw PM perpendicular to the lamina, and QN perpen¬ 
dicular to PR, so that 


ARQN = 90°- zQRN= z.RPM=6 
The attraction of QR on P resolved along PM 

area RQ . cos 0 


ym 


area QN 

V 771 • — nrs =ym.8a>. 


PQ 3 r ‘"~PQ 

Hence the resultant attraction on P in the direction normal 
to the lamina = '£ym . Sco = ym co, where o> is the whole solid 
angle subtended by the lamina at P. 
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284 All frustra of a uniform cone, of the same thickness 
and with their plane faces parallel to the base of the cone, exert 
equal attractions at the vertex of the cone. 

Let AB and CD be two sections of the cone, of the same 
small thickness t, which 
are parallel to the base of 
the cone. 

Let any cone, of ver¬ 
tex P, and very small 
vertical angle at P cut 
these sections in the very 
small curves QR and Q'R'. 

Since QR and Q'R' 
are similar curves, their areas, and hence also their masses since 
they are of equal thickness, are proportional to the squares of 
their distances from the vertex. 



„ attraction of QR at P _ area QR area Q'R' 
enCG attraction of Q'R' at P PQ 2 PQ 2 

area QR PQ' 2 _ PQ 2 PQ' 2 _ , 

“ area Q r R’ * PQ 2 PQ' 2 'PQ 2 # 

Since the attractions of corresponding elements QR and Q'R, 
are equal, the attractions of the whole areas AB and CD are 
the same both in magnitude and direction. 

Hence, by summation, the attractions of any two frustra of 
the same finite thickness are the same both in magnitude and 
direction. 


285. Ex. 1. Find the attraction of a uniform solid right circular 
cone , of height h and vertical angle 2a, at the centre 0 of its plane base. 
The plane section at a height x above the base subtends an angle 23 

at 0 y where 

x x cos a _ 

003 + tan a a == Vx 2 -2/Usin 2 a + A 2 sin 5 a* 

The attraction of this section of thickness dx 

X COS a 


Siryp&x P1 — 


L - Jx 2 - 2 hx sin 2 a + / 

Hence the attraction of the whole cone 


— , by 
W sin 2 a_ 


Art. 281. 


/ h r _ x cos a “1 jj.' 

oL J^x— h sin 2 a) 2 + A 2 sin 2 a cos 2 aJ 
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On putting y*~x — h sin* a, this 

(t/+h sin* a) cos a 


= 2rryp 


/ft COS*a r 

l- 

— ftain'a L 


•Jy 2 + k* sin 
27T-yp|^y — c °9 a *Jy 2 + A 2 aiu 2 a cos 2 a 


l 2 a) cos a T • 
===== ay 
in 2 a cos 2 aJ 


_ _ H ft COS* a 

— A sin 2 a cos a log(y+\'y 3 + A 2 sin 2 a cos 2 a) ] 

J • ft Sill'a 


« . . r • • , COS a 4- COS 2 a~l 

= 2n-ypA Sin a Sin a + COS a — Sin a COS a log --. I. 

L °sina — sm 2 aj 


Ex. 2. The law of attraction being that of the inverse distance, find the 
attraction of a uniform circular disc on an external point in its own plane. 

Deduce the attraction of an infinite circular cylinder , attracting according 
to the law of Nature. 

Let a be the radius, p 
the density and k the thick¬ 
ness of the disc, and c the 
distance of the given point 
P from the centre 0. Let 
0 be the angle any radius 
vector through P makes 
with OP. 

Then the total attrac¬ 
tion of the disc 

cos*, 

the limits of r being PQ X and PQ 1t 

i.e. ccostf-Vc^-^siu 2 # and c cos 6 +fa' 2 - c 2 sin 2 6, 

and those of 6 being zero and sin” 1 -. 

0 



Hence the attraction 

4 ykpa} 
c 



sin 2 0. cos 6 dd 


csin 0 = a sin 0 , 


The attraction therefore - ?y k P a * _ Mass of the disc 

c 1 Distance from the centre* 80 
that P is attracted as it would be if the whole mass of the disc were 
collected at its centre. 

Next, let the circle be the normal cross section of an infinite cylinder. 
The attraction of the filament of infinite length through R perpendicular 

to the plane of the paper is, by Art. 277, Cor., equal to - 2y - r5d ' 8r -P 

PR 
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in the direction PR. The attraction of the infinite cylinder is thus the 
same as that of the above disc, if for k we put 2, and so = Try/)a -. 

If P be actually on the surface of the cylinder, so that c = a, this 
attraction becomes 2nypa. We hence have the attraction of a thin rod 
on a point upon its surface [of. Art. 278]. 

If P be inside the cylinder, the attraction on it =2 x \\2ypdrdQ . cos 0, 

the limits for r being zero to c cos 6 + ^a 1 — c 2 sin 2 6 and for 6 from 0 to rr. 
This easily gives 2 nype as the attraction at P. 


EXAMPLES 

1. Shew that the attraction of a uniform cylinder of height A, radius a, 
and density p, at a point on its axis at a distance c from its end and out¬ 
side it, is 2nyp [A - * Ja 2 + (c + /<) 2 + 'Id 1 + c 2 ]. 

2. Shew that the attraction of a spherical segment on a unit particle 

at its vertex is 2nyph [^1 - \ aud tbat ou ft P artic,e at the 

centre of its base is ^^[3a’-3aA+A*-A* (2a - A)*], where a is the 
radius and p the density of the sphere and A is the height of the segment. 

3. Prove that a solid uniform hemisphere, of radius a, exerts no 
resultant attraction at a point on its axis at a distance c from the centre 
given by the equation 12c 4 — 8 a s c + 3a 4 = Q. 

Shew that c = y approximately. 

4. A right circular cone, of uniform density p, has its axis vertical and 
vertex upwards. Shew that its attraction at a point P on the axis, at a 
distance c above the vertex, is 

2nypc sin . cos . -- - log (tan £ cot §)}, 

where 2a is the vertical angle of the cone and a -0 the angle which the 
radius of its base subtends at P. 

5. A frustum of a uniform thin hollow cone attracts a particle placed 

at the vertex ; shew that the attraction is 2 * y<r sin a cos a log - , where /( 

and r are the radii of the circular ends, a is the semivortical angle of the 
cone, and <r is the superficial density of the cone. 

6 . A homogeneous right circular cylinder is of infinite length in one 
direction, and at the other end the section is perpendicular the generators; 
prove thkt the attraction of the cylinder on a part.cle at the centre of 

this end is 2 - 3 ^, where M is the mass of the cylinder per unit of length. 
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7. A vertical solid cylinder of height a, radius r, and density p, bounded 
by plane ends perpendicular to its axis, is divided by a plane through the 
axis into two parts. Shew that the horizontal attraction of one part on a 

particle at the centre of the base is 2yap log — ~~a ~ ~— * ant ^ the 
angle the resultant attraction makes with the axis. 

8. A homogeneous prism, infinite in length, whose cross section is an 
equilateral triangle A DC attracts a particle at A ; shew that the resultant 

attraction is 4yTr ^ , where ifis the mass of a unit length of the prism and 

3a 

a is the length of a side of the triangle. 

9. Shew that the attraction of a thin elliptic disc, of uniform thick¬ 
ness k and uniform density p, at the focus is 2 irykp ■A + b' 

2 a and 26 are its semi-axes. 

[The attraction required = j j y^P- r ^^ r coa q, the limits being zero to 

--- for r, and from zero to 2rr for Q. We thus introduce the infinite 

1 — e cos 6 

quantity log r, when r is zero. To avoid this, take any circle, of radius X, 
[<a(l -e)] surrounding the focus. The resultant attraction of this circle 
is zero by symmetry. Evaluate the above integral between limits X and 

----^ for r, and zero and 2n for 0.1 

1 - e cos 6 1 

10. An elliptic disc, of mass if and semi-axes a and 6, attracts according 


where 


to the law 


; shew that its component attractions at an internal 


distance 

point ( x , y) in directions parallel to the axes are 

2u if x 2uM y 
and 

a + 6 a a + o b 

Deduce that in the case of an infinite homogeneous elliptic cylinder of 
density p, which attracts according to the law of Naturo, the components 

are 4y7r ^ ~. - and -g ypq6 y w ^ ere a anc j £ are t ^ e se mi-axes of its 
a+b a a+b b 

cross section. 


11. Shew that the attraction of a circular disc of radius a, whose 
law of attraction is 

u . ifu Mac .. • _ 

... . —r«, is - , or - o. y -—St, according as c $ a, 
(distance) 3 c(c 3 -a 2 ) a 2 (a 2 -c 2 ) 6 

where if is the mass of the disc and c the distance from the centre of the 
attracted point which is in the plane of the disc. 

12. Find the attraction of a lamina in the shape of a uniform circular 
annulus on an external point in its plane, the law of attraction being that 
of the inverse seventh power of the distance. 
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286. Attraction of a thin uniform spherical shell on an 
external or internal point P. 

Let a be the radius of the spherical shell, k and p its 
thickness and density, 
and c the distance of P 
from its centre 0. 

If Q be any point 
of the shell, QN the 
perpendicular on OP, 
and 6 = Z. POQ, then all 
the points on a circle 

with NQ as radius are , „ 

at equal distances from P, and the attraction of each on 1 

cos 4> 

resolved along PO c c ~pQi • 

Hence the resultant attraction of the portion of the shell 

generated by the arc a . S0 

. a$0.27rasin0 , 

= 7- JQ, - C0S *■ 

Now & = «’ + c*- 2ac cos 0, 

so that R.&R = ac sin 0. S0. 

Hence the attraction of this elementary portion 

a tR' + tf-a 1 ' 


a 


= *rykp rrykp . 2 £ 


if 5 


Sit 


First, let r be outside the shell so that c > a. If we integrate 
the quantity thus found for values of R between PA and PB 
i.e. between (c - a) and (c + a), we have the resultant attraction 

of the whole shell. „iP + c’-a’ 

resultant attraction = I irykp ^. 




.dR 


= irykp ^ [(• + a) — (c a) 


| g- 

c + a c 


— a? 

— a _ 


\irykpa} __ 
= & 


Mass of the shell 

OP 1 


and is thus the same as it would be if the whole mass of the 
shell were concentrated at 0. 
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Secondly , let P be inside the shell as at P,, so that c<a. 
The limits of the integration are now P X A and P x B t i.e. a — c 
and a + c. 

Hence the resultant attraction 
_ Trykpa f a+e P 3 + c* — a* jj) _ Trykpa [" D ( a 1 — c a ~]° +c 

= ~T~ i a-. R' " L + ~lT J„- c 



(a + c) — (a - c) + 


a 5 — c 3 
-* 

a + c 



Hence a uniform thin spherical shell attracts an external 
point just as it would if its whole mass were collected at its 
centre, whilst its attraction on an internal point is zero. 


287. Attraction of a uniform solid sphere at an external or 
internal point. 

Conceive the sphere as made up of an infinite number of 
concentric shells, each of 
indefinitely small thick¬ 
ness. 

If P be outside the 
sphere, it is outside each 
of these shells, and hence 
the attraction of each 
shell on a unit mass at P 
_ Mass of the shell 

-V- Qj» -• 

Hence the total attraction at P 

Sum of the masses of the shells 

= 7 ' " OP* 

_ Mass of the whole sphere 
X=7 ‘ OP 5 ’ 

and is therefore the same as it would be if the whole mass of 
the sphere were concentrated at its centre 0. 

If the point be within the substance of the sphere as at Pj, 
then for all the shells of a radius greater than 0P lt P, is an 
internal point and hence, by Art. 286, the attraction of all such 
shells is zero. We need only therefore consider shells of a 
radius y which is less than 0P Xt i.e, c. 
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For any such shell P x is an external point and its attraction 
p x - . Mass Shc " - _ and we must in- 


tegrate this for values of y from zero to c. 
Hence the resultant attraction at P, 

4 " w - (>;/= 4 
J 0 


TrypO. 


c* J <r “ 3 

Hence for a point inside the sphere the attraction varies 
directly as the distance of the attracted point from the centre. 

288. Attraction of a spherical shell. Geometrical Proof 

Let P be an external 
point and Q its inverse, so 
that CQ. CP = CA' = a'. 

Through Q as vertex 
draw a very slender cone 
to cut the sphere in very 
small areas US and Jl'S'. 

Since 

CP. CQ = a* = CR*, 

CQ_CR 
*'* CR'CP' 

so that the triangles CQR, CRP are similar. 

So also the triangles CQR’, CR'P are similar. 

QR 
RP 



Hence 


CR 

CP 


and 


ZCPR = A CRQ = z CRQ = z CPR' 


CR' QR' m 

CP ~ R P . V h 

.( 2 ). 


Thus 


Attrac tion of RS at P = area R S ^ area Rf? 

Attraction of R S at P RP* R R* 

area RS R'l * 

= i^TffS'' RP*' 

Draw RN, R'N' perpendicular to SQS\ 

Then area RS = cross area RN x sec NRS 

— cross area RN x sec CRQ, 

since CR, RQ are respectively perpendicular to RS and RN. 
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So area R'S' = cross area R'N 1 x sec CR'Q. 

area RS cross area RN _ QR* 
area R'S cross area R'N' QR ' 3 * 

Hence 


Attraction of RS at P _ QR* R'P * 
Attraction of R’S’ at P QR'* RP 3 


= 1, by equation (1). 


Thus the attraction of these elementary areas at P are 
equal and, by (2), they are equally inclined to CP; hence their 
resultant is along CP. 

Also, if be the solid angle of the slender cone at Q and 
p be the mass of the shell per unit of area, then, 

component along PC of the attraction of RS 



area RS 

—p R 3 — • coa OPR = 7 P • 


area RS x cos CRQ 

PJR 


area RS. cos NRS 
= VP ■ pjp 


area RN QR *. Bay 

yp • PK‘ yp ■ PE’ 


= yp . Boy . 


a 1 

CP •• 


Hence the total attraction of the shell 


= ^ 7 P 


cu 


^ „ 77 pa* . Mass of the shell 

s "cP = ci 5 5 5:s “ = aF- 4,r=7 -- cpi -• 


Since the attraction of RS and R'S' are equal, it follows 
that the portion of the shell to the right of the inverse point Q y 
and the part to the left of it, attract P equally. 

Also the plane through Q perpendicular to CA contains all 
the points of contact of tangents to the shell drawn from P, i.e. 
it is the polar plane of P. Hence the polar plane of P divides 
the shell into two parts whose attractions at P are equal. 
Secondly, consider the attraction at Q. Then 

Attraction of RS at Q _ area RS area R’S’ QR* QR /# ^ 

Attraction of R'S' at Q ~ QR? + “ QR'* ~ QRT *' ~QR? = 1# 

Hence the resultant attraction of RS and R'S' at Q is zero. 
So for all such slender cones. Therefore the attraction of the 
whole shell on Q is zero. 

Also the part of the shell to the right of a plane through Q 
perpendicular to CA and the part to the left attract Q equally. 
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289. Value of gravity on the top of a tableland of height 
x above the Earth's surface. 

If a be the radius of the Earth and g the attraction due to 
gravity at its surface, then the value of gravity at a height x 


above the surface = 


——— , where q = — , and hence this value 
(a + x) 2 * a 2 


= g a — = g [ 1 - —1 , if - is smalL 
J (a + x) 2 J L a J a 

If <t be the density of the material of the tableland (assumed 
to be homogeneous), its attraction at a point close to its surface 

is 27 Tfyxa, by Art. 281. 

Now, if p be the mean density of the Earth, 


9 _ $7ra*. p _ lirypa 


a 


3 xa 


Hence the attraction of the tableland = dp 

The total attraction, g', at the top of the tableland thus 

(V 2.r"| 3 xa f. 2x 3 xa~\ 

L 1 ~~~a J + 2 ap (J 3 |_ a + 2 ap} 

If we assume, as an approximation, that the mean density <j 
of the rocks near the Earth’s surface is about one-half that of 
the mean density p of the whole Earth, this gives 




290. Value of the constant of gravitation. 

By the use of the proposition of Art. 287, and the known 
value of the acceleration due to gravity at the Earth s surface, 
we can obtain an approximate value for the constant of 

gravitation. 

For, if E be the mass of the Earth and R its radius in any 
system of units, its attraction on a unit mass at the surface 

E. 1 1 

,= 7, R 2 * 


( 1 ). 


Hence 


E 

9-V-& 
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Centimetre-Gramme-Second Units. 

In this system E = ^ttR 3 x mean density, 

and R = 6 37 x 10 9 cms. 

Now the mean density of the Earth, according to the most 
recent determination by C. V. Boys, is 5 527. 

Hence (1) gives 

981 = 7 .4 t tR x 5 527 = 7 . x 6 37 x 10* x 5*527. 

o 

Hence 7 = 6‘66xl0 _a , i.e. the force of attraction between 
two concentrated masses, each equal to one gramme, placed at 
a distance of one centimetre is 6 66 x 10 -8 dynes. 

It is easily seen that the force of attraction between two 
concentrated masses each equal to about 3877 grammes, placed 
at a distance of one centimetre, is one dyne. 

Ft.-Lb.-Sec. Units. 

As a rough approximation, taking the Earth to be a sphere 
of 4000 miles radius, (1) gives 

. 32-2 = 7 . ^ x 4000 x 5280 x 5*527 x 62J, 

O 

since the mean density of the Earth is 5*527 times that of 
water, i.e. is 5*527 x 62£ lbs. per cubic foot. 

Hence 7 = 1*05 x 10 -9 nearly. 

The force of attraction between two uniform spheres, each 
of mass one pound, whose centres are one foot apart, is thus 
105 x 10~* poundals approximately. 

Dimensions of 7 . If [T] denote the dimensions of 7 and 
[il/], [A], [T] the units of mass, length and time, then equation 
( 1 ) gives 

[i] [T]-*=[r] . 

••• [rj = [i/]- [i]> [T]-*. 

EXAMPLES 

1. The centre of a sphere of silver, of radius 5 5 cms. and sp. gr. 10£, 
is distant 17 cms. from the centre of a sphere of gold, of radius 3 cms. and 
sp. gr. 191 ; stew that the attraction due to the two sphei-es is zero at a 
point between them distant 11 cms. from the centre of the silver sphere. 
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2. Draw a graph shewing the weight of a particle in ita different 
positions as it is brought up from the centre of the Earth and taken to 

infinity. 

3. Shew that to bring any mass from the centre of the Earth, treated 
as homogeneous, to the surface requires half as much work as that required 
to remove it from the surface to infinity against the Earth’s attraction. 

4. If the Earth (supposed spherical) were covered hy an ocean of 
uniform depth h, prove that the value of gravity at the bottom of the ocean 
would exceed that at the top by 4nyh (§p — <r) approximately, where a 
is the density of the ocean and p is the mean density of the Earth. 

5. If half the mass of the Earth were concentrated in an extremely 
thin uniform external crust, shew that at the centre of a circular gap in 
the crust the intensity of gravity would be less than its normal value by 

one-fourth. 

6 . The density of a sphere varies as the depth below the surface ; 
shew that the resultant attraction is greatest at a depth equal to J of the 
radius, and that its value there is $ of the value at the surface. 

7. If a sphere consist of concentric layers, of uniform density, shew 
that ita attraction is the same at any point of its volume if the density at 
each point varies inversely as the distance from the centre 

' 8 . Determine at external and internal points the attraction of a solid 
sphere of radius a, given that ita density at a distance r from the centre 

to *(?)’• 

9. If the density of a solid sphere is a function of the distance from 
the centre, shew that its attraction begins to increase as wo penetrate into 
the sphere, if the density at the surface is less than two-thirds of the 
mean density of the sphere. 

10. Shew that the attraction of a uniform thin hemispherical shell, 
of mass 3 / and radius a, at a point on the diameter perpendicular to the 
plane of the rim of the shell and at a distance x from its centre, is 

11. Find the attraction of a solid homogeneous hemisphere at a point 0 
on the edqe of its plane base. 

Take 0 as the origin of coordinates ; Ox as the line through the centre 
C of the base, 0t perpendicular to the base. Then using polar coordinates 

r, 0, <t>, the attraction Z along Oz 


-III 


dr.rdd.r sin 6d(f> 

yp . - -3 - 003 


The limits for r are 0 to 2a cos <f> sin 6 , since the equation to the surface 
of the sphere is ( *-a)« +*»+*> = «*, i.e. r* = 2ax=2ar cos <*> sin 6. 


II 
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The limits for 6 are zero to ^, and those for <f> are — ^ to £. 

Hence Z=yp JJ 2acos 0 sin* 5cos 0 dd dcf> •= » 

The component attraction X towards the centre 

[ f [ dr . rdS.r sin 0d<b , . . 2nypa 

mejjlyp. - - - — COS <f> 8in 0 = g~ * 

[This result follows also because clearly the resultant attraction of the 
hemisphere along OC must be half that of the complete sphere.] 

By symmetry, the attraction along Oy vanishes. 

Hence the resultant attraction is + inclined at 

tan ~ 1 — to OC. 

12. Shew that at the southern base of a hemispherical hill, of radius 

a and density p, the apparent latitude is diminished by \ —, where a is 

2 or 

the mean density and r the radius of the Earth. 

13. If the northern and southern hemispheres of the Earth had been 
of uniform densities p and a respectively, the mean density being as at 
present, prove that gravity at the equator would be greater than it is now 
in the ratio 




and that the deviation of the plumb-line from the zenith at any point of 
the equator would be 

/ft • 

p~<r 


tan -1 


In- p + <rj 


14. If a mountain, in the form of an enveloping cone of semivertical 
angle a, were added to a sphere of uniform density, then gravity at its 
summit would be 

1 + sin s a — cos 3 a 
^ 2 sin a, * 

where g is the value of gravity at all points of the surface of the sphere 
and the mountain is supposed to be of the same density as the sphere. 

15. Find if there is any law of attraction, in addition to that of the 
inverse square of the distance , by which the attraction of a thin uniform 
spherical shell would be zero at an internal point. 

Let the law of attraction be ^, so that, by Art 286, we have given 


/ 


a+e/^ + c 2_ a 2 


a-. & 

for all values of c less than a. 


f{R)dR~0 .(1;, 


i 




Attractions. Examples 


323 


J (a + c) | /(« - c) 
a + c a - c 


Differentiating this equation with respect to c , we obtain 
Again, differentiating (1) with respect to o, we have 

^- o /(°+<o+ Ai f ( a ~ e ' )=a f.~!^ dB ~ 

~F. liminA. ting the integral from these two equations, we obtain 

/(o+c)—/(a-c). 

This relation is true for all values of a and for all values of o less than a. 
It follows that f If) is the same for all values of r, i.e. that /(r) is constant 

«=A (say). 

Hence the only law of force admissible 

f{r) A 
“ r 3 f 4 * 

16 JfYnd t/ fAers w an?/ oMer law of attraction, in addition to that of 
the inverse square of the distance , ty which the attraction of a thin uniform 
shell of radius a would be the same at all external points as if Us ,nass were 

collected at its centre. 

Let the law of attraction be*^ so that, by Art. 286, we have given 


W V* P ? / * 


c+° ft? + c 2 - a? 


f{/l)dR = 4nykpa'/-^ 


and henoe 


a & 


1 r*+ 

a Jo¬ 


in 


This is to be true for all values of a and all values of c greater than a. 
Differentiate with respect to a, and we have 

c+« ft? 4 . c 3 - a} 


I f C+a 

J — 


11 2 


/(/?) rfi* 


+K^ /(#+a)+ «- /(c ' 0) ' 2o /^^]“ a 


• • 


Sac 


[ 


/(c 4- a) t /(c-a) j = 1'+“ 


c+a 


A 2 


/(/?) tf/f. 


Differentiate this with respect to c and a respectively ; thus we obtain 

Hence, on elimination of the integral, = (c-a) T * f ° r a11 

values of a and for all values of c greater than a. 


II-2 
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Hence must be constant. /(r) = Ar^ + B, where A and B are 

arbitrary constants; hence the law of force required = Ar + 

Thus the only possible laws are those of the direct distance, and inverse 
square, or a combination of them. 


THE POTENTIAL. 


from infinity 


291. The potential at a point P of an attracting mass M is 
the work done on a unit 
mass as it moves from an 
infinite distance, by any 
path, curved or straight), 
to the point P. 

Consider any elemen¬ 
tary portion, m, of the 
attracting mass at 0 
and let P,P, be any 

elementary arc of the path of the particle, where 



0P X = R and OP. = R + 8R. 


Draw P t N perpendicular to 0P X . Then, in the limit, 

0N = 0P t =R+8R. 

P x N=OP x -ON=R-(R + 8R) = -8R. 

Hence the work done by the attraction of m as the unit 
mass moves from P x to P t 




(- SR). 


Henoe the whole work done by this attraction as the unit 
mass moves from infinity to P, where OP is r. 
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A similar result is true for elements m,, mj, ... of the 

attracting mass at 0 lt 0 9 . 

Hence the total work done by the 
whole attracting mass 

ym 7 m, 7 m? 

m ‘PO + P0 1 + PO. " 

= / l dm - 

Thus the potential of a mass M at any point P is obtained 
as follows; Let dm be any element of M whose distance from P 

is r, then the potential at P=yj^, where the integral is taken 

throughout the attracting mass. 

This quantity is usually denoted by V. 




292. If V be the potential of an attracting mass at any 

point P, whose coordinates 
are x , y, z, we can shew that 

d -X- is the component attrac- 
dx 

tion at P parallel to the axis 
of x in the direction of a 
increasing, and similarly for 

dV ru\ dV 

and • 

dy 

For let dm be an element 

of the attracting mass at the 'v 

point Q, whose coordinates are a/ 1 y , s'. Then, by the definition 
of the preceding article, 

Tr [dm r _ *» 

V=7 J PQ = ‘ y JV(x-x 



— • 


. f_ 

dx J Ux — x 


y + (y - y'y+(* - *y 

dm 


(x-x') 


{(« - x’f + (y - y'y + (* - 

f dm f x C09 e .0). 

= _ 7 JPQ*'-PQ W-PQ’ 

where 6 is the inclination of QP to the axis of a 
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Now the attraction of the element dm on P is y. 


dm 

PQ 


along PQ, and hence the resolved part of this attraction along 
the negative direction of the axis of a? « 7 . cos 0. 

Hence the attraction of the whole mass resolved parallel to 


cos 0. 


the positive direction of the axis of a; = — 7 J 
Therefore, from (1), it follows that 

= the resultant attraction of the whole mass parallel to 
dx 

the axis of a; in the direction of x increasing. 
dV dV 

Similarly and are the resultant attractions in the 
directions of the axes of y and z. 

293. From the preceding articles we thus see that we may 
obtain the potential at any point by finding the value of the 

/ djTt 

— taken throughout the mass of the body, or, if it 

be more convenient, we can find it from the property that its 
differential coefficients with respect to x, y, z are equal to the 
resultant forces in the directions of these coordinates. 

Also if V be first found we can easily obtain the component 
forces by differentiation. 

294. If 83 be an element of a line drawn from P in any 
direction, whose projections on the axis of x, y , z are 8x, 8y, and 
8z, and whose direction cosines are therefore 

8x 8y . 8z 

S’ 5 and S’ 

then the resultant force along the element 8s 

^dV dx + dVdy + dVdz^dV 
dx ' ds dy ds dz da ds 

If this element 8s be PP\ this expresses the fact that the 
force in the direction PP* 


Lt. 


Potential at P* — Potential at P 

PP' 



The Potential 


327 


and 


295. From the preceding article it follows that if the 
position of P be given by the usual polar coordinates r, 6, <£, 
the resultant attractions are 

dV 

-v- in the direction of r, 
dr 

— perpendicular to r in the plane of 0, 

—J—;x < -rr perpendicular to the plane of 8. 
r sin a d<p 

296. When the attracted point P is inside the attracted 
mass, in which case some of the values of r are zero, it seems at 

first sight as if the value of the potential Jy. ~ might be 
infinite. 

But it can easily be shewn that this is not so. For take 1 
as the origin of polar coordinates (r, 6, and <f>) in three dimen¬ 
sions, in which case Bm = Br . rBd . r sin 6B<p . p . 

Hence the potential V =r /JJJ P‘ rB * n ddrddd<f>, and hence 

is finite even if r be zero for some of the elements. 

„ d V fdm, 

Similarly, by (1) of Art. 292, = - y Q Pa} 

=-yfJfp- r ’ S,D0 £ rddci - cos, t’ sin0= -' y fJJ P sin‘0 cos (f> dr d8d(f>, 

and hence no element of it becomes infinite even if r be zero. 

The potential and components of attraction therefore are 
continuous functions, if every element of the attracting mass is 
of finite volume density. 

But the same will not be true of the second differential 
coefficients of the potential. For differentiating the expression 
of Art. 292 with respect to x, we have 


d*V 

dx 1 


-yfdm \ P Q» 


PQ 5 


x r y 


Taking the attracted point ( x , y, z) as the origin as above, 
and substituting in polar coordinates, this gives 

d ' V = y [ffp.* 003 ** ” n, *~l.Bin 8drd0d<f>. 


da? 


Here the quantity under the integral sign is infinite, when 
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r vanishes, i.e. for some values of r when the attracted point is 
inside the attracting mass. 

Hence the second differential coefficient is not continuous as 
we pass from outside to inside the attracting mass. 

The above results will not necessarily hold for other laws of 
attraction than that of Nature. For instance, if the law were 
that of the inverse cube of the distance, the above integral for 

would have an r in its denominator, and so some of its 
dx ... 

elements would become infinite if the attracted particle were 
within the attracting mass. 

297. Potential for laws of attraction other than that of the 

inverse square. 

If the law of attraction be y . » tlie potential of a 

mass m at a distance r, as in Art. 291, 

[ r /-ym\, p ym 1 l r _ V™ 1 

~JA R n / * - 1 LR"- 1 J « n — \ r n_1 * 

Hence the potential of the whole mass M = f r"* 1 * 

This holds so long as n is positive and greater than unity. 

If the law be that of the inverse distance, i.e. if n = 1, the 

potential = ^ dR = — ym ^log jrJ = C - ym log r, 

where C is an infinite constant. 

Also the potential of the whole attracting mass 

= O t — 7 J log rdm, 

where (7, is also an infinite constant. 

298. Potential of a thin uniform rod at any external point. 
With the figure and notation of Art. 277, the potential of the 

rod AB at P 

/ ykp . dx _ [Pylcpp sec 2 Odd 

~pq~ "Jr 


dm 


ykp I, 




sec Odd 


tan 


ykp log 


p sec d 
= ykp jjog 

G-9 


tan 


(I + si 


tan 


(M)' 
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7r (it a\ PAG 

Now Z PAB = -+a, bo that tan = tan — 2 ” 


Also Z PBA = - - /S, so that 


tan 


(j + f)=e°t g-f)-cot 


PPA 


Hence the potential at P 


= log cot - 


PAB 


f PPA] 

2 * COt — J- 


If i5 = a, AP=*r lt and PP = r 8 , then, by the ordinary 

formulae in Trigonometry, ___ 

PBA _ / sQ-tv) I s(s-r t ' 

2 “V (5 - r,) (5 - a) V (« - r,) (s • 

s r, + r, + a 


PAP . 
cot —x— . cot 


a) 


s — a r t + r, — a 
Hence the potential at P 


= 7^> lo g 


r l + r 9 -\-a 
n + r t - a 


Cor. 1. It follows that the potential is constant for all 
points for which r x + r , is constant, i.e. for all points which lie 

on an ellipse whose foci are A and P. . 

Hence, in the case of a thin rod AB, the equi-potential 

curves are ellipses whose foci are A and P. 

Cor. 2. If the rod be of infinite length in both directions, 

the potential V 

r-ykp.Jx 2 ; r dx = 

Jo TQ 


2 ykp [log {x + dec 1 + p a ) J 


CO 


«= (7 — 2ykp log p, 

where G is an infinite constant. 

This result may also be obtained from the result of Art. 277, 

j XT' . 27&0 

Cor.; for^ — force of attraction = - -jp. 


V=C- 27 kp log 
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Cor. 3. If the rod be of infinite length in the direction AB 
produced, but ends at A, the potential at P 

= ykp [log tan (J + = ylep [V - log tan , 

where C is an infinite constant, 

=^ [°' - ‘°s ^£r] • 

299. Potential of a uniform thin circular plate at a point on 
its axis. 

With the figure and notation of Art. 281, the potential at P 

- f 7 • ^xdx jc p = 2 -nykp /■•-=£= dx 

J PQ WoVp’ + a* 


2irykp [V p* + 


a 

o 


= 2nykp [VpHa* — p]. 

Or the potential V may be obtained from the result of 
Art. 281. For 

dV 


dp 


= attraction in the direction OP 

- - Wp [i - v==] • 

*. V = 2irykp [Vtt a + P* —p] + C. 

The constant C is zero; for when p is zero, 

V = the potential of the plate at its centre 

/ ° y . 2-rrxdx . kp 

o x 


= 2irykpa, 


EXAMPLES 


1. If a uniform rod be of infinite length, shew that the work done 
in removing a unit particle against its attraction, from a perpendicular 
distance y i to a perpendicular distance y %y is 


2 y*p log • 

y\ 
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2. Two equal uniform bars, of masses m, and and length l, are 
symmetrically placed ho as to bo parallel and at a distance y j. Shew 
that the work done against their mutual attractions in pulling one away 
symmetrically, till it is at a distance y t from the other, ia 


2y -p [y - -Jy‘+P-1 tog 


\ty 1 + 1 2 — y* 

y Jv,' 


[Use the result of Ex. 4, page 307 ] 

3. The potential of a distribution of matter is given by 

_ , x - « + sfy % + 2 a d-(a—x) a . 

° a-fx + Vy** 2 J + (a+x) a 

find the most compact distribution of matter that will produce it 

4. A number n of equal, infinitely long, homogeneous straight filaments 
lie on a cylinder of radius a, ami arc at equal distances from one another. 
Show that tho potential at any point P can be put in the form 

C-ym log (r 2n — 2a"r n cos nd + a in ), 

where r and Q are the polar coordinates of P referred to an origin which 
is the intersection of tho axis of the cylinder with a plaue through P 

perpendicular to it 

5. Shew that the potential of tho surfaces of a cube at the centre of 
the cube is 

[6 log (2W3) -tr], 

(L 

where 2a is tho length of a side and M ia the mass of a face supposed 
indefinitely thin. 

Deduce that the potential of a cube at its centre is 


^[6 log (2 + ^3)-w], 


4 a 

where if is its mass and 2a the length of one of the edges, of the onto. 

Deduce also that the value of the potential of the cube at one of its 
corners is one-half the value at its centre. 

[Start with the result of Art. 280.] 

0 Shew that the potential of a thin homogeneous ring, of mass m 
and radius a, at a point in its piano distant c from its centre is C-ym logo 
or C -ym log «, according as c ia 2 «. the law of force being inversely aa 

the distance. 

7. Shew that the potential of an infinite uniform thin cylindrical shell 
at a point Pis c _ inyaMXoga or C-4„yaif logr, 

insid6 or outside the cylinder, the mass per unit area 
Z^“e^r»f the shell a, and r being the distance of P from 

its axis. 
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8. In the plane of a thin uniform circular ring, of radius a eras, and 
mass M grammes, a point 0 is taken at a distance c from the centre (O a); 
shew that the potential at 0 due to the gravitation of the ring ia 


where 


M 




c + a l 


1 + 





2 \fao 

a+o ' 


9. Shew that the potential of a uniform circular disc, of mass M 
and radius a, at a point in its plane distant o from its centre, is 

a 


4 yiV 


4y M 


^ f Va* - c 2 sin 8 QdB or 
na‘ Jo rra 

according as c is less or greater than o. 


sin -1 — 

j * So*- <? si 


sin* 6 d0 9 


10. Find the potential of a uniform lamina, bounded by two con¬ 
centric circles whose radii are a and b, at a point in its plane distant r 

from the common centre, the law of attraction being (distance)* . 


11. The density of an elliptic lamina varies as the distance from the 
major axis, the mass of a unit element of area at unit distance being 
Shew that the potential due to the lamina at a focus is 2 ypb\ 


12. 0 is the centre of a homogeneous hemisphere and A is the other 

end of the radius perpendicular to its base. If the radius be a cms., the 
density p grammes per cub. cm., and y be the constant of gravitation, 
shew that the work done against the attraction of the hemisphere in 
carrying one gramme from 0 to A ia 


inypa* - | s/2J 


ergs. 


13. Shew that the quantity of work necessary to move one con¬ 
densed unit of mass along any path from the middle point of the base of 
a homogeneous solid cone to the vertex is 

sin* a cos a flog COB ° [) + coa a) + cos « <* +ein* — 

L sin a (1—sin a) sin* a cos* a J* 

where h is the height and 2a the vertical angle of the cone, and p is its 
density. 



300. Potential of a thin uniform spherical shell at an 
external or internal point. 

With the figure and notation of Art. 286 the potential at 
an external point P 



adO . 2.rra sin# 



333 


Potential of a Spherical Shell 


Also R . SR = ac sin 6 . SO, as in that articla 
Hence the potential 


. , a r 

2-nykp - 

0 J o-a 


c+ ° RdR 

W 


n T ~] e + a 

= 2nyl'p - R 

0 L Jo-a 



Mass of the shell 

OP 


4 rrylcpas 


so that, for an external point, the potential of the shell is the 
same as it would be if the whole mass of the shell were collected 

at its centre. 

For an internal point P x the limits for the integration 
are from R = P X A to P X B, i.e. from a-c to a + c. Hence the 
potential at P x 

a r *ia+o Mass of the shell 

■= 47T 7 ipa - y. ltaT5.dius ‘ 

Hence, for an internal point P,, the potential is constant and 
equal therefore to its value for a point at the centre. 


301. Potential of a uniform solid sphere at an external or 


internal point. 

Take the figure and notation of Art. 287, and conceive the 
sphere as made up of an infinite number of thin concentric 

spherical shells as in that article. 

If P be outside the sphere, it is outside each of these shells, 

. , ^ n Mass of the shell 

for any one of which the potential at P —7* Qp > 

by the last article. 

Hence the total potential at an external point P 

Sum of the masses of the shells 

=y- op 


Mass of the sphere 

- 7 -- OP 1 

and is therefore the same as it would be if the whole mass of 
the sphere were concentrated at its centre. 

If the point be inside the sphere, then for all the shells of 

radius y less than 0P» Px is an external point, and hence, by 

Art. 300, the potential for such a shell = 7 . and thls 

must be integrated between limits 0 and 0 . 
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For all the shells of radius y greater than OP,, P, is an 
internal point, and hence, by Art. 300, the potential for such a 

shell = 7 . 47 rpy I^, and this must be integrated between limits 


c and cl 

Hence, finally, the potential at an internal point 

4>t rpy'dy f 4>irpy*dy 

+ J. 7 ‘ y 


JV 


. o’ + 2-rrpy (a* - C>) 




302. Potential and attraction of a spherical shell , of finite 
thickness, hounded by spheres of radii a and b. 



Let 0 be the centre and p the density of the shell. 
Conceive this shell of finite thickness to be composed of an 
infinite number of thin shells, and apply the results of Art. 300. 

First \ for a point P, (OP, = <c) within the inner surface of 
the shell, the second case applies, and the potential at it 

Secondly ; for a point P 2 (OP, = x) between the two bounding 
surfaces; for the shells of a less radius than x, P a is an external 
point and the first case of Art. 300 holds; whilst, for shells of a 
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greater radius, P fl is an internal point and the second case 
applies. Hence the potential at P a 

4t Tptfthj t f° ±~pifdy 
x 


[ z 4t rpy'dy f a 4 -py 

+ J . y ' y 


= a 7rp7 


2rrpy 


—-j + 27rp 7 (a 3 - P) 

a 3 3 a; J * 


Thirdly ; for a point P, (OP, = a:), external to the whole given 
shell and therefore to all the thin shells, the potential V 


[ a 4 Trpifdy _ 4-7Tp7 a 8 — 6* 

I3 x 


We thus have the following results for V and its differential 
coefficients: 



xeb 

b < x *< a 

V 

2nyp (a a — Z> 2 ) 

2nyp j^a 3 - 

x 3 2 6n 
"3 3 x J 

dV 

dx 

0 

4 rryp 1 
3 | 

:-g 

(PV 
dx 2 

0 

4rryp 

3 



x>a 


4rrpy a 9 — b s 
3~~ J 

4*rp-y a 3 -6 s 
“3" r 3 

8rrpy a 3 — Z* 3 

x 3 


It will be noted that, if we conceive the point P as travelling 
from the centre O outwards through the positions P,, P„ P.» •••» 

the values of 7 and ^ are always continuous, and in particular 

are continuous at the values x = b and x = a, i.e. when the point 
P passes into, and out of, the attracting matter. 

But the value of ^ is discontinuous at these values. 

At the value ® = 6. ^ suddenly changes from 0 to - 4nryp, 
and at the value x = a, it suddenly changes from 
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The accompanying figure, taken from Thomson and Tait’s 

dV d*V 

Natural Philosophy, illustrates the variations of V, -^- , and . 

OE, ON are the radii h and a of the bounding surfaces of the 
shelL 



V is represented by the continuous curve ABQC, which has 

dV 

no abrupt change of direction; by the continuous curve 

OEFD which changes its direction abruptly at E and F\ 

5 da? 

by the discontinuous curve consisting of the three portions OE 
OH and KL. 


EXAMPLES 

L Shew that the potential of a zone of a thin homogeneous spherical 

shell at any point P on the axis of the zone is 2 ?—, where if is the mass 

of the zone and r u r t are the distances of the point P from the bounding 
edges of the zone. * 
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2. Shew that half of the potential of a uniform spherical shell at an 
external point 0 is due to that portion of the sphere which is nearer to 0 
than the centre is. 


3. If the radius of a sphere be a, its density p, and the distance of 
an internal point from the centre 0 be b f shew that the dillbronce of the 
potentials at P due to the two portions into which the sphere is divided 
by a plane through P perpendicular to OP is 

1|£2 [a s _ (a . _ 6»,3]. 


4 , Find the potential of a solid homogeneous attracting sphere, of 


radius a and density 


^, together with a uniform distribution on the 


surface of the sphere of repelling matter of surface density ^ , at any point 

inside the sphere, and also at any point outside the sphere. 

\jiy (a a — x 3 ) inside ; zero outside.] 


5. Shew that the potential of a solid hemisphere, of radius a and 
density p, at an external point P situated on the axis at a distance £ from 
the centre is 

^ [a>± {(<.*+a* 

the upper or lower sign being taken according as P is on the convex or 
plane side of the body. 

6. If the density of a sphere at a point distant x from its centre is 

- sin - where k and c are given constants, prove that the attraction at an 
x c * 

internal point distant x from the centre is 

, / c . x 1 x\ 

Anykeys**- - -cos -) 9 

and find tLo potential. 


7. Shew that the potential of a uniform spherical shell, of small 
thickness k, and of density p and radius o, at an external point, distant o 

from its centre, is 

— 2nypl-a — f7 c + a )» + s_( c _ a ). + S] 

(n + l)(n + 3)c U ' 

if the law of force be that of the nth power of the distance. 


8. Shew that the mean value, taken for all points on a spherical sur¬ 
face, of the potential of attracting matter outside the surface is equal to the 
potential of the attracting matter at the centre of the spherical surface. 

If the attracting matter lie within the spherical surface, shew that the 
corresponding mean value of the potential is equal to y multiplied by the 
quotient of the mass by the radius of the sphere. 
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9. Shew that the mean value, taken for all points on the surface of a 
circular cylinder of infinite length, of the potential of an attracting mass 
external to the cylinder is ecpial to the mean value of the potential of the 
same mass for points taken on the axis of the cylinder. 


MISCELLANEOUS EXAMPLES ON ATTRACTIONS 

AND POTENTIAL 


1. NS is a magnet and P a magnetic -particle , so that P is acted on by 
forces , towards A and from S, varying inversely as the square of the distance. 
If 0 be the middle point of NS , if NOP— 0, and if OP be great compared 
with the dimensions of the magnet , prove that the resultant attraction at P 
makes an angle tun~ l (£ tan 6) with PO. 

Let OP = r t ON=OS=a , and uNOP^O. The attraction of the magnet 
is equivalent to that of equal quantities of positive and negative magnetism 
at its poles N and S. 

Hence the potential Pat P=fj 

Now NI 12 = r 3 + a 2 - 2 ar cos 6. 



Hence, neglecting the square of a, 

1 1 T, 2a /ri 

NP=r L l -T°° S *J 


K 


1 + ^ cos 6 


] 


So 





Hence, if X and T are the forces along PO and perpendicular to PO in 
the direction of 6 decreasing, 

dV 4 pa 


Z-TCr- 


cos 6, 


and 


— 1 d V 2 fia . 

-«* sin 6. 

r dd r 3 


Hence the required angle *= tan -1 ~ = tan -1 ^ tan 


2. Iron filings are spread on a piece of paper on which is placed a 
magnet whose poles are £ and N; shew that the curves in which the 
filings arrange themselves are given by the equations cos 6 — cos #'«= const., 
where 6 and & are the angles PSX and PNX and X is a point in SN 
produced. 

Shew also that all the filings which point towards a given point 0 on 
SN lie on a circle. 

[Each filing is a little magnet, and thus must set itself in the direction 
of the resultant force on either pole ; otherwise it would be acted upon by 
a couple.] 
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3. A very thin uniform circular ring is composed of attracting matter; 
shew that a particle constrained to remain in its plane will be in unstable 
equilibrium at its centre. 

Let 0 be the centre of the ring, P the attracted particle at a small 
distance c from 0. Then, OP being the initial line, the attraction of the 
ring in the direction OP 


y l'pa dO 


f ’ _ 

J o a 2 + c 3 - i 


a cos 0 — o 


2uc cos 0 tJa* + c 1 - 2 ac cos 6 
3c 


f 1 + — cos 6 1 fa cos d -c]dd 

a? J o L a J 


2y ip f . cQg c + 3c cos* 6)d0, 

a J J o 

squares of o being neglected, 

= 2 J^ [a Bin e + 2 » + ? sin SflT' = . ft 

a 2 L 2 4 Jo a 4 

The attraction therefore tends to increase c, il« to increase the distance 
of the attracted particle from the centre. The equilibrium is thus un¬ 
stable. 

4. n equal centres of forces are ranged symmetrically round the 
circumference of a circle; each force is repulsive and varies inversely as 
the »nth power of the distance. Shew that a particle placed at the 
centre of the circle is in stable equilibrium, except when m is unity. 


5 Eight central forces, the centres of which are at the comers of a 
cubej attract, according to the same law and with the same absolute 
intensity, a particle placed very near the centre of the cube; shew that 
their resultant action passes through the centre of the cube, unless the 
law of force be that of the inverse square. 

6. A particle is attracted according to the inverse cube of the distance 

by an infinite number of equal masses arranged at distances ~ along a 

straight line distant y from the particle. Shew that the smallest angle 
which the direction of the resultant action can make with the line is 

rif V be the potential at any point (x, y), the origin being at any one 

• tt m Hinh my 

of the attracting masses, we obtain = 2y cosh my - cos mac' 1 


7 If every particle of matter attracted every other particle with a 
force* proportional to the nth power of the distance, shew that, at any point 
within the matter, the attraction would be infinite if n< - 2. 
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8. An infinite series of parallel infinite long rods, of uniform line- 
density p, are placed at equal intervals c in a plane. Shew that the 
resultaut attraction at a poiut in the plane, whose distance from the 

, . . 2y/A7T fra 

nearest rod is a, is —-cot —. 

c c , 

[Use the expression for sin din factors, and, by logarithmic differentia¬ 
tion, obtain a senes for cot d.] 

9. A uniform wire of infinite length attracts according to the inverse 
nth power of the distance; shew that the resulting attraction is 



where m is the mass per unit length of the wire and e is its least distance 
from the attracted point. 

10. Shew that the attraction of a uniform cube, of density p, at a 
point distant r from its centre is | yirpr towards the centre, if r be small. 


11. A uniform cube attracts according to the law of nature. Shew 
that the attraction at a point situated at a corner consists of three com¬ 
ponents along the edges equal to 

ypa[log e (3+2*/2)(2 — s/3)+|], 
where p is the density and a the length of an edge- 


12. An infinitely long homogeneous prism, of density p, has a rectangular 
cross section, of length a and breadth 6. Shew that, at any point on one 
of the edges, the components of the attraction along the sides a and b of 
the cross section through the point are 


yp j^2a tan + 6 log^-^^J and yp|^2&tan 1 ^ + a log —• 


13. From the preceding, shew that the apparent latitude of a point 
on one odge of a long deep narrow crevasse of breadth a, running east and 

west, is altered by the angle nearly by the presence of the crevasse, 

where p 0 and p are respectively the surface density and the mean density 
of the Earth and r is its radius. 

Prove also that, if the depth h of the crevasse be small compared with 
its breadth a, then the alteration | .^.^1+log^J nearly. 
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14. Shew that gravity is diminished by ? n —— . -—^—of itself 

at the middle point of the surface of a canal of rectangular section whoso 
length is great compared with its depth a; the breadth being 2 a, r being 
the radius of the Earth, and n the ratio of the density of water to the 
mean density of the Earth. 

15. A lamina bounded internally and externally by concentric circles, 
of radii 6 and a respectively, is formed of material attracting according 
to the law (distance) - *. Shew that the resultant attraction vanishes at 
points distant 


■4 


from its centre. 

16. Show that the attraction at any internal point of a homogeneous 
sphere of radius o, every element of which attracts with a force proportional 
to its mass and inversely proportional to the cube of the distance, is 


nua a 3 4-A J . «+* 

l0g ^’ 


where x is the distance of the point from the centre of the sphere and p. is 
the attraction of unit mass at unit distance. 

17. The matter of a spherical shell attracts with a force varying as the 
inverse fifth power of the distance. Shew that the attraction on an external 

point P is yM. jJjr*' wbere % “ the mass of the shell, G its centre, and 

PT is the tangent from P. 

What does this become when P is inside the shell! 

18. If the law of force be the inverse fifth power of the distance, 
shew that the attraction of a uniform solid sphere, of density p and radius a, 
at an external point distant c from the centre is 

tro f2c« (c* + n*) . c - al 

J 4c* { (c 2 — a 2 ) 2 + g c + aJ* 

19. Shew that the attraction of a solid oblate spheroid of small 
eccentricity and whose semi-axes are a, a, 6 is ^ynp ^1 - y) a on a unit 

particle at the end of the axis a, and ^ ynp (l + ^ b at the end of the 
axis b, where 6 = (1 — «) a. 

20. Shew that the attraction of a uniform hemispherical shell, of 
radius a, at a point in the plane of its rim distant r(>a) from the centre, 

is made up of a force ^ towards the centre, and a force 


2 Ma 


sin 2 0 d0 
I o Vr 2 —a 2 sin 2 


i rr 2 Jo^' J “ a,8 i n ^ 

perpendicular to the plane. . . 

Hence find the attraction of a solid hemisphere at a point on its rim. 
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21. A solid, of density p, is formed by the revolution about the axis 
of x of the part cut off from the parabola ax by its evolute 

27ay s = 4(x_2<z) 3 . 

Shew that the attraction at the cusp of the evolute is 

nypa [4 sinh -1 4 + 6 VI7 — 27]. 

22. Shew that the attraction at the focus S of a segment of a para¬ 
boloid of revolution, bounded by a plane perpendicular to the axis at a 
distance b from the vertex, is 

Any pa log,——, 


where 4 a is the latus rectum of the generating parabola. 


23. Shew that the resultant attraction of one-half of a solid homo¬ 
geneous oblate spheroid cut off by an equatoreal plane, at a point on the 
rim of the base, is inclined to the plane of the base at an angle whose 

tangent is ... 

4c (tanh -1 «—e) 

n-(asin -1 c — ce) ’ 

where a and c are the semi-axes and e is the eccentricity of the meridian 
section. 

24. If a lamina contains the origin and is bounded by the hyperbola 

= l shew that the r-component of its attraction at any point on 
a s 6 s ’ 

the ellipse 

X* . . 2nymah 

£f+F* + 6*~ 1 » y ~ 18 J a *h* + b *’ 


where h is the 2 -coordinate of the point, and m is the mass of the lamina 
per unit of area. 

25. Shew that the attraction at a pole of a solid prolate spheroid due 
to the matter on the far side of the equatoreal plane is 

2nypa [l - p (2 - ^ log i^TTJrp] • 

where a is the semi-axis, « the eccentricity of the meridian, and p is the 
density. 

26. The arc of a curve attracts a particle placed at its pole with a 
law of attraction equal to /x+(distance) n ; if the resultant attraction of 
the arc always bisects the angle between the radii vectores to its ends, 
shew that the equation to the curve is r n_1 sin {( n — 1) 0} = const. 


27. If a homogeneous solid of revolution, whose mass J/and density p 
are given, bo such that its attraction at a point 0 on the axis of revolution 
is a maximum, show that the solid is generated by the revolution of a 
curve whose equation is 

r*—a a cos <9. I 
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[Let Ox be the axis of revolution. It is clear that 0 must lie on the 
solid. The surface, which is such that the attraction resolved along Ox 
of a particle, placed anywhere on it, is always the same, is clearly 

const., i.e. r 3 = a* cos#.(!)• 

Choose a so that this surface just includes all the mass M of the given 
matter, ue. so that J/ = uiass of the surface of revolution given by (1) 

= 4 -?a s , as is easily found by integration. The surface thus obtained 

is the required one. For suppose wo remove an element m, of the mass 
from a point />, inside this surface to a point P 3 outside it, and let 0/ , and 
OP- meet the surface in Q, and Q 2 . Then clearly attraction of m, at on a 
particle at 0 > its attraction when at Q lt and its attraction when at 
p <its attraction when at Q 2t whilst its attractions when at <?, and Q s 
resolved along Ox are the same. Hence, by removing the mass to, from 
any point inside the above surface to any point outside, we have lessened 
the attraction along Ox. Hence the proposition.] 


28. A uniform solid sphere , of mass if , is cut in two by a plane through 
its centre; shew that the reaction between the halves due to their mutual 

attraction where a is the radius of the sphere. 

Clearly the attraction of one half on itself is zero; for it is the re¬ 
sultant of pairs of equal and opposite forces. Hence the attraction o 
one half on the other half is equal to the attraction of the whole sphere 
on that half. Let P bo any point of this half, OP = r } lPOZ-8 , where 0 
is the centre and OZ perpendicular to the cutting plane. 

The attraction of the whole sphere at P = y. | *pr [Art. 287], and the 


element of volume having this attraction 

**rb8br x 2«-r sin 8. 

Hence the attraction of the whole sphere on the hemisphere resolved 
perpendicular to the plane base 



P 


rdSdr. 2tr r sin 8 



cos 8 


-\v rr*p a a 4 = 


3y 

l6‘ a* • 


The resultant reaction between the two halves is clearly equal to the 
resultant attraction between them. 

Aliter. Consider a sphere of fluid at rest under its own attraction. 
The attraction at a point distant r from the centre =y. | » P r. 
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Hence the fundamental equation of Hydrostatics gives 

?£ - - 
p 3 

•\ p=C- |»rp f yr* = | »rp*y(«*-»■•), 

since the pressure clearly vanishes at the surface of the sphere. 

The resultant pressure across a plane through the centre then 

/ a 4 f ® ^ TT*p*y(& 

2nrdr.p=-ir t p t y I ^ (a 2 r - r 3 ) dr - 3 • 

If one of the hemispheres be now made rigid, it will be in equilibrium 
under the same forces as before, and hence the required reaction 

rr 2 p 2 ya* _3y M 2 

" 3 = 16* ~c?' 


29. If a self-attracting shell of mass if, bounded by concentric 
spheres of radii a and 6 , be cut by a plane through the centre, prove that 
the pressure between the halves is 

3y M 2 a s + 2 a 6 + 3&» 

16 (tf + ab + b 2 ) 2 ' 

30. Shew that the force required to separate the two parts of a solid 

AfM' 

uniform sphere, of radius a, divided in any manner is y • PP > where 
M y M' are the masses and P, P' the centres of gravity of the two parts. 

31. The mass of a unit length of an infinite homogeneous cylinder, of 
radius a, is M. It is divided into two parts by a plane through its axis. 
Shew that the pressure between the two parts due to their mutual 

attractions is per unit length of the cylinder. 


32. A lune is divided off from a thin spherical shell by two great 
circles whose planes cut at an angle 2a. Shew that the attraction of the 

rest of the shell on the lime is y —5 sin a, where M is the mass of the shell 

and a is its radius. 

33. A solid homogeneous sphere is laid on a thin uniform circular 
plate so as to touch it at its centre, and the sphere and plate have their 
radii and masses equal. Shew that the reaction between them due to 

their mutual gravitation is 4A/i sin 2 ^ of the weight of either, where A is 

the ratio of the radius of either to the radius of the Earth, and p is the 
ratio of the density of the sphere to the mean density of the Earth. 

34. A homogeneous sphere, of radius a and mass M Xi is in contact 
with the centre of the plane face of a homogeneous hemisphere, of radius a 
and mass M t . Shew that the pressure between them due to their mutual 

attraction is (^2 — 1 ). 

a* 
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35. A uniform circular plate, of mass if, rests in contact with a fixed 
rough gravitating sphere of the same radius. A small mass in is then 
fastened to the rim of the plate. Shew that the plate will turn through 

an angle whose circular measure is if the squares of this ratio be 
neglected. 

36. Shew that the potential of a uniform thin equilateral triangle A DC 
at a point P , situated on a perpendicular to its plane drawn through its 

centre 0, is 

[tan a. log -y+4“-‘W3 cos a)], 

where if is the mass of the triangle, a is its side, and lOPA^o. 

[Consider the triangle as made up of straight lines parallel to its base.] 

37. Shew that the potential of a uniform regular tetrahedron, formed 
of gravitational matter, at its centre is 

y ^ 16 log (\/3 + x/2)— » 

where if is the mass of the tetrahedron and a the length of an edge. 

[Use the result of the previous question.] 

38 A particle is let fall from an angular point of a regular tetrahedron 
whose' opposite face consists of matter of surface density cr attracting as 
the inverse square. Shew that, when it strikes this face, the square of 

its velocity is 

•2 y rra v/3 [log (l + ^) + 2 V2 cot - W2 - , 

where a is the length of a side and the remaining faces exert no attraction. 

39 If if and if be any two masses, and if F be the potential of if 
at any element dil of if, and V be the potential of if at any element dil 

of i/', shew that j ydM , = j yd if. 

40 If F be the potential of any point due to a distribution of matter 
attracting according to the nth power of the distance, and F B _, the 
^tential due to the same distribution attracting as the (n - 2)th power of 

the distance, shew that p-..,. 

ii T f <h(x v t) be the potential at an internal point P (*, y , *) of a 
thiif ^heterogeneous* sphericad°shell, then the potential at an external 

point P' (s', /, O is a2 y avx 

\TT > r' 2 ’ t J% )' 

where a is the radius of the shell and ri the distance of P’ from its 
centre. 
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ATTRACTIONS AND POTENTIAL (continued). 

GENERAL THEOREMS 


303. Surface Integral of Normal Attraction over 

ANY CLOSED surface (Gauss’ Theorem). 

If JS T be the normal attraction at any point of the element BS 
of any closed surface, measured positively along the normal out¬ 
wards, due to any attracting mass, then J N . dS = — bynM, 
where M is the amount of the attracting mass within the surface, 
the integral being taken over the whole surface. 

Let 0 be the position of any element in of the attracting 

mass within the closed 
surface. 

Through 0 draw a 
cone of very small ver¬ 
tical angle and let it 
cut the surface in the 
elements PQ and P'Q ', 
whose areas are SS and 

3 S'. 

The attractions of 
the mass m at these 
elements are 

rym , cos OPN along PAT, 



and 

where PN 
and P'. 


ym . ~ cos OP'N' along P'N', 
md P'N' are the outward drawn normals at 
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Through Q and Q' draw normal soot ions QM and Q'M' of 
this slender cone, let Boy be the solid angle of the cone, and 
let 6 be the angle between the elements QM and QP, so that 
6 = the supplement of the angle between the normals OM and 

Pjy=7r-0PA T . 

area QM BS . cos B dS . cos OPiV 
Then Bco -- — 0 Qi “ OP 2 

in the limit when PQ is very small, and similarly 

BS' . cos OFN 1 
0(0 — OP' 2 

Hence the normal attractions for the elements BS and BS 

at P and P' are each — ym. Bco. 

Hence the total normal attraction lor the whole surface 

= — yin . S Bo) — — ym . 47 r, 

i.e. for the single particle m at 0 

j N . dS = — 4777771 . 

Similarly for all other particles of the attracting mass inside 
the surface. Hence finally, for the whole mass, 

/ N .dS = — A-yirM. 

Next, let 0, be the position of a particle of the attracting 
mass outside the closed surface, and draw similarly a slender 
cone cutting the surface in RS and R'S\ Then, just as before, 
the normal attractions at RS and R’S' are ynh . Bo ), in magnitude. 
But their sign is opposite. For at R the attraction is positive 
measured along the outward drawn normal RL, and at R‘ it is 
negative. Hence the elements of the normal attraction for the 
surfaces RS and RS' are yvh. Bcd 1 and - yvh • so that their 


sum is zero. , . , 

The same result is true for all such slender cones drawn 

through 0 X . Hence the surface integral of normal attraction 

is zero for any such elementary mass as m, outside the closed 

surface, and so it is zero for the total mass M x which lies out¬ 


side the closed surface. 

rin the above figure it will be noted that, when he attracting 
mass is inside the surface an at 0, both the angles OPN and 
0PS" are obtuse; when it is outside, as at 0 ,, one of the angles 
0 X R'L' is obtuse and the other 0 X RL is acute.] 
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304. When the closed curve is cut by the slender cone in more than 
two sections as in the following figure, the same result is easily seen to be 

true. 



For the angles OPN , OP % N % , OP<N<, OP'N' and OP{N{ are all 
obtuse, and hence the element of the integral for each is - ymflo ; also the 
angles OP x N u OP^N*, and OP x N x are all acute, and hence the corre- 
8 i*onding elements are + yin dot ; so that for all these points the sum of the 

elements . 

*=x — 6ym . Sq> 4" . oco = — 2ym . oco t 

as in the first figure. Hence, as before, for the whole surface 

JRT. dS=*-yM. 4n. 

Similarly, starting with the point O x > the angles O x R\Lxy O x R^In y and 
O x Rf,L(, are obtuse and the corresponding elements of the integral each 
- ym,. 8a> t ; also the three angles O x RL , O x R?L% t O x R X L X are acute and the 
corresponding elements +ym x . 8u x ; so that for this slender cone the total 
surface integral of normal attraction is zero. 

Hence, as in the case of the first figure, \N .dS=0. 

305. When the point O is on the surface, i.e. when the element m is 
on the surface, the slender cone through O either meets the surface in one 
point, or in an odd number of poiuts. In either case, the element of the 
surface integral due to it is — ym. da>. Hence the whole surface integral 
due to m is — jymdw, where deo refers to the solid angle on one side only 
of the tangent plane at 0 , so that - \ymda>=* — ym. 2ir. 
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Similarly for any other element of mass on the surface. 

Hence, if Sf x be the attracting mass on the closed surface, the surface 
integral due to it is — 2fryJ/ l . 

306. Laplace’s and Poisson’s Equations. 

If N be the normal attraction at any point of a closed 
surface measured outwards, then, by Art. 303, we have 

/ N . dS = - InyM .(1), 

where M is the amount of attracting matter contained by the 
closed surface. 

Take as the closed surface the small rectangular parallelo- 
piped one of whose angular points P is the point {x, y, z), and 
whose edges PQ, Pit, PS are parallel to the axes and of lengths 
Bx, By, Bz respectively. 





The face PRTS being very small, the force at each point 

dV 

of it is ultimately the same and equal to - towards the 
negative direction of Ox, 

Hence the component of J N . dS due to this face is 


dV * x 

-JE 


Also if ^ =/(«), the component force parallel to the positive 

’ dx 

direction of Ox at each point of QUVW 
=f{x + Bx) =f(x) + Bx ./' («)+ — 

_ dV + d*V Sx 4- terms containing higher powers of Bx. 
dx dx* 

Hence the component of J N. dS due to this face 


_ #V 

\dx dx* 


(dV 


Bx + By. Bz. 
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Hence the component of / A r . dS due to these two faces 


= 8x . By . Bz + ... J • 


So the components for the faces perpendicular to y and s are 
8x.8y.St [j~+ -] and 8x.8y.Sz\^,+ ...] 

Also, if the small parallelopiped be inside the attracting 
mass, then M = mass of the parallelopiped = Bx.8y.8z.p. 

Hence equation (1) gives 


Bx 


. 8y . 8* £ 


d'V + (PV + dV + sma n quantities 

dz 1 


i 


dec 1 ' dy' 

= — 4 tt^ x Bx. By . Bz. p t 
i.e. on dividing by Bx.By. Bz and proceeding to the limit, 

„ d'V d'V , d'V . _^ 

*' v = + w + n? = - i7rip - 

This is Poisson’s Equation. 

If P and the small parallelopiped be outside the attracting 
mass, then the mass inside the parallelopiped is zero, and the 
equation (1) becomes 




dz * 


This is Laplace’s Equation. 

This may also be proved by simple differentiation. For as 
in Art. 296, differentiating the expressions of Art. 292, we have 


d'V d'V d'V 

i * 4" 


-»/ 


dm 


']• 


da? ' dy' ' dz' 

T 3 „(x-*')' + (y-y , y + (z-z^' 

[_KP -PQ 5 

If P be outside the attracting mass, so that PQ never 
vanishes, this gives 

d'V d'V d'V 

dx* dy* dz' 


307. By the ordinary methods of the Differential Calculus 
for changing the coordinates x, y, z into polar coordinates r, 0, <f> 
(i.e. where a =* r cos <f> sin 0, y =r sin <f> sin 0 , z = r cos 0 ), or. 
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by a method similar to the previous article, Poisson’s equation 
may be put into the form 


d 

dr 


d V 

rh6 . r sin flitb . -r— 

dr 


+ 


r sin 6(hf> [_ 


Sr + — . . \r sin 0&(b . hr . —r a rB0 
rd0 [_ ^ rdV J 

-—1 r sin 0S(f> 

d<t> J 


rb0 . Sr 


_ <TV 

r sin $ 


. 1 [d 

ie ' r\dr 


= — -i-rryp . Sr. rS0 . r sin 0S(f>, 


dV\ 1 

r ‘ , 14- 

dr 


d ( . n dV\ 1 d (dV\ 

sin 0d0\ n d.0 ) sin 2 6 dtf> \d(f >)J 


OX 


= — 477-7/3 

2 tfF 1 <FV cot 0 c/F _1 d 2 V 

l ' 6 ‘ dir* + r dr + r a d&* + r 3 dtf r 3 sin 3 0 dp 

= — 47T7p .(2). 

Again, if we use cylindrical coordinates cr, 6, and z (so that 
x = vr cos 0 and y = ^ sin 0), the equation becomes 

d ( dV\ , <2 /I . d ( dV\ 

d0 vcr d0) 


dw 




d'V 1 dV 1 d'-V . d-V 


i.e. 


+ - 


+ —^ 


U/ r 4 

+ = _ 4tt7 P 


(3). 


c/ct 3 ' cr (/cr cr 3 d0 3 dz 

If the point considered be not within the attracting mass, 
the right-hand members of (1), (2), and (3) are zero, and we 
have the corresponding forms of Laplace s equation. 

308. By the use of the equations of the previous article we 
may at once obtain the values of V in some simple cases. 

Spherical Shell. Clearly V depends only on the distance r 
of the point P considered from the centre of the shell, and is 

independent of 6 and cf>. ^ 

Hence equation (1) of Art. 307 gives = 

r 3 ^- = const., i.e. V = — + B. 
dr r 

(i) If P be inside the shell, then clearly the resultant 

attraction vanishes at the centre, so that A = 0. 

Hence V is constant all through the inside of the shell and 

Mass 

= its value at the centre = 7 . • 
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(ii) If P be outside the shell, then, since V must vanish at 

infinity, B = 0 . f , 

Also, V being continuous, its value must at the surface ol 

the shell agree with that of the internal potential, so that 


A 

a =7 


Mass 


, x.e. A = 7 . M. 


M 


* Radius 

Hence outside the shell the potential = 7*-7 

Solid Sphere. Internal point. Here, since V is independent 
of 6 and <f>, Poisson’s equation gives 

dV 


7’Tr [** S] -" i7ryp - 
••• T^ +a 

N ovv (^X.\ = the resultant attraction at the centre =0, so 
\dr Jo 

that (7 = 0. 

( ^: = -^VP r > ie ' V => - $irypi* + B. 

But clearly V at the centre = = 27rypa* = B. 

. •. V = Znypa* — § Trypr*. 


309. Ex. 1. Matter is distributed between the infinite cylinders r=\a 

and r~a in such a way that the density is proportional to — — and the 

mass per unit length parallel to the axis is M. Find the law of potential 
within the matter , and prove that the difference between the potentials of 
the distribution at the outer and inner surfaces is 

^yif(29-33 log, 2). 


If the density be X , then 


-/:/ 


rdddr\ 


a 

S 


f a _ r \ _ 5 

\r ~ a) ~ \2 


7rXa* 


0 ). 


The potential V is clearly a function of r only, so that Poisson’a 
equation [(3) of Art. 307] becomes 


cPV 1 dV 


_ + __ + 4 „ r x 


a 


—r* 


ar 


= 0 . 


dV 4iryX / „ r®\ . 

• C° r ’ 3,H 


( 2 ). 
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Now [df- dS taken over the inner surface is zero, by Gauss’ Theorem, 
J dr 

and is by symmetry constant over this inner surface. 


dV n , a 

—j— =0 when r«=> -. 
dr a 


Hence 


(2) gives 


, 11 ^ i 

A *= — n y X a* 


(3). 


F= A log r - - Tr - - — ( a?r— ^ + B. 


a \ 9/ 

[Also Laplace’s equation gives, for a point outside the larger cylinder, 
F-= — C log r + Z>, where D is an infinite constant, since 1’ must clearly be 
zero at infinity. Since the potentials within and without the mass have 
the same value at the outer surface of the cylinder, it follows that B ia 
also an in6nite constant.] 

2 yd/ 


oq 

— - A iog e 2+ yq rr y Xaa 


15 


(29 - 33 log, 2). 


Ex. 2. If one value of Fa atisfying the equation 

asr + ap+TBF- 0be 

expressed in polar coordinates, then ,-<"+»>/(*» <t>) is another value of V 
satisfying tho equation. 

310. Equipotential Surfaces . For any attracting mass M 
the potential V at any point P, («, y, z), will be some function 
d> ( x, y, z) of the coordinates of the point, so that V = $ (x, y, z) 
V will have a constant value G for all points P whose 

coordinates satisfy the equation 

4>(x, y> z) = G .(!)• 

The surface given by (1) will be such that the potential at 
any point of it for the given attracting mass is constant. It is 
hence called an Equipotential Surface. By giving a series of 
different values to C, we get a series of equipotential surfaces. 

The same result will clearly be true whatever be the coor¬ 
dinates in terms of which V is expressed. 

Thus in the case of the rod AB, (Art. 298), the potential at 

P ia 

, , r x + r% 4- a 

V*plog ri + r — a ' 

and is therefore constant wherever r x + r, is constant. 
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But if r, 4- r a , i.e. AP + BP, is constant, the locus of P in 
the plane of the paper 

is an ellipse whose foci _ / 

are A and B . Hence 
its locus in space is the 
surface obtained by ro¬ 
tating this ellipse about 
AB as axis. The equi- 
potential surfaces are 
therefore ellipsoids of 
revolution obtained by 
rotating confocal el¬ 
lipses, whose foci are 
A and B, about AB as 
axis. Some of these 
ellipses are shown in the figure. 

Again, in the case of the spherical shells and sphere of 
Arts. 300 and 301, the potential must clearly depend only on the 
distance of the point from the centre, and is thus constant for 
all points which lie on the surface of a concentric sphere. Thus 
the equipotential surfaces in these cases are a series of concentric 
spheres. 

311. The attracting force at any point P is noj'mal to the 
equipotential surface which passes through P. 

For if P' be any point close to P on the equipotential surface 
passing through P, then, by Art. 294, the attracting force in the 
direction PP' 

Potential at P — Potential at P 



Lt. 


PP' 


— 0, since P and P’ are on the same equipotential surface. 

Hence for every direction PP / , which lies in the tangent 
plane at P, the attracting force is zero. 

The resultant attraction at P must therefore be in the 
direction of the normal to the equipotential surface through P. 

Analytically, any line lying in the tangent plane at P, whose 
direction cosines are ( l, m, n), is perpendicular to the normal to 
the equipotential surface <f> (x, y, z) — C, whose direction cosines 
are proportional to 


d(f> 


dcp 

dy ’ 


and 


d(f> 

dz 
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Lines of Force 


Hence 


*k'l + &. m + Q.n = 0. 

ax ay az 


But since ^ ^, and are the components of the at> 

dx ay az 

tractive force along the axes, this equation expresses the fact 
that the component of the attractive force resolved along the 


line (/, m, n ) is zero. 

This being true for all lines lying in the tangent plane, it 
follows that the resultant attractive force must be normal to the 
equipotcntial surface, and so no work is done by the attracting 
mass as the particle is moved from one point of an equipotential 
surface to any other point of the same equipotential surface. 


312. If Bn be the length of the element of the normal drawn 
from any point P to meet the next consecutive equipotential surface, 
the resultant attracting force at P varies inversely as Bn. 

For if V be the potential at P, and V + BV the potential at 
the point P' where the normal PP' meets the next equipotential 
surface, the attractive force at P, by Art. 294, 


Potential at P- Potentia l at P _ (F + BV) - V = BV 
- p j y 8n Bn 


Hence for points P on the same equipotential surface V the 
resultant attraction varies inversely as Bn. 


313. The Equipotential Surfaces are often called Level 
Surfaces, or Surfaces de niveau, from an analog}' with the Earth. 
If we consider gravity constant, the equipotential surface at any 
point of the Earth’s surface is a horizontal plane, or rather a 
portion of a very large sphere concentric with the Earth. Just 
as no work is done against gravity in moving a particle along a 
smooth horizontal plane, so no work is done against the attraction 
of a mass if we move a particle along one of its equipotential 

surfaces. 

314. Lines of Force. If from a point P there be drawn an 
element PP' in the direction of the resulting attraction at P, 
then an element P'P" in the direction of the resulting attraction 
at P', and so on, then, in the limit when these elements are taken 
indefinitely small, they lie on a curve which is called a Lme 

of Force. 


12-2 
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In other words, a Line of Force is a curve such that the 
tangent at any point of it is in the direction of the resultant 
attractive force at that point. 

Since the elements PP', P'P", ...are normal to the equi- 
potential surfaces through P, P',..., it follows that the Line of 
Force is at each point of its length perpendicular to the 
corresponding equipotential surface. 

Hence the Lines of Force are lines which cut orthogonally 
the system of Equipotential Surfaces. 

In the case of the spherical shells and sphere of Arts. 300 
and 301, the lines of force are any straight lines drawn 
from the centre 0. They cut orthogonally all the Equipotential 
Surfaces, i.e. the spheres whose centres are 0. 

In the case of a thin rod AB the equipotential curves 
are ellipses whose foci are A and B (Fig. Art. 310). Now 
a series of confocal ellipses are cut orthogonally by a series of 
hyperbolas with the same foci. Hence the lines of forces for 
a thin rod consist of the hyperbolas whose foci are the ends of 
the^ rod. Some of these hyperbolas are shewn in the figure of 
Art. 310. 

315. Tube of Force. If through every point of a small 
closed curve we draw the corresponding line 
of force, we obtain a Tube of Force. 

By the definition of a line of force, it is 
clear that at any point P on the curved part 
of a tube of force there is no resultant attrac¬ 
tion in a direction normal to the curve. 

Consider the portion of a Tube of Force 
bounded by two small normal sections *Sjand$ a , 
let F\ and P 9 be the attractive forces normal 
to the ends and S t , and let this portion 
of the tube contain none of the attracting matter. 

Apply the theorem of Art. 303 to the tube. At all points 
such as P on the curved portion the element of the integral is 
zero, since there is no normal force there. The only elements 
of this integral therefore come from the ends, and the theorem 
therefore gives 

Hence F l .S l = F t . S t . 
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The same theorem holds whatever be the length of the tube 
considered. Hence F , . S x must be the same so long as we keep 
to the snme tube. i.e. the attractive force at any point of the 
same tube of force is inversely proportional to the norma 

section of the tube. 

316 As a particular case consider the attraction of a solid 
sphere at an external point. The tubes of force are thin cones 
whose vertices are at the centre 0 of the sphere. S. is then a 
section of such a small cone, and hence its area vanes as the 
square of the distance from the centre. It follows, as was 
proved in Art. 287, that the resultant attraction at an 
point varies inversely as the square of the distance from 

CCn Again take an infinite solid circular cylinder. symmetry 

the lines of force starting from any point 0 of its axis are 

straight lines perpendicular to the axis OA o i the™ 
tubes of force in this case are wedges and the area of the 
section S, varies as the distance from the axis OA. Hence the 

resultant attraction of the infinite cylinder, at any point external 

to itself, varies inversely as the distance of the point from the 
axis. [C£ Art. 285, Ex. 2.] 

EXAMPLES 

x. A and 5 am the poles of a magnet. If » and «.are the ang(to. 
that NP and SP make with AS produced, and JTP-r, SP-*, 
of force due to the magnet are givon by 

cos 6 - cos = const., 

and the equipotential eurfaces by the revolution about AS of the ourves 

1 = const. 

r r' 

o Two infinite straight rods, alike in every respect, intersect one 
another at right angles. Shew that the equipotent.al curves in then- plan 

are rectangular hyperbolas. 

a ■> *•;»-'r,“4 

I;-. “ToX XX SZ X H- w— a 

^ _ a 2 — + 2ar sin Q cot (cr sin G) 

about the initial line, 2a being the length of the rod and 0 a parameter. 
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4. The equations of two infinite rods of the same density are 

y=jtana, z=c and y — — x tan a, i=* — c. 

Find the equations of their equipotcntial surfaces, and shew that, for a 
particle placed on the axis of x, the region in which displacements are 
stable is separated from those in which they are unstable by the surfaces 

cy cos a — xz sin a = ± (xy sin a cos a + cz). 

[The separating surface is given by Jq*, ,) = l uo, o)> w ^ ere 2/ aQ d * are 
small compared with #.] 




317. Work done by the mutual attractive forces of the 
particles of a self-attracting system , whilst the particles are 
brought from an infinite distance from one another to the positions 
they occupy in the given system. 

Let the component particles be m 1 , m it ...» and letili, A 2 , 
be their positions in 
the given system. 

Let the distance 
between and m, t 
be called r 18 , and in 
general let the distance 
between m, and m t be 

First, bring from infinity to its assigned position A x ; the 
work done is zero; for there are no particles of the system near 
enough to exert attraction on it. 

Next, bring m, from infinity to its position A 2 ; the work 

done = the potential of m x at A 2 x m 3 = 7. 




7 / 1 ] 772*3 


Next, bring m , to its position A t ; the work done on it 


= 771 , (potential of m^ and m? at A,) = 7 Vhfih 4. „ Vh-h 

r \» r„ 

and so on for the other particles of the system. 

Hence the total work done in collecting all the particles 
from rest at infinite distances from one another to their positions 
in the configuration A 
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When the particles 
configuration A, let 


have all been brought to their positions in 
\\, be the potentials of the system at 




Then 




m- 

7 — + 7 IT 

7 i-j 7 


m 


+ y— + •••> 




Hence, clearly, expression (1) 

= h 1 ( V\ w'i)- 

[For in the expression - ( V x ml) any such term as 7 ^ 

is twice repeated, once in the element V, x m, and once in the 

element V, x . , . . a 

Hence the work done in bringing the particles from infinity 

to the configuration A 

= JS(Fi m,) = hiV.dm, 

where r is the potential of the body A at any element dm of 
itself, and the integration is taken throughout the configura- 

tl 0 n ctiversely, the work done by the mutual attractive forces 
of the system as its particles are scattered to an minute distance 

from one another is — J / V- dm - . 

We can hence find the work done as the body changes from 

one configuration A to another configuration B. 

For this work . 

= work done in the changing of its form from A to infinity 

„ infinity to B 

+ „ » ” ” ” ” ” ” 

= -J / F. dm + i/V". dm', 

where the first integral is taken throughout the system in the 
configuration A, and the second is similarly taken throughout 

the configuration B. 

,18 Ex . A self-attracting sphere , of uniform density p and radius 
chanlfs to ^ of uniform density and radius 6 ; .hem that the morh dor. 

to mutual attractive force, is | y Jf> ( & - I) - «*«» * « ° f 

sphere* 


l <? « 
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In the first shape the potential at a distance x from the centre, by 
A.rt. 3°1, 

( t)- 


yp 


... ljr.dm=lf\yp ^-^x^x^pdx 

„ ,ri * 1 *1 16 , , . 3 M* 

-4T*yp>|_3«‘ - _a«J=-^yp«a»= 5y .- . 

„ 1 fir' ^ '_ 3 M% 

So -] V .dm _ 6 y. b * 

Hence the required work = ^ y . J/ a Q " * 

EXAMPLES 

1. Shew that the work required against gravity to condense the Earth, 
supposed of uniform density, into a thin spherical shell of the same radius 

is equal to foot-lbs., M being the mass of the Earth in lbs. and a its 

radius in feet. 

2. The radius of a sphere is a and its mass is M\ if the density at 
an}' point of it varies inversely as the distance from the centre, shew that 
the work done in bringing tho particles of the sphere from infinity under 

their mutual attraction is \ . 

o CL 

3. Shew that the work done in collecting the particles of a thin circular 
disc, attracting according to tho Newtonian Law, from an infinite distance 

is - where M is the mass of the disc and a its radius. 

3 ira 

[The potential V at a distance x from the centre is easily seen to be 

W 

4yp i: Jd l — x 2 sin 2 6 d6. Hence the required work 

m= ^J Q V.^npxdx^Anyp 1 j^ xdx^J^ Jo.* —a?ain*6d0^ 

=inyp* r /T- (aa r J t ,fl)S T 

Jo Jo Jo |_ 3sin 3 6 Jo 


4nyp 


2 a 3 f 2 1 — cos 5 
Jo sin 2 d 


e 


d$ 


Anyp 


-/.T 


cos 6 + 


1 + cos 


l_1 

cos 0J 


fein fl + tan fl 5 -=?>£’.] 
3 |_ 2jo 3 3 rra ■* 


4. In the case of a homogeneous oblate spheroid of eccentricity sin /9, 
semi-major axis a, and mass M, the work done in moving the particles to 

an infinite distance against their own attractions is y ^ ^ 


b r a ain£‘ 



Work done by a self-attracting system 3G1 

5. Prove that for an attracting mass if, whose potential is V and whose 
resultant force is R at the point ( x , y, z). 


I j vdM = sh I 'If**'#*- 


the latter integral extending throughout all space. 

Verify the case for a solid homogeneous sphere. 

Consider the integral ffj V. V 2 Vdxdydz taken through all space 
bounded by an infinite sphere. 

On integration by parts, 

{/^ =c ^ - [ /(=y ^ % 82 - (i) - 


Here |V ~ J must have 8 ivcn to [t its values at the P oints where 

the parallelopiped, on 8y8z as base and with its other sides parallel to Ox, 
meets the infinite sphere. Hence, if bS be the element of the sphere 
cut off by this parallelopiped 8y8z = SS. cos X, where X is the angle the 
normal to 8*S makes with the axis of x. 

dV 


lienee 


I!l r is]**-1 r 


dx 


cos X dS, 


taken all over the infinite sphere. Now V — is a quantity of the order 

of the inverse cube of the distance of 8S from any point of the attracting 
mass, and dS is of the order of tho square of this same infinite distance. 

Hence - dV 


Thus (1) gives 


/ 


V cos X dS =0. 

dx 


lfJ v H? ***=- /// 


and hence 


If Jr.* Vdxdydz- - ff J [(“£)’ + (a£ )’ + O^) 1 ] dxd * d * 

*=, - JJJ R 2 dxdydz. 

Now within the attracting mass V s F«= -4»ryp, and, without it, V a V*=0. 

Hence j J Jvpdxdyd, - j // Vdxdydz, 

i... \ j VdM= J J J R 2 dxdydi. 

3 • 

In the case of a solid sphere the left-hand member = l — in 
Art. 318. Within the sphere R = y -§ r and without it R - y p [Art 2»7]. 
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Hone8 


. r y dr 


]- 


3 yM* 

5 a 


319. The potential of any attracting mass, or masses, cannot 
be an absolute maximum or an absolute minimum at any point 
at which there is none of the attracting mass. 

For let P be the point and describe a very small sphere 
whose centre is P. If the potential V at P were an absolute 
maximum, it must be greater than at any point Q of the sphere. 

Hence must be negative whatever be the direction in which 
an 

Bn is drawn from P. Hence the normal force N of attraction, 

which equals at any point Q of the sphere, must be always 

negative, so that $N.dS taken over the sphere must be a 
negative quantity. 

But, by Gauss’ Theorem (Art. 303), this integral must be 
zero, since the very small sphere with centre P contains none 
of the attracting mass. It is therefore impossible that the 
potential at P should be a maximum. 

Neither can it be an absolute minimum at P; for then, by 
a similar reasoning, / N.dS would be a positive quantity. 

Cor. 1. Earnshaw’s Theorem. If a particle be in equili¬ 
brium under the action of forces following the law of the inverse 
square, the equilibrium cannot be stable for all displacements. 
For if it be at rest at P and be. displaced through a small 

dV 

distance Sa to Q, then, if it is to return towards P, -j— must be 

an 

negative ; and if the equilibrium is to be stable this must be 
true for all such displacements. Hence V must be an absolute 
maximum which is impossible by the preceding article. 

Neither could the equilibrium be unstable for all displace- 

dV 

ments; for this would require that ^ be positive for all 

directions and therefore V an absolute minimum at P. 

Cor. 2. If the potential has any given constant value V at 
all points of a closed surface S, which does not contain any of 
the attracting mass, it has the same value V at all points of the 
space enclosed by S. 
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For if not, there must be some point inside 5 at which the 
potential is either greater, or less, than at any other point within 
S y i.e. there must be some point at which the potential is either 
a maximum or a minimum. But this is impossible by the 
preceding proposition. 


320. If the potential of a distribution is given throughout 
all space, we can determine the corresponding distribution. 
For, V being known, we can find V‘ V for every point of space. 
Wherever it is zero, the corresponding density of the distribution 
is zero by Poisson’s equation, i.e. there is no attracting mass at 
all such points; wherever it is not zero, the corresponding 

density of the distribution is — V 3 F. 

If the form of the potential function inside any surface S is 
different from its form outside, and if there be an abrupt change 

in the value of ^ as we pass across this surface, then the 

an 

surface distribution a on S is given by Art. 282. For if F, be 
the potential just inside S, and \\ the potential just outside S, 
and Sn be an element of the outward drawn normal, the result 
of Art. 282 may be written in the form 


x.e. 


•] 


i rdVy dv % 

47 ry [_ dn dn 




where <r is the superficial density of the stratum on S. 
What distribution of matter will produce a potential 

— _ • V 


yM 


0- fa) - J rO-S)- 


^ » 

according as r ( = + * less or greater than a / 

Lot \\ be the potential inside the sphere of radius a, and V t the 

potential outside, so that 


and 


r ‘ =? r( 1 '£ c03< * ,6in< ’)’ 

/I a cos <f> sin 

V%=yvU - )• 


yj *he densities within and without the sphere, we 

have' by equation (2) of Art. 307, on performing the differentiations. 
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p 1=0, 

and p a = 0, 

bo that there is no distribution within or without the spherical surface of 
radius a. 

Also, from the previous article, if a- is the density of the distribution 
on this spherical surface, we have 




yM ( cos <£ sin 






2 cos $ sin 


3u 2 


in fl ~j 


(1 — cos <f> sin 6\ 


Sotha to-4^0-f) 

surface. 


, giving the distribution of matter on the spherical 


321. If S be a closed equipotential surface, of potential 
V, winch includes a mass M of the attracting matter, and 
if a thin stratum of attracting matter he placed on S, whose 

density p at any point P is equal to — where &n is an 

element of the outward 
drawn normal at P, 
then the potential of the 
stratum at all points ex¬ 
ternal to Sis equal to that 
of M, and the sum of the 
potentials of the stratum 
and that of M' is constant 
throughout S and equal 

to V, where M is the part of the attracting mass external to S. 

Let us find the density p of a stratum at P such that its 
potential together with that of M shall = Fat each point of S. 

Now the potential of M and M' together (which make up 
the whole attracting mass) = V at each point of S. 

Hence the potential of the whole stratum = the potential of 
M at each point of S. 

If therefore we change the sign of p (i.e. we change the 
stratum into a repulsive instead of an attractive system), the 
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potential of M and the stratum, of density — p at P, is equal to 
zero all over a surface #S, just outside S. 

But the potential of M and the stratum (— p) is also zero all 
over a sphere of infinite radius. 

Hence, by Art. 319, Cor. 2 (since in the space bounded by 
Si and this infinite sphere there is none of the moss M or of the 
stratum), the potential of M and the stratum (— p) is zero 
throughout all the space between S t and the infinite sphere, 
i.e. throughout all space external to S lt 

i.e. the potential of AI = that of the stratum of density p 
throughout all space external to S, in the limit .(1). 

Again, by the same corollary to Art. 319, since the potentials 
of the stratum and M' are together equal to V at'all points of a 
surface S 9 inside S, and indefinitely close to S, it follows that 
the sum of their potentials inside <S» a is constant and equal to V 
throughout the interior of the surface S a (since S a contains none 
of the attracting system, consisting of the stratum and AT), and 
hence, in the limit, throughout the interior of the surface aS...(2). 

Let N and N' be the normal attractions, both measured 
outwards, of the whole stratum at points just within and just 
without the surface at P. 

Then, by Art. 282, 

47ry p = N — 1 ST .(3). 

Now, from (2), it follows that , 

N + the normal attraction of M' at P = 0. 

And, from (1), it follows that 

JT = the normal attraction of M at P. 

Hence (3) gives 

- 4 ? T yp = normal attraction of M' at P 4- normal attraction of 

M at P, both measured outwards 
*=outw’ard normal attraction of the whole attracting 
mass at P 


dV 
“ dn * 

so that the density p of the stratum at P 


1 dV 


4my dn 


Cor. 1 . Since the potentials of the stratum and the mass M 
are equal at all points external to S, they are equal at infinity. 
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It follows that the mass of the stratum = M 
Otherwise thus. The moss of the stratum 


-/'■*—4 bI^- dS 


4>7ryJ dn 

= — x surface integral of normal attraction taken over S 
= the mass inside S, by Art. 303, =M. 


Cor. 2. Let there be no attracting mass external to S, i.e. 
let M' be zero; then at each point of space external to S the 
potential of the stratum = that of M, and within S the potential 
of the stratum = V = the potential of AT at the surface of S. 


322. As a simple example of the previous article, let Mbe 
a particle 0, and M be zero. Then S is a sphere, whose centre 
is at 0 and whose radius is any quantity r. 

= _ 1 dV __ 1(1 (yW 

^ 4 - 7 T 7 dr 4777 dr\r 

M 


Hence 


: ) 


47rr* * 


Hence, outside S, the potential of this stratum equals that 

of the particle M = -y. --— = ——7; 4-7rr a p_ 

distance from 0 distance from 0 ’ ’ 

inside S, the potential of this stratum is constant and = the 

potential of M at the surface of the sphere =^~ = 7 • 47rr V 

r r 

These are the results of Art. 300. 

323. Ex. If M be the mass of a homogeneous thin straight bar of 
length 2c, and 2a be the major cun's of one of its equipotential curves, then a 

distribution of mass on the equipotential curve equal to 1 at a 

4 n a (a 2 — c 2 ) 

point P, where p is the perpendicular from the middle point of the bar 

upon the tangent at P, wUl have the same potential as the bar at all points 
in external space. r 

Let All be the rod and AP= r„ and y=the perpendicular from 

P on AB. 


Then attraction of the rod at P= s i n _ P ?. 


277) 


o f 0 . APB 
2ykp. 2c sin —-— 

r x r % sin J PB 


r x r, cos 


2yl'pC 
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a pn 

Now cob* ——— = sin* DPT, where PT is the tangent at P to the 


equipotential curve, 


a* —c* 


r l r 2 


r. r 8 


and = semi-diameter conjugate to CP = — — -^--• 


dV_ 2y kpcp _ yMp 

* dn ~ a (a 2 — c 2 ) a (a- — c 3 ) * 


1 Mp 

Hence the density of the stratum *= — a ( a u _ ^ • 

Outside the equipotential curve, the stratum and the bar have equal 
potentials at all points. 

Inside tho equipotential curve, by Cor. 2 of Art. 321, the potential of 
the stratum is-the same at all points and is equal to the potential of the 
bar at all points of tho equipotential curve, i.e. it 


yl'p log r -L±a±|? 
7 H b r f + r a - 2c 

M. a + c 


(Art. 29ft) 


EXAMPLES 

L The values of V at any point at a distance r from a fixed point 0 
are 

F=2rr yp (o* - b l \ if r < b < a ; 

V= 27 ry if b<r<a; 

and 


^ry a a 3 zE t ifb<a<r. 
3 - 


- 

Shew that the attracting system is a spherical shell of density p, whose 
boundaries are spheres of centre 0 and radii a and b. 

2. Find whether auy distribution of matter will give rise to the 
following potentials : 

c 4y A a t w ^ cn r > a ; 
r 3 

v=m yA 3a 8 + 4 ^~ 3r ! > when r < a, whore r i =x*+y*+z i . 

[Inside tho sphere r-a, the density is ; outside, it is rero, upon 

• * 3A l 2Z l\ 1 

its surfaoe, the surface density is l ) J 
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3. The potential of a certain distribution of matter at a point is 

4y/irr a 4 4y/irr a” (SLr* - y 2 — $ a ) 

3 r TtT r* * 

or 

according aa r[=Wx 2 +y 2 + * 2 ] is greater or less thau a ; find the distribu¬ 
tion. 


[The surface density on the surface of the sphere r*=a is fix 3 ; inside 
and outside there is no matter.] 


4. The potential outside a certain cylindrical boundary, whose edges 
are parallel to the axis of t, is zero ; inside, it is 3y 2 .r — cuP + Zay*. 

Find the distribution of matter. 


5. Find the distribution of matter which 
potentials ; 


V=\ within the ellipsoid -^5 + 

fx i a* ix^u* 


.3 


*c* 


= i; 


will produce the following 
0*<1)5 


\ [j 1 “% ~ between the above ellipsoid and^ + ^* + ^*=1 • 

F =0 outside the ellipsoid ~ + ^ 1 . 


6 . If the potential of a given attracting mass at a point (x, y, z) is 

a 1 (a- 2 — y 3 ) + 26*rw 1 

• - ^ 2 4.^)2 -* shew that a surface density — — — 


+ b* 


on one 


(x2+y 2 )3 

of the equipotential surfaces will produce at all external points the same 
potential as the original mass. 


7. Find the distribution throughout a sphere, of radius a, and on its 
surface, which, for a point distant r from its centre, gives potential 

A (2a*-r 3 ) for internal points, and potential A — for external points. 



within the sphere; 


p =0 outside it; <r 


Aa* 

2ny 


on its surface. 



CHAPTER XVI 


EQUILIBRIUM OF SLIGHTLY ELASTIC BEAMS 

324 If we want to find the form of a thin rod or beam, 
loaded in any way, we must have some relation between the 
Bending Moment and the shape. 

We shall here assume that the Bending Moment is propor¬ 
tional to the curvature, i.e. that the Bending Moment = —, 

where p is the radius of curvature of the beam. K is called 
the flexural rigidity. 

loaded were of curvature — at the 

Pi 

point considered, then this Bending Moment would be 



This assumption, originally due to Bernoulli and Euler, 
may be looked upon as established by experiment as true 
approximately in the case of ordinary beams whose lengths are 
great compared with their transverse dimensions. 

A proof, involving some assumptions which are not in the 
strict sense correct, is given in the next article. 

325. A rectangular beam is bent, without tension; to shew 
that the bending moment at any point varies as the curvature. 

When a beam naturally straight is bent into the form in the 
figure, it is clear that the fibres at the upper part near E are 
in a state of tension, and those at the lower part near F in a 
state of compression. The line 00' which separates the fibres, 
which are respectively in tension and compression, is called the 

neutral line. 


If the beam before being 
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As an approximation to the truth, we shall assume that any 
plane section of the beam perpendicular to its axis continues 
to bo a plane section after the 
bending. 

Let the normals at two con¬ 
secutive points of the neutral 
line GG' meet in 0, and let 
0Q = p. 

Consider any fibre PP' in 
the plane of the paper on the 
side of GG ' towards E. 

If E be Hooke's Modulus 
of Elasticity for this fibre, its 
tension per unit of area 

PP' - GG' 


E 


E 


= E* 



GG' 

0 + x) - p _ 

P 9 ’ 

where GP = x. 

Hence, if 8A be the area 
of the cross section of the fibre 

at P, its tension = — . 5A. 

P 

[If P be on the side of G towards F, x is negative, and this 
tension becomes a compression.] 

Since the beam has no tension, the sum of the tensions 
exerted by the fibres perpendicular to OE is zero. 

Jj] 

Hence 2 — . 8A = 0, the summation being taken over the 

whole section RSS'R' at G perpen¬ 
dicular to the plane of the paper. 

Hence = 0. 

It follows, by the formulae 
giving the position of the centroid 
of any area, that the line through 
G perpendicular to the plane of 
the paper must pass through the centroid of the section RSS'R'; 
thus, if the plane of the paper be a symmetrical section of the 
beam, G must be the centroid of the section RSS’R', 





r e* 

y 

CO 

F F' 
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By taking moments about the line GT perpendicular to the 
plane of the paper, the resultant couple about it 

= X—.BA xx = - .lx>8A. 

P P 

[It is clear that the tensions above G combine with those 
below G to produce a couple.] 

But So? 5^4 is the moment of inertia of the section ItSS'R' 
about the line GT, and is usually denoted by I. 

Hence the resultant couple, i.e. the bending moment, is equal 

to —— , where E is Hooke’s Modulus of Elasticity, p is the radius 

of curvature of the neutral line, and I is the moment of inertia 
of the cross section of the beam about a line through its centroid 
perpendicular to the length of the beam. 

326. When the beam is only slightly flexible, i.e. when 
the quantity El is large, the expression — can be simplified 

l * da? 

For - : 

P 


1 

■ 


■ * (!)? 


If the beam differs only a little from a straight line, then ^ 
is small, if x be measured horizontally and y vertically. 

In this case ± ^ is an approximation to the value of so 

that + El ^ in the bending moment. The ambiguity m sign 
“ dx* 

d*y 

must be determined by the sign of ^. 


* ^ t^pporu being in the .atne 

horizontal line, find the thrusts on them and the equation to the curve tn v 


slightly flexible 
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Let P be any point in AB ; then the bending moment at it on the 

El 

l>art to tho left of P is equal to — in the sense **). Also, if the axis of y 
be vertically downwards, ^ is decreasing at P and hence is negative, 

so that - is equal to — approximately. 

If R be the reaction at A and w be the weight of the rod per unit of 
length we have, by taking moments about P for the portion PA y 


dx* 


R .X— wx . - 


d .V 


-Ei d /=n?-?£ + D 

dx 2 6 


( 1 ). 


( 2 ). 


But, by symmetry, ^=0 when x = a. 

••• 

.ox 

the constant being zero since x and y vanish together. 

Also 0 when x—a. 

a 3 via* (wa* Ra*\ 

* * " 6 ~ 24 + V 6 2 / 

3 3 

Hence R= - wa— — of the whole weight 
o lo 

Hence S t the thrust of the central support, «= g of the whole weight 
Substituting the value of R in (1), (2) and (3), we have 


and 


-EI% 
dx 3 

II 

■ole* 

■K 

3 ax 
~4~~ 

■'’) . 

....(4), 

n y dy 

W i 

(Zax* 

X 3 

a 3 ^ 


— EI±- 
dx 

= 2-1 

< 8 

3 

24/ . 

....(5), 

ox 3 X 4 

a 3 x N 


w 

(x — a) 3 (2x+a) .. 


8 12 

24> 


48* 

....(6). 


From (4), it follows that there is a point of contrary flexure when 
x •= — =*-. AB; that the bending moment is a m axim um when x 

and that it is then 


9 wa 


3 a 
8 


-^gg- ^ ; at B the bending moment is in the 
opposite direction ; hence the beam would rupture first at B. 

From (6), we see that the greatest sag of the rod is given by 

** £g(i+4/55)-**4aai 
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The points of inflexion of a beam are often called its “hinges” or 
“ virtual joints.” For, since there is no bending moment at these points, 
hinges or joints could be introduced at them without altering the 
equilibrium of the beam. 

328. In Art. 129 it was shewn that 


Load = — 


^ [Shearing Force] 


and 


d 


Shearing Force = ^ [Bending Moment] 


and from Art. 326 we have, in the case of slightly elastic beams, 


and 


Bending Moment oc ^ [Slope] 
Slope = ^ [Deflection]. 


Hence the Load Curve, the Shearing Force Curve and the 
Bending Moment Curve bear to one another the same relations 
as the Bending Moment Curve, the Slope Curve and the 
Deflection Curve. 

Hence we shall have a theorem similar to that of Art. 133, 
viz. that Any two tangenU to the Deflection Curve intersect in a 
point which is vertically below the centre of gravity of the corre¬ 
sponding part of the Bending Moment Curve. 

We can verify this directly in the case of the example of 

the last article. , 

For the Bending Moment Curve here, for the part AB, is 

y-tf-f [-?-*] .(*>■ 

and the Deflection Curve is 


a*x 


2 El a* aa* 

y 12 8 + 24 


w 


( 2 ). 


The tangent to (2) at the point («., y.) is easily seen to be 




— ax i 


4 


This intersects the tangent at (#„ y a ) where 

6 [(#a 4 - xf) - a (.x * - xff L 
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Also the abscissa of the centre of gravity of the corresponding 
part of the curve (1) is given by 


j ydx.x j (3ax a — 4x 9 )dx 

~ _ i*i __ 1 _£!_ 

I ydx I (3 ax — 4x*) dx 

J X X J X, 

a (xj — jr,*) — (xj — .r, 4 ) 


Q n A 

y to - *■) -1 to - «*■) 

Hence the result given. 


6 [fo 4 - x , 4 ) - a (s 2 » - 
8 (x a 3 — X*) — 9a (x a a — x?) 


EXAMPLES 


1. If a slightly elastic rod rests with its two ends on two supports at 
the same level, prove that the deflection at a distance x from one end is 

w 

24 ftx(a-x){a* + ax-x*}, 


where K is the flexural rigidity, a the length, and ioa the total weight. 

2. A uniform bridgo, of weight IT', formed of a single plank, is 

supported at its ends ; a man, of weight IF, stands on the bridge at a point 

whose distances from tho ends are a and 6. Shew that the deflection just 

, . IF' (a 8 + 3a6 + 6 2 )+8 Wab . 

under the man is --—■ ■ hr/ —-. ab. 

24 El(a + b) 

3. An elastic rod, clamped at one end so that it is horizontal there, is 

O 

bent by its own weight; shew that the deflection of its extremity is -ths 

of what it would be if the deflection were caused by a weight equal to its 
own weight hung on at its extremity. 

4. A uniform beam AB, of length l, is supported at its ends and 
loaded with a weight IF at a point Q , where AQ = a. If the weight of the 
beam be neglected, shew that the equation of A Q is 

— g) [<* (2* - a) * - X s ], 

and that of QB is 

IFa 


Ely 


EI v - -gr [ (P ■- (*-*)-(*-*n 


Shew also that the deflection at any point P when the load is at Q is 
equal to the deflection at Q when the same load is at P. 

5. A heavy uniform rod rests horizontally on two pegs, one of which 
is at one end. Shew that the second peg must be placed at a distance 
from this end equal to two-thirds of the length of the rod, if the bending 
moment at the middle point is to be zero. 
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6. A slightly elastic beam AD, of weight H r and length 2a, is supported 
at its ends and at its middle point C. If the thrusts on the supports .are 

V II ',/ 3 

equal, shew that the depth of C below AB is ~K~* au( * * a et l ua l to 

n 

— of the depth of C below A B when the ends only are supported. 


7. A uniform beam is supported at its two points A , B of trisection, 
AB being horizontal; shew that the height of the middle point of the 
beam above AB 13 to the depth of each end of the beam below AB 
aa 19 : 128. 

8. A thin uniform slightly flexible rod i9 of length la, has a weight H' 
attached to its middle point, and is supported at two points at equal 
distances a on each side of the middle point. If the tangents at the 
points of support are horizontal, shew that 11 must bo oue-sixth of the 

weight of the rod. 

9. A concentrated load travels from one end of a beam to tho other. 
Shew that the ratio of tho slopes of the deflection curve at the two ends 

commences with tho value 2, and is equal to £ when the weight is at one- 

third the span. 

10. A single-lino railway bridge is carried by two main girders, each 
of 40 feet span. The total weight of a locomotive standing on tho bridge 
is 68 tons distributed upon 4 axles, the leading axle carrying 8 tons and 
each of tho others 20 tons. The distances of the leading axle and of the 
other axles from one end of the bridge are 6 ft., 13$ ft., 21 ft. and 29 ft. 
res{>ectively. Shew how to And tho maximum deflection of tho girdor, and 

where it occurs. 

329. Clapeyron’s Equation of the three momenta. 

If M ly Mi, and M, are the bending moments of a uniform 
loaded beam at three successive points of support, A x , A a , and , 
which are in a horizontal line, to shew that 

aM x -\-2(a + b) Mi+ bM t = ^ ( a * + b 3 ), 

where w is the load per unit of length, A 1 A,=a, and A,A, = h. 


s» 




-Y^ 




Mi 



Let S,' be the shearing force just to the right of A,, and 
and S,' the shearing forces just to the left and right A,. 
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Take A x as origin, A l A i A t as the axis of x and let the axis 
of y be drawn vertically downwards. 

Then for a point P in A X A a distant x from A l we have, by 
taking moments for the part to the left ofP, as in Art. 327, 

„ T d*y El w 

— El , = — = S X . x — ^ x* — M ..(1). 

cur p A 

Also, by taking moments about A a for the part A x A %t 

M 3 = i wa 1 — Si a 4- M x .(2). 

Eliminating S Xi we have 

.w 

Hence 

r^rdi/ wfaa j* x*\ n . ( oA\ .. a? _ ... 

- EI A “ 2 (t “ a) ~ M \ x ~Ya)~ M 'Ya +G . (4)l 

and 

w fax* x*\ , r (a? a?\ a? _ _ 

" EIy ~ 2 (iT ~ 12 ) “ M ' (2 " fa) ~ M, U + Cx + D - 

Now y = 0 when a; = 0 or a. 

Hence D — 0, and 

^ a ,, a wa* , ' 

0-if Ig + if lg -- 5r ......(5). 

Hence, from (4), 

[- EI g] at the point A . = 0 = JIT, | + M, g - .. .(6), 

and 

[” EIat the poinfc A * = rl a * ” W + if,) | + G 

wa * nr a nr & 

24 ^6 M *3 . 

So, from the equilibrium of the part A^A,, the result similar 
to (6) would be found to be 

[- EI g] at the P oinfc = + .(8). 

Since there is no change of direction at the point A t , the 
results (7) and (8) must be the same. 

Equating them, we have 

M x a + 2 M m (a + b) + M,b = ™ (a* + 
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[lb will be noted that in the preceding the moments M x , 7)/ 9 , 
and 7)/ a are measured positively in the opposite direction from 
the cases of Arts. 129 and 332.] 

Reuction at any support in terms of the bending moments M x , 
71/,, and 71/,. 

From the equilibrium of A X A % , we have 

S x — S a = wa, 

so that, from (2), 

M x — 71/, wa 
” 2~* 


S,= 


a 


From an equation similar to (2) for the part A,A t , we have 

O / wb ' M,-M t 

S * = T + “~6 -• 

Hence the reaction at the support A, 

£ ,, c w(a+b) 71/, —71/, t 71/,—71/, 

-o« — &»— 2 ” a + b 

330. If A 7 , instead of being on the same level with A x and 
A t , is at distances y, and y, below them respectively, the equation 
of the three moments is easily seen to be 

M,a + 2,1/. (a + b) + M.b = | (a- + b‘) - GEI +1’). 

331. Ex. 1. Assume that in the question of Art. 329 the beam ends 
at A x , A s , so that wo have a beam supported at A Xy A ty A s , where 
Ai A, = a and A% A a =-b. 


Then 


i/ 1 = J/j=»0, and i/,«- g (a*-o6 + 6 1 ), 


if the beam be of uniform load w per unit of length. 

Let R xt Hi, R* be the reactions at A Jf A„ A,. Taking moments about 

An, wo havo 




tea 


-R x a, 


and therefore 


So also 


„ w [’2a' l -\-ab — t*”] 

sL—^ J- 

„ w[’Sb u + ab-a 2r \ 

b J’ 


and 


w, ra 2 + 3a6 + 6n 

/2,-=w(a + 6)-/2 1 --R3= g(« + 6 ) [_ a b J* 


Suppose a ;> b. Then R a is negative if 

a*-ab> 3 b 1 , ».«. if a > | (1 + V 13 ). 
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i.e. if a > bx 2‘3 approximately. In this case the end A 5 would have to 

be weighted if it is to he kept iu contact with its support. 

Again, the bending moment M at any point distant x from A x 

n wx 2 Za 2 + ab — b 2 wx 3 

*=R l x -— = wx 


2 8 a 2 

It is thus a maximum when x=* 3a ——» and i^ 8 value then 

w(2 a 2 + ab — b 2 \* 


( 1 ). 


i.e. 


if 


Also the bending moment at A 2 = = g(a , -a& + & 2 ). 

The bending moment at A, is thus greater than (1) if 

16a 2 (a* - a& + b 2 ) > (3a* +aft-&*)*, 
i.e. if (lla 3 + u&-& 3 ) 2 < 128a 4 , 

i.e. if a& - & 3 < (8 v /2 - 11) a* < 3136a 1 , 

— + • 0636a 1 > 0, which is true. 

Hence, if the beam rupture, it will do so at A % . 

[The results found above for R Xi R 2 , and 72, can be verified by 
experiment for different values of a and b. We thus have a test of the 
accuracy of the assumption of Art. 324.] 

Ex. 2. A uniform rod A l A i is supported at its ends A x and A t and at 
points A 2 , A 3 which divide A , into three equal parts; the supports being 
at the same horizontal level , find the thrusts on them and the bending 
moments at them in terms of the ireight W. 

Let the length of tho rod be l( =2a) so that W=w.3a, Applying the 
formula of Art. 329 to tho supports A lf A 2 , A s and then to the supports 
A 2 , A a , A it wo have, since clearly Af x and J/ 4 are both zero at the free ends, 

wa 
~2 


4'If 3 


and J/ a + 4J/g = 


wa- 


2 


M % =AT 3 = 


■tea ■ 


W.l 


10 90 

Also, if R x be the reaction at A x , we have, by taking moments about 
A 3 for the part A x A%, 

M 2 = ^wa 2 - R x a, 


so that 


2 2 

/?! z= - wa = — JV=R tf by symmetry. 
& 15 


Hence R 2 and R* must each be 


11 W 
30 


If we take A x as origin and the axis of y vertically downwards, the 
equation to the middle segment A 2 A s is easily seen to be 


-EI d >. 


bo that 


lx* “ “ 1 ** + ^ ~ a) + Rl Xf 

£1 2i=m [6x *- 1Ba * +Ua ' ] - 
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On integrating, Binco y = 0 when x = a or 2a, 

EIy = ^(x-a) (x-2a) (5x* - lbax+Ua*). 

, (Pu . rz . 

Hence both y and ^ are zero when x = a - ± ^ J • 

The middle segment has thus two points of inflexion which both lie on 
the line joining the points of support. 

Ex. 3. A uniform straight rod ADC is clamped at its ends A, C so 
that the tangents at these ends are horizontal and is supported at a point D; 
if A , B , and C are in a horizontal line , and AD = a t BC=b , find the 

reactions and bending 
moments at A, B, and C. 

Let 2/,, And 

2/, be tho bending H 4 D , n 

moments, and /?,, It it and R* the reactions, at the points A, A and C. 

The theorem of Art. 32D may be applied to this case. For the clamping 

at A may be supposed to be done by the filing of two points at It 

indefinitely close to A. Ilenco the formula of Art. 329 will apply if we 

put A,A,= 0 and A,A s ~AB=a, and it gives 


>|r l 


j.Ra \ 

Rj 


a 

! b 

■> 


0 + 2J/ x a + Af 2 a=-u>a' 


■ 0 ). 


For tho three points of support A , B t C wo have 

2/, a + 2 M % (a + b) + 2/ 3 b = ^ v> (a 3 + 6 s ) .(2). 

Similarly for tho clamping at <7, which may be supposed to be done by 
fixing two points at C indefinitely close to C; tho formula then gives 

J/ s b + 22/j 6 + 0 = | 6 3 .( 3 )- 

Solving (1), (2), and (3), we have 

M x = ^(2a a + a6 —6*) = ~ (a+ 6)(2a-6), 

Z*x 


2/j= ^2 ( a '~ ab + h ^ 

and 2^3 = ^ ( 26 ^ + a6 - a*) = ^ (a + 6) (26 - a). 

Again, taking moments about B for the part AB, wo have 

j/ 1 -!£-Jl 1 « + 2r lf 

so that i?i=|[ 4 «+ 6 -^]* 

So also ^3=gj^ 4 ^ + a $T]‘ 

u> (a + b) 3 _ (a + b) 3 x tota | weight of the rod. 
/? 2 =*? 0 (a + 6) —#1 — ^- 3 — g ab Sab 
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If the axis of y be drawn vertically downwards, then by taking 
moments about the section at P, distant * from A, we have, for the 

(Py „ ,, WX 3 

part AB , — El R\X— M\ * 

On substitution, we easily have the equation to the curve AB, and the 
inclination at B to the horizon. 


332. General equations of equilibrium of a rod , bent in one 
plane. 




Let PQ be an element of the rod, OP = s where 0 is a fixed 
point on the rod, PQ = Bs, and let the tangents at P, Q be in¬ 
clined at angles yfr and yfr 4- B^fr to the axis of x. 

Let T be the tension at P, T + BT that at Q. 

Let iV be the shearing stress at P on the elementPQ measured 
along the inward-drawn normal at P, N - f- BN that at Q on the 
same element which is therefore along the normal at Q measured 
outwards. 

Let M be the bending moment, or stress-couple, at P on 
the element PQ and M 4- BA1 that at Q on the same element in 
the directions as marked. 

Let F and G be the tangential and normal impressed forces 
on PQ per unit of length. Resolving along the tangent and 
normal at P, we have 


- T + {T 4- BT) cos Byjr 4" (N 4* BN) sin Byfr 4- FBs = 0, 
and N - ( N 4- BN) cos B^Jr 4- (T + BT) sin Si/r + GBs = 0. 
In the limit when dyfr is indefinitely small, these give 



dT N 

“3-1-h P = 0 . 

as p 

.(i). 

and 

. 

CL8 p 

.(2> 
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Also, taking moments about P for the element PQ, we have 
M - (M + BM) + (iV + BN) Bs -GBs.1sBs = 0, 
or, in the limib, 

^-iV=0 .(3). 

as 

The equation states that the shear at any point is equal to 
the differential coefficient of the bending moment with regard 
to the arc. 

If p 0 be the radius of curvature of P of the rod when 
unstrained, we have, in addition, the equation 

m = k \-- Li.(4), 

IP PoJ 

where K is the flexural rigidity of the rod. 

These four equations give T, N, At and the equation of the 

curve in which the rod lies. 


EXAMPLES 

1. A uniform slightly elastic rod, of length o + h, rests on three 
supports in a horizontal line, situated at its ends A, D and at a point C 
distant a from A ; shew that the points of inflexion I and J on the rod 
are situated in the segments AC and CD respectively, and are such that 

a.IC-b.JC-Ha'-ab+W). 

2 A beam of 40 feet span and carrying a load of 2 tons per foot run, 
is supported at’ a distance of 8 feet from one end by a column and at the 
other end it is built horizontally into a brick pier. Determine the bendmg 
moments at the supports, and draw the shearing force and bendmg moment 

diagrams to scale. t 224 and 64 

3 A uniform girder AD, of weight W and length l, is built in firmly 
at A so as to be horizontal, and the other end L (rests on a support u> be 
same horizontal line as A. Shew that the bendmg moment and the 

shearing stress at A are Sand ^ respectively, and draw diagrams for 
the bending moment and shearing stress for the whole beam, prov.ngtt.at 
the points of zero and maximum bending moment are at distances j and 

W from A. 

Shew also that the beam rests in the form of the curve whose equation 
is iHEIyl = liV(l-x)(31-2x). 
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4. A beam AD, of length l , is loaded with a weight W at a point Q 
where AQ = a, and the weight of the beam is neglected. If its ends are 
built in so that they are horizontal, shew that the equation to A Q is 

EIy= - V ^~ - a - x 3 [3la - 2xa - lx], 


and that of QD is 



(l — x) Q [3 lx - 2 ax — at]. 


5. A slightly flexible rod, of length 2a, has one end clamped horizon¬ 
tally ; a support is placed under the middle point of the rod so that the 
free end is in the same horizontal line as the fixed end. Shew that the 

height’of the middle point above the end is 2 40 E * w ^ ere ^ * 8 fl 0XUra ^ 


constant and IF is the weight of the rod. Shew also that the pressure on 

., . . eir 

the support is . ' 

6. A continuous girder, 2 1 feet long, is supported on three piers at 
equal distances, dividing it into two equal spans. The central pier is of 
metal and has a vertical motion, due to change of temperature, equal to 
a feet above and below the horizontal level of the two end piers. Calculate 
the variation of normal stress, above and below that which occurs when 
the piers are in line, at a section immediately over the middle pier. 

7. A uniform slightly elastic beam, of weight W and length l , has its 
ends built in so that it is horizontal at both ends. Find its bending 
moment at any point, and shew that the value at the ends is twice that 
at the middle point, and that there are points of inflexion at distances 
•21 11 from each end. 

8. If a uniform slightly elastic rod be clamped horizontally at each 
end, and the middle point be pulled upwards by a force through a distance d 
above the level of the ends, shew that the magnitude of the force is 


2 AK3 W 

+_ 2 • 

QKb 1 

and that the bending couples at the ends are equal to - 2 ^ JFa, where 

2a is the length of the rod, W its weight, and K the flexural rigidity. 

9. A beam of uniform section, with equal flanges and of span l, is 
built into walls so that its ends are horizontal and at the same level. One 
of the walls settles a distance 5 without disturbing the horizontality of 
the ends of the beam. Shew that due to settling the maximum stress 

induced is —^—, where d is the depth of the girder and E is Young’s 


Modulus. 

10. A continuous girder, of uniform section, rests upon four supports at 
the same level, forming three equal spans of 100 feet. The girder carries 
a load of 2 tons per foot uniformly distributed. Draw to scale the bending 
moment diagram for the whole girder, and calculate the loads carried by 
each support. [80, 220, 220 and 80 tons wt.] 
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11. A heavy uniform elastic rod rests on four rigid supports in a 
horizontal line, two at its extremities and two at points equidistant from 
them. Find the pressures on the supports when the rod is slightly 
deflected by its own weight, and shew that the rod ceases to press on the 
terminal supports when the distance of an intermediate support from the 
nearer extremity is less than about '214 of the total length. 

12 A continuous beam rests on four supports in the same horizontal 
lino, the width of the middle span l>eing 15 feet and that of each of the 
side spans 10 feet. The beam carries a uniformly distributed load of 
200 pounds per foot. Draw the diagrams of bending moment, and of 
shearing force and tho curve of deflections. 

13 A uniform rod (length 6a, weight 6au>, flexural rigidity K) is 
supported symmetrically at tho ends A, L> and at tho points of tr,section B 
C in such a way that tho pressures on tho four supports are all equal, and 
tho rod is clamped at A and D so that the tangents at those points are 

horizontal. Shew that A and D aro at a height above D and C, 

that tho middle points of AD and CD aro points of inflexion, and that 
the curvature vanishes at B and C without changing sign. 

14 A heavy uniform slightly elastic rod rests on five points of 
It h are all in a horizontal line. Two of tho supports are 

7t P ho onds of Z rod/one is at tho middle point, and two bisect the 
distances between the middle point and tho ends Shew that the vortical 
thrusts on tho points of support are in the ratio 11 . -6.32 

Prove also that the bending moments at the centre and at each of the 

. , a are — and —, whore IK is the weight and 4 1 the length 
supports next it are ^ 1 

of tho rod* 

15 A wire, of uniform circular section aud originally straight, rests 
With its end!, ! two props. Shew that, if T be the mas,mum fibre- 

tension at any section, then the bending couple is j nr 3 T, and further, if 
2a be the span, then at a distance a from the centre of tho wrre 

a *-* 3 

where IT is what tho weight of the wire would have been had its cross 
section been of unit area. 

16. A uniform slightly elastic rod,of weight W. 
point on a prop ; the en ^ of**, ^ & catenary; prove that the 

deflection 8 at ^ach end of the rod is thereby inerted in the »Uo 
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17. A three-hinged arch, having the hinges at the springings and the 
crown, is of semi-circular shape, the span being 60 feet and the rise 25 feet. 
It carries a load of 25 tons distributed uniformly (horizontally) over the 
right-hand half span. Shew how to draw the curves of bending moment 
on the two halves of the arch. 


18. A series of Bmall pegs are fixed into a horizontal floor in a straight 
line at equal distances, a, apart and a thin uniform rod, naturally straight, 
is bent in and out between them ; shew that, if 7? lt ... are the pressures 
between the rod and successive pegs, then Rn- X - 4^ n + ^„ + 1 = 48 Elea'*, 
where c is the thickness of a peg, /s’is Young's Modulus and / the moment 
of inertia of the area of the cross section of the rod about the vertical 
through the centre of the section. 


19. A uniform heavy slightly elastic beam AB, of length 2c, is 
supported on three props ; shew that it will be strongest, i.e. that it will be 
least likely to break anywhere, if one prop be placed at the centre and the 


6 — JQ 

other two at points distant —-— c 


from the centre. 


20. A brittle circular hoop is standing on the ground at rest with its 
plane vertical. Shew that the breaking moment, due to the weight of the 
hoop, is greatest at a point whose angular distance 6 from the top of the 
hoop is given by tan d + 0**O. 


333. Work done against the stress couples in bending a rod 
or wire. 

Let PP / be an arc Bs of the rod, yfr the angle between the 
tangents at its ends in its final bent position, so that the stress 

. f p El El . 

couple at P = — — -gj . -y*. 

For any intermediate position between the straight and final 
bent form, let the angle between the tangents at the end of the 
same arc Bs be <f >, so that the corresponding stress couple is 

El , 

& 

As <f> increases to <f> + B<f>, the work done against this couple 
El 

= -gj <f >. B<f> [Art. 97]. Hence the whole work done on this arc 

as </> increases from zero to yjr = J . <f)B<f) = £ .\fr* = £ — . Bs. 

/ El 
4 — ds, the 

r 

integral being taken over its whole length. 



Work done in bending a rod 

If the rod, instead of being originally straight, 

1 1 \lr l 

curvature — at P, where — = « 

p, P , a* ^ 

the stress couple =-»-(<£ — yfr^, 


3»5 


was ol 


and the whole work 

El 

88 


[/: ® i'm. i * -« 


EXAMPLES 

1. The natural form of a rod , of length a, is an arc of a catenary , 
of parameter a, having one extremity at the vertex. It is bent into the form 
of a circular arc of radius a; shew that the work done against the stress 

couples is — (10 - 3tt), where K is the coefficient of flexural rigidity at every 

point of the rod. ^ ^ + a . 

In a catenary s = a tan \^, so that pi-= ^ = a sec 8 - ' • 

Also p — a. 

Hence the work done 

^ ^ (“fl _ a . _~1 *ds «= f 4 [sec 8 ^-2 + cos 8 ^] d^. 

2 J o[_a « 2 + « 2 J 2a J 0 

on putting s*=a tan 

~\i K 


g [ten * - + ! sin 2*] 


16a 


(10 — 3it). 


2 A uniform beam, of length 2a and weight W, rests on a smooth 
horizontal table and is raised byl a force applied at its middle cross 
section ; shew that, when its ends leave the plane, its centre is at a 

height ffj above them and that the work then done is . 

3 A uniform heavy rod, whose length is l and whose weight is ^ >s 
supported at its two ends so as to he initially horizontal, and bends shghtly 
under its own weight. Shew that the work done by gravity in bending 

.. . WP 
18 240 El* 

4. Shew that the work required to bend a straight wire, of length 2rra, 

v _ •_ rvEI 

round the rim of a penny, of radius a, is -j- • 

6. Shew that the work done in bending a wire, of length 21, into the 

form of a catenary, whose parameter is c, is — ^tan 0 + p + c?)' 


13 


Lb 
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6 . One end of a heavy slightly flexible wire in the form of a circular 
quadrant is fixed into a vertical wall, so that the plane of the wire is 
vertical and the tangent at the fixed end is horizontal. Assuming that 
the chango of curvature at any point is proportional to the moment of 
the bending couple there, show that the horizontal deflection at the free 

end is - ^, where K is the flexural rigidity, to is the weight of a unit 

length, and a is the radius of the circle. 

7. A uniform stiff wire, of weight moa and flexural rigidity K , whose 
natural shape is a semi-circle of radius a , is placed in a vertical plane 
with its ends on a smooth horizontal plane. Shew that the intrinsic 
equation to the form assumed by the wire is approximately 

8 = a<p + tea* K~ 1 {£ jT< f> + 0 cos 0 — 2 sin 0}, 
t being measured from the highest point. 

8 . A stiff wire, whose natural shape is a semi-circle of radius a, rests 
in a vertical plane with the middle point on a horizontal table. Shew 
that the intrinsic equation to the curve formed is approximately 


, Ufa 4 f / rr , \ i n 

a<t>+ -g ( g -<*>Jcoe0+2sm0I, 


where w is the weight per unit of arc, K is the flexural rigidity, and it is 


assumed that 



is very small. 


334. Bending of Long Colnnma. 

Suppose we have a column, or strut, whose length is great 
compared with the dimensions of its cross 


section, and which is of uniform strength 
and was originally straight. 

Let it be set up vertically and bear on 
its upper end a load P; it is required to 
find the shape it assumes, its deflection 
being assumed to be small. 

Take as origin the middle point between 
the ground and the point of application of 
the load, and let Ox be vertical and Oy 
horizontal. 


If the weight of the column be small 
compared with the load P, the equation of 
equilibrium is 


i.e. = 

da? o * da? El 


A cos 


[ x '/m\ +Bsin [* 


where A and B are arbitrary constants. 





Bending of Long Columns 

By symmetry, ^ = 0 when oc = 0. Hence B = 0. 
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Let the ends of the beam be rounded, so that the tangents 
at the ends may assume any direction. But, since no couple is 

applied ati the ends, , and hence , is zero at each end, 

i.e. ^ = 6 when x = ± |, if l be the length of the column. 
ox 8 ^ _ 


Hence 




so that P = 


'.El 


( 2 ). 


This gives the end-load which is sufficient) to keep the 
column bent when the curvature has been produced. 

If P exceeds this value, the column would give way. 

Since I for a circular column varies as the fourth power of 
the diameter, it follows from (2) that, for columns of the same 
material, the greatest possible end-load vanes directly as the 
fourth power of the diameter and inversely as the square of the 

length of the column. 

This is known as Euler’s Law for the bending of long Columns 
or Struts. 

335. In the previous article if the ends A and B are fixed, 
so that the tangents at them are vertical, the 
solution is different. At the end B there must 
act a couple O .) ; the resultant of this couple 
and the load P acting at B is a parallel force P 
acting as in the figure. Its line of action being 
the axis of x, the equation of equilibrium is as 
in the last article and the solution is the same, 

viz. equation (1). ^ 

In this case when x = 0 or ± 2 * 





v 




4t t'EI 


13-2 
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The equation to the curve into which the neutral line of the 
column is bent is now 

a 2-7HC 

y = A cos — j— • 

Hence there are points of inflexion where j^ = 0, where 

x = + -. These are the points C and Z> and they lie on the line 

of action of the resultant of the load and the couple at B. 

336. Centrifugal Whirling of Shafts. 

Suppose a thin vertical cylindrical shaft to revolve in 
bearings; it will tend to bend laterally 
under its rotation if the angular velocity 
of the rotation is sufficient. 

Suppose G *) to be the bending moment, 
and S the horizontal thrust, at the lower 
bearing 0. Then, since the “centrifugal 
force” at any point (x, y') is n ra'pco'y' 8x, 
where a is the radius and p the density of 
the shaft, the deflection being assumed to 
be small, and hence hx and hs very nearly 
the same, the equation of equilibrium is 



Tra*pb J y'8x f 




G — S . x -f 7ra a pa>* [ y 7 dx' (x — x') ...(1). 

J o 

Differentiating twice with respect to x, we have 
El ^ = 7ra a pco* J y'dx' — S, and El = Tratpco’y. 

d*i / 7ra a po) a 4o&> a ft* 

••• 35 ?" (2) - 

E . 7ra a . t 

4 

The solution of this equation is 

y = A cos ~ + B sin y + C cosh y + D sinh y .. .(3). 

Suppose that the shaft is so supported at 0 and A that the 
ends are compelled to be vertical there, so that when x — 0 we 


have y = 0 and y = 0. 


.y — A £ cos y — cosh yJ + B j^sin y 


sinh 


-(4). 
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Also, when x 


l , y and ™ both vanish. 


and 


0 = A [cos /x — cosh fx] + B [sin /x — sinh p], 

0 = A [— sin p — sinh p\ + B [cos p — cosh /x]. 
cos /x — cosh it sin p 4- sinh /x _ 7? 


sin /x — sinh /x cosh /x — cos /x xl 
(cos /x — cosh /x) 3 + sin 3 /x — sinh 3 /x = 0. 

cos /x cosh /x=l . 


.( 5 ). 


• • 


( 6 ). 


This equation gives p, and hence, from (5), the value of ^ , 
so that the form of the curve (4) is known. 

But, from (2), ^^7 = » so t ^ at 03 = ^ % * a ' ^ 

the required angular velocity. If <0 is greater than this value, 

the shaft bends more and more. 

On tracing the graphs of cos p and sech /x, we easily see that 

3-rr 3 tt 

the solution of (6) is very nearly . Put then /x = -^ + A., 
where X is small, and (6) gives, for a second approximation, 

1 1 


X = 


cosh 


3tt 55-7 


= -018, from the Tables. 


^ ^ _ _ + 018 = 4 73, as a second approximation. Substi- 

tuting in (5), we have j = - ’98 approximately. From (4), we 

now have the equation to the curve assumed by the shaft. 

For steel, E = about 3 x 10 7 lbs. wt. per sq. in., and p = about 

480 lbs. per cubic ft. 

337. In the previous question suppose that the ends of the 
beam are not compelled to be vertical, but that at the ends 

it is freely supported only, so that ^ is not zero there but 
do es vanish there, since there is no bending moment at either 

cLv 3 

of the ends. 
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In this case G is zero. The equation (2) is as before, and 
its solution is 

y-Jl.cos^ + A sin^ + Gcosh^+A sinh^. 

When x = 0, y = 0 and ^ = 0. 

A 1 + C l — 0, and — ^ A t + ^ C x = 0, 
so that A l = C l = 0. 

So when x = 1, y = 0 and -r-j = 0. 


and 


0 = D x sin [x + A sinh /x, 

0 = - B l sin n + A s»nh ^ 
/>, sin/x== A sinh /i. = 0. 

fx = it and D x = 0. 


Hence 


IT* — IA A = l* • - 


4/1 W % 

Ea* * 


y — , as the smallest value of a>. 
P 


Also the shape of the curve in this case is 

• 7rx 
y = A sin -j . 


333. uniform column is set up vertically ; to find the 

greatest height it can have so that it shall not give way under its 
own weight. 

The origin 0 being at the upper end of the column. Ox 
being drawn vertically downwards, and Oy being horizontal, 
the equation of equilibrium is 

- E1 3 = fo WdS (V - ^ 


where w is the weight of the column per unit of length, and the 
deflection is supposed to be very small. 

Differentiating, and putting ~ — m and this gives 


dft 

dx* 



— mpx. 
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Put x = and p = irH, and this equation becomes 

4m 1 


dH 1 dt , . 
did u da 


9 9 u 2 


= 0. 


Let 


Then 


4 m 4 w , 

9*--9-9 m- and qa=v 


*». i * +t ri- —i=o 

du 1 + v dv 1 _ 9"’J 


t = AJ^{v)-{-BJ_^{v\ 

where J n (v ) is the Bessel’s function of order n. 

p = x* [AJ^ (qx' 2 ) + BJ_ ^ (7 xJ )]- 

Now-- = 0 when x = 0 , since the bending moment is zero 
dx 

at the highest point. 

a 1 i f n-x* 9*x 4 1 

Also Jj (qx*) = qW ^ ~ 2 ^ + (272^1 J ’ 


and 


so that 


and 


J -i (9 X “) = <f ix_i [* - 2 ^\ + |272‘T1 '"] * 

— (9^)] * » when * = °» 

dx * 

— [Bxi/. 1 ( 9 **)] = 0 , when x = 0 . 

dx 9 


lienee A = 0, since ^ = °. whcn x ~ °- 

p = $ (9^)- 

But p = 0 when * = the height of the column, since the 
column is fixed vertically in the ground. 

Hence J_± (ql*) = 0. an equation to give l. 

This gives 

11 3 8/4my £ .___ 0f 
1 + i2 2* * 2 ’ 5 V 0 ) 

mH * 


3 1 4m 

* — o * 2 a * 9 


i.e. 


i-^ + 


‘Z* 


273 + 2 . 3 . 5.6 2 . 3 . 5 . 6 . 8.9 


+ ... = 0 , 
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An approximate solution of this equation is found to be 

El 

mJ} = 7 84, so that l• = 7 84 x — , giving the greatest height of 
the column. 

If we take a solid steel column of one foot radius, whose 
density is 480 lbs. per cubic foot and for which E= 3 x 10 7 lbs. 
wt. per square inch, this formula gives l = about 260 feet. 


EXAMPLES 


1. A straight steel rod, of length 20 feet and diameter one inch, is set 
up vertically, and its ends fixed so that the tangents at them are both 
vertical ; shew that the greatest load it will bear is about 1010 lbs. 

2. A straight steel rod, of uniform circular section and 6 feet long, is 
found to deflect one inch under a central load of 20 pounds when tested 
as a beam simply supported at its ends. Determine the critical load for 
the same beam when used as a vertical strut with rounded ends. 

[About 247 lbs.] 

3. A steel spindle, f inch in diameter, is to be supported in bearings 
having spherical seatings, and is required to rotate 3000 times per minute. 
Calculate the maximum distance permissible between the centres of the 
bearings so that there shall be no whirling of the shaft. [1*21 ft. nearly.] 

4. A long thin rod A D is set up vertically and loaded with a weight W 
at 2?, the lower end A being compelled to remain vertical. If it be slightly 
elastic and be of length l t shew that the equation of the curve it assumes is 


y=y, [l - cos ^], 

where A is the origin and is the horizontal displacement of B t and 

El _ 4P 

W ~ *-» * 


Shew also that the beam does not bend if IP < 


n*EI 
4i 2 * 


[From this and Art. 335 it follows that a rod, with both ends fixed so 
that it is vertical at both ends, will support a weight sixteen times as great 
as it will if the upper end be free to move sideways and the lower end 
only be fixed in a vertical position.] 

5. If in the question of Art. 334 the lower end is fixed so that the 
tangent at it is vertical, and the upper end is compelled, by a horizontal 
force applied to it, to always remain in the vertical line through the fixed 
end, prove that 

80that x/S- 44 -. 


P = 20-187 x 


El 
P ' 


2-045 x 


rr*EI 

P 


and hence that 


approx. 
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6. In the qnestion of Art. 336, if the shaft have one end compelled to 
be vertical and the other end freely supported, shew that p is given by the 
equation tan =tanh /x, and hence that it equals 3'93 nearly. 

If the second end be quite free, shew that fx is given by the equation 
cos fi cosh — 1, and hence that it equals 1‘875 nearly. [In this case 
the shearing force is zero at the second end as well as the bending moment, 

so that both ^ and are zero there.] 

cUr cLz~ 

7. If a bow be constructed of uniform material, shew that its intrinsic 


sin 3 - — sin 


*<P 
2 


a sin | 


, (is / 

equation when strung us 1 

If the bow be only slightly flexible, and if its length be 2 1 and the 
length of the string be 2u, where l and a are nearly equal, shew that the 

4 a (l — a) . nx j 

equation to the curve it assumes is y—-—-. sin — , and that the 

rr i EI 

tension of the string is 4 ^ a - • 

8. A horizontal bracket, of length a, is attached to the upper end of 
a vertical pillar, of length l , which has its lower end built in. When 
carrying a load H r at the extremity of the bracket, the pillar bends slightly. 
Shew that, on account of the flexure of the pillar, the bending moment 
at its base is increased, whatever bo the length of the bracket, in the 

here E is Young's Modulus and I is the moment of 

inertia of the ^ross'section of the pillar about the line through its centre 
perpendicular to the plane of bending. 

9 A straight girder, of uniform section, is laid upon a horizontal bed 
of compressible material. At a point in the girder where the depression 
is v inches, the pressure between the girder and the bed is found to be 
Ay tons per inch run. If the girder is subjected to a vertical load of 
)y tons concentrated at a point equidistant from its ends, shew that the 

distribution of pressure is * a WV* [cos ax + sin or] tons per inch run, 

where * is measured from the loaded section and a= I is the 

moment of inertia of the section of the girder about its neutral axis and 
E is Young’s Modulus for the material. 


ratio sec 


( 750 - 



